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1. NUMBER THEORY

created by: Bunuel
edited by: bb, walker

Definition
Number Theory is concerned with the propertiesushbers in general, and in particular
integers.

As this is a huge issue we decided to divide @ Brhaller topics. Below is the list of
Number Theory topics.

GMAT Number Types

GMAT is dealing only withReal Numbersintegers, Fractions and Irrational Numbers.

INTEGERS

Definition

Integers are defined as: all negative natural nmm%e:_‘ga_%_gn_l}, zero {0}, and
positive natural numberkhi2i3:45--}

Note that integers do not include decimals or fractions - just whole numbers.

Even and Odd Numbers

An even number is amteger that is "evenly divisible" by 2, i.e., divisible/I2 without a
remainder.
An even number is an integer of the form= 2k, wherek is an integer.

An odd number is amteger that is not evenly divisible by 2.
An odd number is an integer of the forn= 2k+1, wherek is an integer.

Zero is an even number.



Addition / Subtraction:
even +/- even = even;
even +/- odd = odd;
odd +/- odd = even.

Multiplication:

even * even = even;
even * odd = even;
odd * odd = odd.

Division of two integers can result into an evew/dateger or a fraction.

IRRATIONAL NUMBERS

Fractions (also known as rational numbers) can titéew asterminating (ending) or
repeating decimals (such as 0.5, 0.76, or 0.333333....)th@rother hand, all those
numbers that can be written as non-terminating;nepeating decimals are non-rational,
so they are called the "irrationals”. Examples widugvZ("the square root of two") or
the number pif =~3.14159..., from geometry). The rationals andrtagionals are two
totally separate number types: there is no overlap.

Putting these two major classifications, the ratlerand the irrationals, together in one
set gives you the "real” numbers.

POSITIVE AND NEGATIVE NUMBERS

A positive number is a real number that is gretitan zero.
A negative number is a real number that is sméiian zero.

Zero is not positive, nor negative.

Multiplication:

positive * positive = positive
positive * negative = negative
negative * negative = positive

Division:
positive / positive = positive

positive / negative = negative
negative / negative = positive

Prime Numbers



A Prime number is a natural number with exactly thisiinct natural number divisors: 1
and itself. Otherwise a number is callecbaposite number. Thereford, is not a prime
since it only has one divisor, namely 1. A numieérlis prime if it cannot be written as
a product of two factorgand b, both of which are greater than 1: n = ab.

* The first twenty-six prime numbers are:
2,3,5,7,11, 13,17, 19, 23, 29, 31, 37, 4144353, 59, 61, 67, 71, 73, 79, 83, 89, 97,
101

* Note: only positive numbers can be primes.
* There are infinitely many prime numbers.

» Theonly even primenumber is 2, since any larger even number is ibieidy 2. Also
2 is the smallest prime

* All prime numbers except 2 and 5 end in 1, 3, 7 @&, since numbers ending in 0, 2, 4,
6 or 8 are multiples of 2 and numbers ending im B are multiples of 5. Similarlyll
prime numbers above 3 are of the formsn—1or 6n-+1, because all other numbers are
divisible by 2 or 3.

* Any nonzero natural numbet can be factored into primes, written as a prodiict o
primes or powers of primes. Moreover, tfastorization is unique except for a possible
reordering of the factors.

 Prime factorization: every positive integer greater than 1 can be evritts a product of
one or more prime integers in a way which is unidtgg instance integen with three
unique prime factora, b, andccan be expressed as= aP*h¥*c7, where P, 4, andr
are powers of,, b, ande, respectively and aré 1.

Example: 4200 = 23%3%*52%7

* Verifying the primality (checking whether the number is a prime) of amgimember
n.can be done by trial division, that is to say divgd n. by all integer numbers smaller
than v , thereby checking whetheris a multiple ofrm<v7.

Example: Verifying the primality of161: \16Tis little less thari 3, from integers fron?
to 13, 161is divisible by7, hencel&lis not prime.

* If nis a positive integer greater than 1, then theedwsys a prime numbe¥
withn<p<2n,

Factors

A divisor of aninteger =, also called a factor of, is aninteger which evenly divides
nwithout leaving a remainder. In general, it is saith a factor ofn, for non-zero
integersmand =, if there exists an integék such thatn = km.



» 1 (and -1) are divisors of every integer.

* Every integer is a divisor of itself.

* Every integer is a divisor of 0, except, by camven, O itself.

* Numbers divisible by 2 are called even and nusibet divisible by 2 are called odd.
* A positive divisor of n which is different fromis called goroper divisor.

» An integer n > 1 whose only proper divisor isXkalled a prime number. Equivalently,
one would say that a prime number is one whichetxastly two factors: 1 and itself.

* Any positive divisor of n is a product of prim&vigors of n raised to some power.

« If a number equals the sum of its proper divisitiis said to be gerfect number.
Example: The proper divisors of 6 are 1, 2, and 3: 1+2+3wfice 6 is a perfect number.

There are some elementary rules:
« If ais a factor ofhandais a factor of-, thenais a factor oﬂ’""@. In fact,ais a factor of
(mb+ncor all integersmand 7.

« If ais a factor ofrandéis a factor ofz, thenais a factor of.
« If ais a factor ofrandéis a factor ofr, thenn = hor o = —F&.
« If ais a factor ofic, andgccj{a:b} = 1, then a is a factor af.

o If Pis a prime number anfi is a factor ofubthen P is a factor olior Pis a factor of.

Finding the Number of Factors of an Integer

First make prime factorization of an integet= a?*5%*7, wherea, b, andcare prime
factors of nand P, 4, andrare their powers.

The number of factors afwill be expressed by the formul@+1) (g+1) (r+1),
NOTE: this will include 1 and n itself.

Example: Finding the number of all factors of 45950 = 21*32*52

Total number of factors of 450 including 1 and 4Self is
(I+D*2+10)* (241 =2%3%3 = 18¢ctors,



Finding the Sum of the Factors of an Integer

First make prime factorization of an integee= a?*b2*c7, wherea, b, andcare prime
factors of nand P, 4, andrare their powers.

The sum of factors ofi will be expressed by the formula:
[aP"'l—l)*[b'l"‘l—l)*(c"""'l—l)

(@—1)*(b—1)*(c—1)

Example: Finding the sum of all factors of 45450 = 21*32*52

(B HEHIT)  3+06+104
The sum of all factors of 450 is  (2—1)*(3—1)*(5—1) — 1*3%4

=1203

Greatest Common Factor (Divisior) - GCF (GCD)

The greatest common divisor (gcd), also known agytkatest common factor (gcf), or
highest common factor (hcf), of two or more noneztegers, is the largest positive
integer that divides the numbers without a remainde

To find the GCF, you will need to do prime-factatibn. Then, multiply the common
factors (pick the lowest power of the common fagtor

» Every common divisor of a and b is a divisor ofi@, b).
* a*b=gcd(a, b)*lcm(a, b)

Lowest Common Multiple - LCM

The lowest common multiple or lowest common muétiitm) or smallest common
multiple of two integers a and b is the smallesifpze integer that is a multiple both of a
and of b. Since it is a multiple, it can be dividgda and b without a remainder. If either
aor b is 0, so that there is no such positivegeitethen lcm(a, b) is defined to be zero.

To find the LCM, you will need to do prime-factaaizon. Then multiply all the factors
(pick the highest power of the common factors).

Perfect Square

A perfect square, is an integer that can be writethe square of some other integer. For
example 16=4"2, is an perfect square.



There are some tips about the perfect square:

» The number of distinct factors of a perfect sguarALWAYS ODD.

» The sum of distinct factors of a perfect squarailWAYS ODD.

* A perfect square ALWAYS has an ODD number of Galctors, and EVEN number of
Even-factors.

* Perfect square always has even number of povwegnsnoe factors.

Divisibility Rules

2 - If the last digit is even, the number is divisiby 2.

3 - If the sum of the digits is divisible by 3, thember is also.

4 - If the last two digits form a number divisiblg #, the number is also.
5- If the last digit is a 5 or a 0, the numberisagible by 5.

6 - If the number is divisible by both 3 and 2 sitalso divisible by 6.

7 - Take the last digit, double it, and subtra¢tam the rest of the number, if the answer
is divisible by 7 (including 0), then the numbedisisible by 7.

8 - If the last three digits of a number are divisiby 8, then so is the whole number.

9 - If the sum of the digits is divisible by 9, sothe number.

10 - If the number ends in 0O, it is divisible by 10.

11 - If you sum every second digit and then subtafiatther digits and the answer is: O,
or is divisible by 11, then the number is divisible11.

Example: to see whether 9,488,699 is divisible by 11, sueresecond digit:
4+8+9=21, then subtract the sum of other digits(248+6+9)=-11, -11 is divisible by
11, hence 9,488,699 is divisible by 11.

12 - If the number is divisible by both 3 and 4 sitalso divisible by 12.

25 - Numbers ending with 00, 25, 50, or 75 represembers divisible by 25.

Factorials

Factorial of a positive integet , denoted by!, is the product of all positive integers
less than or equal to n. For instarfde= 1¥2%*3%4*5



Trailing zeros:
Trailing zeros are a sequence of 0's in the deadiepaksentation (or more generally, in
any positional representation) of a number, afteicivno other digits follow.

125000 has 3 trailing zeros;

The number of trailing zeros in the decimal repnéstgon ofn!, the factorial of a non-
negative intege#. , can be determined with this formula:

R R n
5+59+53+'"+5k, where k must be chosen such thiat .
It's easier if you look at an example:

How many zeros are in the end (after which no otligits follow) of 32!?

32 33 _ _
5 52 =0+1= T(denominator must be less than 82 = 25is less)

Hence, there are 7 zeros in the end of 32!

The formula actually counts the number of factoins B!, but since there are at least as
many factors 2, this is equivalent to the numbedrofors 10, each of which gives one
more trailing zero.

Finding the number of powers of a prime number®, in the nl.

The formula is:

n,n", n
PTpiTpa g pT<n

What is the power of 2 in 25!?

BB BB a6 43+1=22

Finding the power of non-prime in n!:
How many powers of 900 are in 50!

Make the prime factorization of the numb8a0 = 22*32*52 then find the powers of
these prime numbers in the n!.

Find the power of 2:

50 50 50 50 50
N+ 515 t3s = 25412464341 =47

= 947

Find the power of 3:



%JF%J% = 16+5+1=22

=322

Find the power of 5:

00— 1042=12

=512

We need all the prime {2,3,5} to be representeatéwn 900, 5 can provide us with only
6 pairs, thus there is 900 in the power of 6 in 50!

Consecutive Integers

Consecutive integers are integers that follow aralzer, without skipping any integers.
7,8,9,and -2, -1, 0, 1, are consecutive integers

» Sum of n. consecutive integers equals the mean multipliethbynumber of termss. .
_—3+2_ 1
Given consecutive integets 3~ 210,12} Mean =—5—"==5 nean equals to
|
the average of the first and last terms), so tine sguals to 2 6=-3,

* If nis odd, the sum of consecutive integerdugags divisible by n. Given{gamnll},
we haven = 3consecutive integers. The sum of 9+10+11=30, tbezefs divisible by 3.

* If n is even, the sum of consecutive integerseiger divisible by n. Giveé‘éﬂ,l@,ll,lﬁ},
we haven = 4consecutive integers. The sum of 9+10+11+12=42¢tbee, is not
divisible by 4.

 The product ofn. consecutive integers is always divisiblesily

Givenn = 4consecutive integeri3:4:5:6}. The product of 3*4*5*6 is 360, which is
divisible by 4!1=24.

Evenly Spaced Set

Evenly spaced set or an arithmetic progressiorsegaence of numbers such that the
difference of any two successive members of theesacg is a constant. The set of

integers{9:13:1’ﬂ21}is an example of evenly spaced set. Set of congedategers is
also an example of evenly spaced set.

« If the first term i€*1and the common difference of successive membeiglien the



"tk term of the sequence is given by:
an:a1+dm—ﬂ

* In any evenly spaced set the arithmetigan (average) is equal to the mediaand can

, al-l—an_
be calculated by the formuf&-© %™ = median =" , where®1is th?e first term
_ o T+19
and &nis the last term. Given the sebll;15,19} mean = median =—5— =13

* The sum _(Ia_f the elements in any evenly spaceis gg¢en by:
dytdn,

SUM="73""" the mean multiplied by the number of terms. OR,
2a;+d(n—1)

Sum = T*ﬂ

» Special cases:

Sum of n first integersl T2t +n="5""n

Sum of n first odd number& g t-tan =14+3+..+an= ”2, where@nis the
last, "trterm and given by#n = 2n—1, Givenn = Hfirst odd integers, then their sum
equals tol +3+5+7+9=52=25,

Sum of n first positive even numbefd1 Togttan =244+ +an = ”{”+1},
where &nis the last,”*+kterm and given by&n = 21 Givenn = 4first positive even
integers, then their sum equals?'[df‘i‘|"5‘|‘8 =4(3+1)=20

* If the evenly spaced set contains odd numbeleohents, the mean is the middle term,

so the sum is middle term multiplied by numberewfrts. There are five terms in the set
{1, 7, 13, 19, 25}, middle term is 13, so the sii8*5 =65.

FRACTIONS
Definition

Fractional numbers are ratios (divisions) of intsgén other words, a fraction is formed
by dividing one integer by another integer. Sefalction is a subset of the set of
Rational Numbers.

™m
Fraction can be expressed in two forfinagtional representation Iiﬁj'anddecimal
representation (a.bcd).



Fractional representation

Fractional representation is a way to express nusithat fall in between integers (note
that integers can also be expressed in fractiamad)t A fraction expresses a part-to-
whole relationship in terms of a numerator (the)pand a denominator (the whole).

» The number on top of the fraction is calleenerator or nominator. The number on
9

bottom of the fraction is calledenominator. In the fraction?, 9 is the numerator and 7 is
denominator.

* Fractions that have a value between 0 and ladledproper fraction. The numerator is
1
always smaller than the denominatéis. a proper fraction.

* Fractions that are greater than 1 are cafiguloper fraction. Improper fraction can also
5

be written as a mixed numbé&is improper fraction.

3

* An integer combined with a proper fraction isledrnix% number. 45is a mixed

number. This can also be written as an impropetitm: 5

Converting Improper Fractions

 Converting Improper Fractions to Mixed Fractions:
1. Divide the numerator by the denominator
2. Write down the whole number answer

3. Then write down any remainder above the denadimina
11
Example #1:Convert 4 to a mixed fraction.
1
Solution: Divide 4 — 2with a remainder o3. Write down thé?and then write down the

3
remaindeiBabove the denominatdy like this: 2@

» Converting Mixed Fractions to Improper Fractions:

1. Multiply the whole number part by the fractiodenominator
2. Add that to the numerator

3. Then write the result on top of the denominator

2
Example #2:Convert3 5to an improper fraction.

Solution: Multiply the whole number by the denominatsi5s = 15. Add th$ numerator
1
to that: 1542 =17 . Then write that down above the denominator, tlie: &



Reciprocal

1
Reciprocal for a numbet:, denoted b&for ~—1, is a number which when multiplied by

. . 2 b : -
xyields1. The reciprocal of a fractiofis a. ‘lro get the reugrogal of a number, divide 1

by the number. For example reciprocaRisf 3, reciprocal offis &.

Operation on Fractions

» Adding/Subtracting fractions:

To add/subtract fractions with the same denominafdd the numerators and place that
sum over the common denominator.

To add/subtract fractions with the different denoator, find the Least Common
Denominator (LCD) of the fractions, rename the ticats to have the LCD and
add/subtract the numerators of the fractions

» Multiplying fractions: To multiply fractions just place the product oéthumerators
over the product of the denominators.

* Dividing fractions: Change the divisor into its reciprocal and theritipiy.

3,2 39 14 43
Example #1:7 T3= 21131 =121
3
B 1
Example #2:GivenZz, take the reciprocal & The reciprocal i€. Now multiply:
¥l _ 3
5 27 10.

Decimal Representation

The decimals has ten as its base. Decimals céaribmating (ending) (such as 0.78, 0.2)
or repeating (recuring) decimals (such as 0.333333....).

a
Reduced fractiok(meaning that fraction is already reduced to igdst term) can be
expressed as terminating decirifaind only A(denominator) is of the forrga ™5™,

7
wheremand 7.are non-negative integers. For examfkglis a terminating decimal

2
(1.028, as 2kl (denominator) equals tH*53 . Fraction30is also a terminating decimal,



3_1
as30 — 10and denominatol) = 2%*5.

Converting Decimals to Fractions

» To convert a terminating decimal to fraction:

1. Calculate the total numbers after decimal point

2. Remove the decimal point from the number

3. Put 1 under the denominator and annex it witte¥many as the total in step 1
4. Reduce the fraction to its lowest terms

Example: Convert0.56to a fraction.

1: Total number after decimal point is 2.
56
2 and 3:100.
b6 14

4: Reducing it to lowest term&0 — 25

* To convert a recurring decimal to fraction:

1. Separate the recurring number from the deciraatibn

2. Annex denominator with "9" as many times asléingth of the recurring number
3. Reduce the fraction to its lowest terms

Example #1:Convert0.3333383...to a fraction.

1: The recurring number B£S.
39
2: 99, the numbeBSis of length2so we have added two nines.
39 _ 13

3: Reducing it to lowest term&9 — 33.

» To convert a mixed-recurring decimal to fraction:

1. Write down the number consisting with non-repeptligits and repeating digits.
2. Subtract non-repeating number from above.

3. Divide 1-2 by the number with 9's and 0O's: feery repeating digit write down a 9,
and for every non-repeating digit write down a zafter 9's.

Example #2:Convert':]-m:’.'lz'flzjI to a fraction.

1. The number consisting with non-repeating digitd repeating digits is 2512;

2. Subtract 25 (non-repeating number) from abo%&2225=2487;

3. Divide 2487 by 9900 (two 9's as there are tvgitslin 12 and 2 zeros as there are two
digits in 25): 2487/9900=829/3300.

Rounding

Rounding is simplifying a number to a certain plaakie. To round the decimal drop the



extra decimal places, and if the first droppedtdgyb or greater, round up the last digit
that you keep. If the first dropped digit is 4 analer, round down (keep the same) the
last digit that you keep.

Example:

5.3485 rounded to the nearest tenth = 5.3, siredrtbpped 4 is less than 5.

5.3485 rounded to the nearest hundredth = 5.38¢ $ive dropped 8 is greater than 5.
5.3485 rounded to the nearest thousandth = 5.8%% the dropped 5 is equal to 5.

Ratios and Proportions

a_c
Given thath — d, where a, b, c and d are non-zero real numbersaweleduce other
proportions by simple Algebra. These results arenofeferred to by the names
mentioned along each of the properties obtained.

b d
a = ¢- invertendo
a_b
¢ — d- alternendo
ath _ ctd

b — d -componendo
a—b __c—d

b — d -dividendo
ath _ ctd
a—b — c¢—d - componendo & dividendo
EXPONENTS

Exponents are a "shortcut" method of showing a reurttiat was multiplied by itself
several times. For instance, numhsultiplied rntimes can be written ag™, wherea
represents the base, the number that is multipleitself . times andn represents the
exponent. The exponent indicates how many timesutitiple the baseg, by itself.

Exponents one and zero:
a9 =1Any nonzero number to the power of 0 is 1.

0
For examples0 =1and{(—3)" =1
al = aAny number to the power 1 is itself.

Powers of zero:



If the exponent is positive, the power of zerodsoz0"™ = 0, wheren>0 .

If the exponent is negative, the power of ze(‘rlg(wheren{[]) is undefined, because
division by zero is implied.

Powers of one:
1" =1The integer powers of one are one.

Negative powers:

—_r =
o =an

Powers of minus one:
n
If nis an even integer, théﬂ‘rljI =1,
m
If nis an odd integer, thdml) =-1

Operations involving the same exponents:
Keep the exponent, multiply or divide the bases

an ¥ = {ab}ﬂ

{am}n —gmn

n
am? = oM™ and nof@™)
Operations involving the same bases:
Keep the base, add or subtract the exponent (addulbhiplication, subtract for division)
an¥*gm — gntm

m=antTm™m

Fraction as power:
1

an =T
m

a® = "Yg™m

Exponential Equations:
When solving equations witkven exponents, we must consider both positive and
negative possibilities for the solutions.

For instancex2 = 25, the two possible solutions aand —5.



When solving equations witbdd exponents, we'll have only one solution.
For instance fon3 = 8, solution isa = 2and for a® = —8§, solution isa = —2.

Exponents and divisibility:
a™—b" is ALWAYS divisible by a—b.
a”—b"is divisible bya-+bif nis even.

a™+b"is divisible bya+bif nis odd, and not divisible by a+b if n is even.

LAST DIGIT OF A PRODUCT

Last n digits of a product of integers are lastigits of the product of last digits of
these integers.

For instance last 2 digits of 845*9512*408*613 wabbk the last 2 digits of
45*12*8*13=540*104=40*4=160=-60

Example: The last digit of 859&89*58307=5*9*7=45*7=35=57

LAST DIGIT OF A POWER

n
Determining the last digit deyz)

mn
1. Last digit of(F¥Z) is the same as that off;
2. Determine the cyclicity numbeof z;
3. Find the remaindeiwhen n divided by the cyclisity;

n
4. Whenr=0, the?:, last digit ofTYZ) " is the same as that ef” and whenr — 01, then
last digit of Y2} is the same as that =f, wherecis the cyclisity number.
* Integer ending with 0, 1, 5 or 6, in the integewer k>0, has the same last digit as the

base.
* Integers ending with 2, 3, 7 and 8 have a cywlicf 4.

n n
* Integers ending with 4 (eéﬂ.5y4jI )ﬂhave a cyclisity of 2. When n is od@y4) wil
end with 4 and when n is evéﬁy4} will end with 6.

n n
« Integers ending with 9 (eé’?ygj' )ﬂhave a cyclisity of 2. When n is od@y3) will
end with 9 and when n is evé-‘ﬁygj' will end with 1.

Example: What is the last digit a2 7397



Solution: Last digit ofl273%s the same as that &F~. Now we should determine the
cyclisity of 7:

1. 771=7 (last digit is 7)

2. 7"2=9 (last digit is 9)

3. 773=3 (last digit is 3)

4. 7M=1 (last digit is 1)

5. 775=7 (last digit is 7 again!)
So, the cyclisity of 7 is 4.

Now divide 39 (power) by 4 (cyclisity), remainder3.So, the last digit af2 73%is the
same as that of the last digitﬁ?g, is the same as that of the last digit?@,fwhich is3.

ROOTS

Roots (or radicals) are the "opposite" operatioapylying exponents. For instance
x"2=16 and square root of 16=4.

General rules:
A=\
o VIVY =T andvT — V V.

() =T

. _f% — m“f_fﬂ

a+Vb£Ea+b

Vrl= 1z whenz €0, then/z2 = —zand whenz =0, thenvz2 = =

« When the GMAT provides the square root sign foegen root, such asz or ¥/,
then the only accepted answer is the positive root.

That is,v25 = 5, NOT +5 or -5. In contrast, the equatied = 25has TWO solutions, +5
and -5.Even roots have only a positive value on the GMAT.

» Odd roots will have the same sign as the baskeofoot. For examplé{lﬁf; = 5and
Sy ——



» For GMAT it's good to memorize following values:
V2 =~ 1.41

V32173

VB~ 2.24

V7 = 2.45

VB = 2.65

V10 =~ 2.83

PERCENTS

A percentage is a way of expressing a number escadn of 100 fer cent meaning "per
hundred"). It is often denoted using the percegn,si%", or the abbreviation "pct". Since
a percent is an amount per 100, percents can beseyed as fractions with a
denominator of 100. For example, 25% means 25 @@&r25/100 and 350% means 350
per 100, 350/100.

* A percent can be represented as a decimal. Tloeving relationship characterizes
how percents and decimals interact. Percent FA®d = Decimal Form

For example: What is 2% represented as a decimal?
Percent Form / 100 = Decimal Form: 2%/100=0.02

* Percent change

General formula for percent increase or decregsecént change):

Change

L ™
Percent = Griginal 100

Example: A company received $2 million in royalties on fivet $10 million in sales

and then $8 million in royalties on the next $100iam in sales. By what percent did the
ratio of royalties to sales decrease from the $i1 million in sales to the next $100
million in sales?

Solution: Percent decrease can be calculated by the forainohze:

2 10
M 107100 #100 — 50%
, SO the royalties decreased by

FPercent= *100 =

Crraganal

=

50%.

* Simple Interest

Simple interest = principal * interest rate * time

Example: If $15,000 is invested at 10% simple annual irggrieow much interest is
earned after 9 months?

Solution: $15,000*0.1*9/12 = $1125



» Compound Interest

Balance(final) = prancipal*(1+ “where C = the number of
times compounded annually. If C=1, meaning thairegt is compounded once a year,
then the formula will beBalance(final) = principal*(14enterest)t*me

where time is number of years.
Example: If $20,000 is invested at 12% annual interest, paumded quarterly, what is
the balance after 2 year?

Balance =20 DDD*{l—i—

mte*.r"e,st:lnme*{j

0.12\0%4 8_
Solution: )47 =20,000%(1.03)° = $25,335.4

ORDER OF OPERATIONS - PEMDAS

Perform the operations insiddarenthesis first (absolute value signs also fadi this
category), thefexponents, theM ultiplication andDivision, from left to right, then
Addition andSubtraction, from left to right - PEMDAS.

Special cases:
* An exclamation mark indicates that one should pat@ the factorial of the term
immediately to its left, before computing any of tbwer-precedence operations, unless

grouping symbols dictate otherwise. Bitmeans(3?)! = Swhile 25! = 2120. 4
factorial in an exponent applies to the exponehi|ena factorial not in the exponent
applies to the entire power.

* If exponentiation is indicated by stacked symbptiie rule is to work from the top
down, thus:

am® — o(m™and nof 3™

2.ABSOLUTE VALUE
(Modulus)

| x|

created by: walker
edited by: bb, Bunuel

Definition



The absolute value (or moduld@of a real number x is x's numerical value without
regard to its sign.

For example|3| =3,[-12[=12; |-1.3|=13

Graph:
AN

Important properties:
|| >0

|| = V2

0]=0

[—z|=|=]

|z+Hy| > |zt

3-steps approach:

General approach to solving equalities and ineti@alwith absolute value:



1. Open modulus and set conditions.
To solve/open a modulus, you need to conside2tsns to find all roots:

- Positive (or rather non-negative)
« Negative

For exampIeJ$—1| =4

a) Positive: if(z-1) > O we can rewrite the equation as+-1 =4

b) Negative: ifx—1) <0, we can rewrite the equation wz-1)=4

We can also think about conditions like graphizs= 1is a key point in which the
expression under modulus equals zero. All poimfistrare the first conditiof>Land
all points left are second conditiof&<1).

b

Pe-1|
b)

2. Solve new equations:
a) r—1=4-->x=5
b) —r+1=4->x=-3

3. Check conditions for each solution:

a) = = khas to satisfy initial conditiom—1> =0.5—1=4=(, It satisfies. Otherwise,
we would have to reject x=5.

b) = = —3has to satisfy initial conditiorr—1<0. —3—-1=—4 <0, It satisfies.
Otherwise, we would have to reject x=-3.

3-steps approach for complex problems

Let’s consider following examples,

Example #1

Q.: [=+3|-|4—=|=8+=| How many solutions does the equation have?
Solution: There are 3 key points here: -8, -3, 4. So we Havenditions:

a) z<—8. —(@+3)—(4—z)=—(@4z).> £ = 1. We reject the solution because our
condition is not satisfied (-1 is not less than -8)

b) —8<z<—3 —(z+3)—(4-2)=(8+7)_> z = _15. We reject the solution
because our condition is not satisfied (-15 iswithin (-8,-3) interval.)



) —3<z<4 (z+3)-(4—2)=(8+2)> » — 9. We reject the solution because our
condition is not satisfied (-15 is not within (-Bjdterval.)

d)z>4 (z+3)+@-2)=(@+z.> = = _1. We reject the solution because our
condition is not satisfied (-1 is not more than 4)

(Optional) The following illustration may help yaunderstand how to open modulus at
different conditions.

Answer: O

Example #2
Q. 22-4|=1 what is x?
Solution: There are 2 conditions:

a)'if’ff“g—‘i:j 20> 2<-20rx>2 £2-4 =1->1£2=5 x e {—VE, VE} and both
solutions satisfy the condition.

b) (#2-9)<0_5 9czcn —(22-9)=115,2-3 xe {—+3, v3} and both
solutions satisfy the condition.

(Optional) The following illustration may help yaunderstand how to open modulus at
different conditions.

b

a) b) a)

— O el —

|
|}{2—4|| b+ + + + 4 &
|
Answer: —5, —/3,+3,VE

Tip & Tricks

The 3-steps method works in almost all cases. &sdme time, often there are shortcuts
and tricks that allow you to solve absolute valugbfems in 10-20 sec.



I. Thinking of inequality with modulus as a segmentat the number line.

For example,
Problem: 1<x<9. What inequality represents this condition?

_’_1===5===9_._._._}

A. |x|<3

B. [x+5|<4

C. [x-1]<9

D. |-5+x|<4

E. |3+x|<5

Solution: 10sec. Traditional 3-steps method is too time-sorestechnique. First of all
we find length (9-1)=8 and center (1+8/2=5) of segment represented by 1<x<9. Now,
let’s look at our options. Only B and D has 8/2+tbe right side and D had left site O at
x=5. Therefore, answer is D.

II. Converting inequalities with modulus into range expression.
In many cases, especially in DS problems, it haimsd silly mistakes.

For example,
[x|<5 is equal to x e (-5,5).
[x+3|>3 is equal to x e (-inf,-6)&(0,+inf)

lll. Thinking about absolute values as distance beteen points at the number line.

For example,

Problem: A<X<Y<B. Is |A-X| <|X-B|?
1) |Y-A|<|B-Y]|

Solution:

We can think about absolute values here as distagtgesen points. Statement 1 means
than distance between Y and A is less than Y arBeBause X is between A and Y,
distance between |X-A| < |Y-A| and at the same tis@&nce between X and B will be
larger than that between Y and B (|B-Y|<|B-X|). feiere, statement 1 is sufficient.

Pitfalls

The most typical pitfall is ignoring third stepapening modulus - always check whether
your solution satisfies conditions.

Official GMAC Books:



The Official Guide 12th Edition: PS #22; PS #50; PS #130; DS #1#D%3;
The Official Guide Quantitative 2th Edition: PS #152; PS #156; D6;#3S #120;
The Official Guide 11th Edition: DT #9; PS #20; PS #130; DS #3; 85 DS #128;
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Fig's post with absolute value problen&bgolute Value Problenhs

3. PROBABILITY

e
(N

created by: walker
edited by: bb, Bunuel

Definition

A number expressing the probability (p) that a geevent will occur expressed as the
ratio of the number of actual occurrences (n) eortamber of possible occurrences (N).

_n

=y

A number expressing the probability (q) that a geevent will not occur

_(N—n}_l
=" —=1-F
Examples

Coin



There are two equally possible outcomes when wedain: a head (H) or tail (T).

1
Therefolre, the probability of getting head is 508&and the probability of getting tail is

50% or?2.
All possibilities: {H, T}

Dice

There are 6 equallylpossible outcomes when weardié. The probability of getting any

number out of 1-6 i8.
All possibilities: {1,2,3,4,5,6}

Marbles, Balls, Cards...

A &a

Let's assume we have a jar with 10 green and 9@ wiharbles. If we randomly choose a
marble, what is the probability of getting a greearble?
The number of all marbles: N = 10 + 90 =100



The number of green marbles: n = 10
m_ 10 1

There is one important concept in problems withbiesr/cards/balls. When the first

marble ig remcl)[\]/ed from a jar and not replacedptbéability for the second marble
differsl(ﬁ vsi. 100). Whereas in case of a coin or dice the probasliare always the

same & and?). Usually, a problem explicitly states: it is aplem with replacement or
without replacement

Independent events

Two events are independent if occurrence of onated@es not influence occurrence of
other events. For n independent events the protyaisithe product of all probabilities of
independent events:

p=pl*p2*..*pn-1*pn
or
P(A and B) = P(A) * P(B) - A and B denote indepemidevents

Example #1
Q:There is a coin and a die. After one flip and toss, what is the probability of getting
heads and a "4"?

Solution: Tossing a coin and rolling a die are independeahts. The probability of
1 1

getting heads i8and probability of getting a "4" & Therefore, the probability of

getting heads and a "4" is:

_ 1yl _ 1
P=3"%=1
Example #2

Q: If there is a 20% chance of rain, what is thebpfulity that it will rain on the first day
but not on the second?

Solution: The probability of rain is 0.2; therefore probékibf sunshineisq=1-0.2 =
0.8. This yields that the probability of rain orthirst day and sunshine on the second
day is:

P=0.2*0.8=0.16

Example #3

Q:There are two sets of integers: {1,3,6,7,8} angb{3}. If Robert chooses randomly
one integer from the first set and one integer ftbensecond set, what is the probability
of getting two odd integers?

Solution: There is a total of 5 integers in the first sed 8rof them are odd: {1, 3, 7}.



3
Therefore, the probability of getting odd integet of first set is5. There are 3 integers
in the second set and 2 of thegm are odd: {3, Spr&fore, the probability of getting an

odd integer out of second setisFinally, the probability of of getting two oddta@yers

Mutually exclusive events

Shakespeare's phrase "To be, or not to be: titfa iguestion” is an example of two
mutually exclusive events.

Two events are mutually exclusive if they cannatur@t the same time. For n mutually
exclusive events the probability is the sum opatlbabilities of events:

p=pl+p2+..+pn-1+pn
or
P(A or B) = P(A) + P(B) - A and B denotes mutuakclusive events

Example #1
Q: If Jessica rolls a die, what is the probabilifygetting at least a "3"?
Solution: There are 4 outcomes that satisfy our conditibegst 3): {3, 4, 5, 6}. The

probablllty of each outcome is 1/6. The probabitifygetting at least a "3" is:

_1,1,1,1
G+ e e =)

Combination of independent and mutually exclusive
events

Many probability problems contain combination otlbondependent and mutually
exclusive events. To solve those problems it isortgmt to identify all events and their
types. One of the typical problems can be presantadollowing general form:

Q: If the probability of a certain event is p, whathe probability of it occurring k times
in n-time sequence?

(Or in English, what is the probability of gettiBdheads while tossing a coin 8 times?)
Solution: All events are independent. So, we can say that:

P/ =pk*(1-p)" % )



But it isn't the right answer. It would be rightwe specified exactly each position for
events in the sequence. So, we need to take intuatthat there are more than one
outcomes. Let's consider our example with a coiar&iH" stands for Heads and "T"
stands for Tails:

HHHTTTTT and HHTTTTTH are different mutually exciue outcomes but they both
have 3 heads and 5 tails. Therefore, we need lede@ll combinations of heads and
tails. In our general question, probability of ogauy event k times in n-time sequence
could be expressed as:

P=Cp*pr*(1-p)" o

_ B _ B
In the example with a coin, right answeris=— CR*D-EB*D-E'E - GF:*D-E'E

Example #1

Q.:If the probability of raining on any given dayAtlanta is 40 percent, what is the
probability of raining on exactly 2 days in a 7-dsgriod?

Solution: We are not interested in the exact sequence oft evel thus apply formula #2:
P =Cl*0.42%0,65

A few ways to approach a probability problem

There are a few typical ways that you can usedbiirsg probability questions. Let's
consider example, how it is possible to apply dédfe approaches:

Example #1

Q: There are 8 employees including Bob and Rach@lelinployees are to be randomly
chosen to form a committee, what is the probahihit the committee includes both Bob
and Rachel?

Solution:

B
1) combinatorial approach The total number of possible committeed¥s= 2. The

number of possible committee that includes both &uwth Rachel is. =1.

_n_1_ 1
P=Nn=ci=a

2) reversal combinatorial approach Instead of counting probability of occurrence of

certain event, sometimes it is better to calculaéeprobability of the opposite and then

B
use formula p = 1 - g. The total number of possiolemittees isV = C5. The number
of possible committee that does not includes bath &1d Rachel is:

__ B &
m= CE"'E*chhere,

&
€'3- the number of committees formed from 6 other e=op



£
2#C"’jl- the number of committees formed from Rob or Rhahd one out of 6 other
people.
c8+2*Ct
P=1-T=1—2—"
o

154+2%6 271
P=1-"g—=1-%=%

3) probability approach: The probability of choosing Bob or Rachel asrstfperson in
committee is 2/8. The probability of choosing RdareBob as a second person when
first person is already chosen is 1/7. The probgithat the committee includes both
Bob and Rachel is.

T - I
P=3" =8~

4) reversal probability approach We can choose any first person. Then, if we have
Rachel or Bob as first choice, we can choose amgrqierson out of 6 people. If we have
neither Rachel nor Bob as first choice, we can sh@mny person out of remaining 7

people. The probability that the committee includeth Bob and Rachel is.

246 B 2 1
P=1-(§%+3") =5 =18

Example #2
Q: Given that there are 5 married couples. If wectedaly 3 people out of the 10, what
is the probability that none of them are marrieédch other?
Solution:
1) 5combinatorial approach
c%- we choose 3 couples out of 5 couples.
C7. we chose one person out of a couple.
a3
{cl} - we have 3 couple and we choose one person @aobf couple.
10
€3~ the total number of combinations to choose 3 fgeopt of 10 people.
CPHCH® 10+
P= cld  Tio¥a*

2
3

2) reversal combinatorial approach In this example reversal approach is a bit shorte
and faster.

5
C'1- we choose 1 couple out of 5 couples.
d
€1 we chose one person out of remaining 8 people.
10
€3"_ the total number of combinations to choose 3 feeopt of 10 people.

B 8
Ci*Ci . 5B

p=1- clp T Tio%3*a

2
3



3) probabilliEy approach:

1st personiti — L. we choose any person out of 10.
8

2nd persong- we choose any person out of 8=10-2(one coupla fscevious choice)
&

3rd personi- we choose any person out of 6=10-4(two couplas fprevious choices).

#0
173

wa]las]
Wl b2

p:

Probability tree

Sometimes, at 700+ level you may see complex pilbitygiroblems that include
conditions or restrictions. For such problems itlddoe helpful to draw a probability tree
that include all possible outcomes and their pralis.

Example #1

Q: Julia and Brain play a game in which Julia ta&kdmll and if it is green, she wins. If
the first ball is not green, she takes the secatidWwithout replacing first) and she wins
if the two balls are white or if the first ball ggay and the second ball is white. What is
the probability of Julia winning if the jar contaid gray, 2 white and 4 green balls?
Solution: Let's draw all possible outcomes and calculdtprababilities.

D Eﬂ'(-
T s

® s
®4 LE O

1
L R ;ﬁﬁ

Now, It is pretty obvious that the probability aflii's win is:

4 34l 142 2
P=7+7"5+7"6=3

Tips and Tricks: Symmetry



Symmetry sometimes lets you solve seemingly compiekability problem in a few
seconds. Let's consider an example:

Example #1

Q: There are 5 chairs. Bob and Rachel want to sh thet Bob is always left to Rachel.
How many ways it can be done ?

Solution: Because of symmetry, the number of ways that Bdéfi to Rachel is exactly
1/2 of all possible ways:

N=F*pE=10

Official GMAC Books:

The Official Guide 12th Edition: DT #4; DT #7; PS #12; PS #67; P85tPS #158; PS
#174; PS #214; DS #3; DS #107;
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The Official Guide 11th Edition: DT #4; DT #7; PS #10; PS #64; P33#PS #217; PS
#231; DS #82; DS #114;
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4, COMBINATORICS ( Thetopicisnot finished.)

created by: walker
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Definition

Combinatorics is the branch of mathematics studtfiegenumeration, combination, and
permutation of sets of elements and the mathenhaglzdions that characterize their
properties.

Enumeration

Enumeration is a method of counting all possiblgsia arrange elements. Although it
is the simplest method, it is often the fastesthmétto solve hard GMAT problems and is
a pivotal principle for any other combinatorial imed. In fact, combination and
permutation is shortcuts for enumeration. The ndeéa of enumeration is writing down
all possible ways and then count them. Let's censidew examples:

Example #1
Q:. There are three marbles: 1 blue, 1 gray and dngie how many ways is it possible
to arrange marbles in a row?

Solution: Let's write out all possible ways:

000 .000
. 000 .000
. 000 . 000

Answer is 6.
In general, the number of ways to arrange n diffeobjects in a row

Example #2

Q:. There are three marbles: 1 blue, 1 gray and dngie how many ways is it possible
to arrange marbles in a row if blue and green nearbhve to be next to each other?
Solution: Let's write out all possible ways to arrange mesthih a raw and then find only
arrangements that satisfy question's condition:



B8S9 . 000
. 000 008
. 000 SS9

Answer is 4.

Example #3

Q:. There are three marbles: 1 blue, 1 gray and dngie how many ways is it possible
to arrange marbles in a row if gray marble havieedeft to blue marble?

Solution: Let's write out all possible ways to arrange mesthih a raw and then find only
arrangements that satisfy question's condition:

8BS . ES9
. BES . 000
. 000 .000

Answer is 3.

Arrangements of n different objects

Enumeration is a great way to count a small nurobarrangements. But when the total
number of arrangements is large, enumeration barvery useful, especially taking into
account GMAT time restriction. Fortunately, there some methods that can speed up
counting of all arrangements.

The number of arrangements of n different objeti iaw is a typical problem that can
be solve this way:

1. How many objects we can put at 1st place? n.
2. How many objects we can put at 2nd place? "Wel.can't put the object that already
placed at 1st place.

n. How nany objects we can put at n-th place? 1y Gme object remains.
Therefore, the total number of arrangements offeréint objects in a raw is

N =n*n-1)*(n-2)...2%1 = n!



Combination

A combination is an unorderemllection of k objects taken from a set of n idist
objects. The number of ways how we can chooseéctdbput of n distinct objects is
denoted as:

Ck

knowing how to find the number of arrangements dfstinct objects we can easily find
formula for combination:

1. The total number of arrangements of n distitgeas is n!
2. Now we have to exclude all arrangements of keabj(k!) and remaining (n-k) objects
((n-k)" as the order of chosen k objects and reein-k) objects doesn't matter.

no__ .
Cr= Kl n—K)

Permutation

A permutation is an orderembllection of k objects taken from a set of nidist objects.
The number of ways how we can choose k objectsfoutdistinct objects is denoted as:

P

knowing how to find the number of arrangements dfstinct objects we can easily find
formula for combination:

1. The total number of arrangements of n distitgeats is n!
2. Now we have to exclude all arrangements of reimgi(n-k) objects ((n-k)!) as the
order of remained (n-k) objects doesn't matter.

T .
Py = (n—k)!

If we exclude order of chosen objects from permomatormula, we will get combination
formula:

Py
T =Ck

Circular arrangements



Let's say we have 6 distinct objects, how manytikedly different arrangements do we
have if those objects should be placed in a circle.

99
- a8

()O

The difference between placement in a row andithatcircle is following: if we shift all
object by one position, we will get different arg@ment in a row but the same relative
arrangement in a circle. So, for the number ofutencarrangements of n objects we have:

=% =(n-1)

Tips and Tricks

Any problem in Combinatorics is a counting problé&rherefore, a key to solution is a
way how to count the number of arrangements. Ihdswbvious but a lot of people
begin approaching to a problem with thoughts li&aduld | apply C- or P- formula
here?". Don't fall in this trap: define how you gang to count arrangements first,
realize that your way is right and you don't migsisthing important, and only then use
C- or P- formula if you need them.

Resources

Combinatorics DS problemssdarch
Combinatorics PS problemsdarch

Walker's post with Combinatorics/probability praike [Combinatorics/probability
Problem$

Note: A nice addition by shroudedl
Here are some notes on choosing subsets, which segle as a good addition. Hope
you find this useful.

Choosing subsets & their applications:

Combinatorial questions almost always deal withntimg certain kinds of subsets of a



given set in question. For instance, the popularrC{ormula is used to count the
number of ways to pick up r objects from a set objects. This is basically the same as
asking the question: "If a set A contains n objdaotsv many subsets of A contain exactly
r objects?". Notice that we cannot use P(n,r) tmtthese subsets since that involves
counting the ordering as well, which is irrelevautten it comes to sets ({1,2,3} is same
as {3,2,1}).

An interesting and useful extension of this wayhafiking about counting presents itself
when we encounter a group of problems where we tteedunt all the possible subsets
of a set. Consider the following question :

In this question if we count all the possible stbsé the basket of fruits, then each
subset represents one way of choosing, and hea@n#wer to the question.

Solution 1

Think of each fruit as a yes/no question that th&das answering. "Will this fruit be
picked?” There are 2 ways to answer that queslibare are 5 fruits in all and hence, 5
yes/no questions. Each set of answers [y n y fyrjn n n], etc represents a way of
picking. In all the number of ways would be 2x2x2822"5

Solution 2

An alternate method is to consider the casesthleathild picks O fruit, picks 1 fruit, ...
picks 5 fruits. And sum the possibility

This method will yield the answer to be C(5,0)+a§%C(5,2)+C(5,3)+C(5,4)+C(5,5). If
you calculate this sum, it is exactly equal to 25

Lets now look at a special case where, the obyeetare picking from are identical to
each other. Consider the following question:

Notice the subtlety in this question; the objeotbe picked out are identical to each
other. So unlike the previous case where choosisigfijuit#1 is a different choice to
choosing just fruit#2, here choosing one ball erdkher ball constitutes the same choice
as long as only 1 ball is picked because the badisndistinguishable

Solution
Since the balls are identical, the number of waysi¢k them is defined merely by the
number of balls you pick. So the different ways "qaiek 0 balls”, "pick 1 ball", ... "pick

5 balls". The answer therefore is 5+1 (The plusving the case where you pick 0 balls)

Finally we should consider the special case wher@&ed to pick objects out of a set



such that a few of the objects are identical tdezber.

Solution:

We combine techniques from the 2 cases above. @amtsie blue balls as one entity and
instead of asking the yes/no question, ask thetipmesow many ways to choose the
balls? This is answered using the second caseharghswer is (4+1). Combining this
with the ways to choose red and yellow balls, therall ways to choose balls would be
(4+1)*(3+1)*(2+1).

Formula Summary

Number of ways to pick O or more objects from n4nmbentical objects ="

Number of ways to pick 1 or more objects from n4nmbentical objects 5"_1

Number of ways to pick 0 or more objects from miiteal objects =n—+1

Number of ways to pick 1 or more objects from miitzal objects =n

Number of ways to pick O or more objects from neakg of which n1 are identical, n2
are identical, ... ,nk are identical, such that ni+..+nk {nl+)* (n2+1)* . (nk+1)
Number of ways to pick 1 or more objects from neakg of which n1 are identical, n2
are identical,... ,nk are identical, such that nlis..+nk =

(1) (2 1) * (k4 1)-1

Typical Applications

Here are just a couple of questions of this type:

Consider the prime factorization of n. Let this:be
= palpal pan
n=ppae.p,

Any factor of n will be of the form

m:pllﬂpgg...pbn O<=b,<=a

n where & 1< =1 < =n

To count the number of factors, we need to codrihalproducts of p1,...,pn such that
the exponent is less than or equal to ai. Thiggsgase 3. We just count per factor, how
many ways to select p1, p2, ....

Answer is (al+1)*(a2+1)* .... *(an+1)

Total number of ways to form committees (case 2)*+0



Number of ways to form of size 0 = 1
Number of ways to form of size 1 = 10 (each stughécked one at a time)
So no of ways = 1024 -1 -10 = 1013

GurpreetSingh’s Reply:

Nice one shrouded.
| actually do the reverse. | ugg¢= A%* RBY***for all the combination problems.
eg....for nidentical, P is of the form = a*a*.....n times where a is prime number

so number of ways of selecting n identical -> nsihg the formula of number of
divisors.[ (a+1)*(b+1)*(c+1)]

for n non-identical P is of the form = a*b*c*....... n times

so number of ways of selecting n non-identicalt*1)*(1+1)...n times using the
formula of number of divisors.

=2"™"n

similarly if the number of identical balls are givéhen takeP = A%* Bb*“where
a,b,and c are the number of identical balls of #d& and C respectively.

Then use the number of divisor formulda=t1)*(b+D*(c+1)



5. STANDARD DEVIATION

°/\

created by: walker
edited by: bb, Bunuel

Definition

Standard Deviation (SD, or STD er) - a measure of the dispersion or variation in a
distribution, equal to the square root of variatwrthe arithmetic mean (average) of
squares of deviations from the arithmetic mean

ZI:J:'{—:FGU)Z

o= ¥uar = N

In simple terms, it shows how much variation therigEom the "average" (mean). It may
be thought of as the average difference from thamuoé distribution, how far data points
are away from the mean. A low standard deviatialicetes that data points tend to be
very close to the mean, whereas high standard tiviadicates that the data are spread
out over a large range of values.
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low standard deviation

® . @ ™ ™
mean * 54 ® , 0,00% @0
- % o . e _|©
Properties
J:_:‘D;

« = (only if all elements in a set is equal;

Let standard deviation ({fﬁ '-i}be  and mean of the set k¥

-\'I-' .
.. i L. o . .
Standard deviation o{ﬁ}ls o =7. Decrease/increase in all elements of a set by a
constant percentage will decrease/increase stadeardtion of the set by the same
percentage.

Standard deviation o{fxé—m}is o/ = . Decreaselincrease in all elements of a set by a
constant value DOES NOT decrease/increase staddaration of the set.

if a new elementy is added t({j:i}set and standard deviation of a new{igﬁ}’y}is
!, then:

1) o/ >oif [Y—sl>0
2) o =oif ly—Hl=0
3) o/ <oif [y—u|<o

4) =/is the lowest ifty =



Tips and Tricks

GMAC in majority of problems doesn't ask you toctgéite standard deviation. Instead it
tests your intuitive understanding of the concep80% cases it is a faster way to use

just average o#‘ﬂ‘?c-j_j‘?ﬂ“LJI instead of true formula for standard deviation, aedt

standard deviation as "average difference betwksnesnts and mednTherefore, before
trying to calculate standard deviation, maybe yau solve a problem much faster by
using just your intuition.

Advance tip. Not all points contribute equally taredard deviation. Taking into account
that standard deviation uses sum of squares oatiens from mean, the most remote
points will essentially contribute to standard @#an. For example, we have a set A that

2
has a mean of 5. The point 10 gi\f(é@—f’j' = 25in sum of squares but point 6 gives

2
only (6-5)“=1. 25 times the difference! So, when you need td Wuhat set has the
largest standard deviation, always look for sehwlie largest range because remote
points have a very significant contribution to stard deviation.

Examples

Example #1

Q: Thereis a se{ﬁﬁ32:76:35:151:45:24:37}. If we create a new set that consists of all
elements of the initial set but decreased by 17B@tus the change in standard
deviation?

Solution: We don't need to calculate as we know rule thetedese in all elements of a
set by a constant percentage will decrease stad@aidtion of the set by the same
percentage. So, the decrease in standard deviatiot9o.

Example #2

Q: There is a set of consecutive even integers. \iglthe standard deviation of the set?
(1) There are 39 elements in the set.

(2) the mean of the set is 382.

Solution: Before reading Data Sufficiency statements, whatwe say about the
guestion? What should we know to find standardatewn? "consecutive even integers”
means that all elements strictly related to eabkrotf we shift the set by adding or
subtracting any integer, does it change standar@titen (average deviation of elements
from the mean)? No. One thing we should know isnilvaber of elements in the set,
because the more elements we have the broadeathelstributed relative to the mean.
Now, look at DS statements, all we need it is fust statement. So, A is sufficient.

Example #3
Q: Standard deviation of Sé{rﬁ:31:76:45:16:55154:35}is 18.3. How many elements are



1 standard deviation above the mean?
_ 23431476+45+16+55+54+36
Solution: Let's find mean# = B =42
Now, we need to count all numbers greater than 83=60.3. It is one number - 76. The

answer is 1.

Example #4

Q: There is a set A of 19 integers with mean 4 daddard deviation of 3. Now we form
a new set B by adding 2 more elements to the s&hfat two elements will decrease the
standard deviation the most?

A)9and 3

B) -3and 3

C)6and 1

D)4 and 5

E)5and5

Solution: The closer to the mean, the greater decreasandatd deviation. D has 4
(equal our mean) and 5 (differs from mean only pyAll other options have larger
deviation from mean.

Normal distribution

It is a more advance concept that you can rar&yrs&MAT but understanding statistic
properties of standard deviation can help you tmbee confident about simple
properties stated above.

In probability theory and statistics, the normaitdbution or Gaussian distribution is a
continuous probability distribution that descrilaieda that cluster around a mean or
average. Majority of statistical data can be charazed by normal distribution.

.

=

U2 p—o pu p+o p+lo



u—o<z< U+ covers 68% of data
p—2o<r<u+20 covers 95% of data

i—30<E<fi+3¢ covers 99% of data
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Definition

Coordinate geometry, @artesian geometry, is the study of geometry using a coordinate
system and the principles of algebra and analysis.

The Coordinate Plane



In coordinate geometry, points are placed on tlerttinate plane” as shown below. The
coordinate plane is a two-dimensional surface orthwve can plot points, lines and
curves. It has two scales, called the x-axis aadig; at right angles to each other. The
plural of axis is 'axes' (pronounced "AXE-ease").

y e o
Y-axis — &

\ A .:zt; 15)
NEEEL %

origin

A point's location on the plane is given by two rnars, one that tells where it is on the
x-axis and another which tells where it is on thexis. Together, they define a single,
unique position on the plane. So in the diagranvapthe point A has an x value of 20
and a y value of 15. These are the coordinatesegpodint A, sometimes referred to as its
"rectangular coordinates".

X axis
The horizontal scale is called the x-axis and isallg drawn with the zero point in the
middle. Values to the right are positive and thiosthe left are negative.

Y axis
The vertical scale is called the y-axis and is alsaally drawn with the zero point in the
middle. Values above the origin are positive araséhbelow are negative.

Origin
The point where the two axes cross (at zero on &wdles) is called the origin.
Quadrants

When the origin is in the center of the plane, tieyde it into four areas called
guadrants.



] N |

origin (0.0
1//] , v

The first quadrant, by convention, is the top rigitd then they go around counter-
clockwise. In the diagram above they are labeleddfant 1, 2 etc. It is conventional to
label them with numerals but we talk about therffiest, second, third, and fourth
guadrant”.

Point (x,y)
The coordinates are written as an "ordered pahé [Etter P is simply the name of the
point and is used to distinguish it from others.

The two numbers in parentheses are the x and ylicwte of the point. The first number
(x) specifies how far along the x (horizontal) akis point is. The second is the
coordinate and specifies how far up or down thegig & go. It is called an ordered pair
because the order of the two numbers mattersfirtiies always the x (horizontal)
coordinate.

The sign of the coordinate is important. A positivenber means to go to the right (x) or
up (y). Negative numbers mean to go left (x) or dgw).

Distance between two points

Given coordinates of two points, distance D betw®enpoints is given by:

D =/dz24dy? (whered =is the difference between the x-coordinates dids the
difference between the y-coordinates of the points)



As you can see, the distance formula on the pkderived from the Pythagorean
theorem.

Above formula can be written in the following way fgiven two points(:’:l!ylj'and
{$21y2}'

D =\/(zg—z1)?+(yy—y,)?

Vertical and horizontal lines

If the line segment is exactly vertical or horizanthe formula above will still work fine,
but there is an easier way. For a horizontal litsdength is the difference between the x-
coordinates. For a vertical line its length is diféerence between the y-coordinates.

Distance between the point A (x,y) and the origin
As the one point is origin with coordinate O (Q@@ formula can be simplified to:

Example #1
Q: Find the distance between the point A (3,-1) ar(eli®)
Solution: Substituting values in the equation we'll get

2 2
D =\/(zg=2 ) +(yy=v))
D=\/(-1-3Y+(@2—(-1))*=yI6F9=5

Midpoint of a Line Segment

A line segment on the coordinate plane is definethlo endpoints whose coordinates



are known. The midpoint of this line is exactlyflaaly between these endpoints and it's
location can be found using the Midpoint Theorerhiclv states:

» The x-coordinate of the midpoint is the averafjthe x-coordinates of the two
endpoints.

* Likewise, the y-coordinate is the average ofytfmordinates of the endpoints.

(x..y.)

f%f:ﬂﬂ‘:]. 1/2{3.‘.;.?2}} /
/ _/ﬂ‘"

(.9}

b

Coordinates of the midpoinM{:’:m!ym}of_"t_he line segment AB,‘%{:’:llyl} and
Tty YTy
B{":E!yz}) are*m="179 and¥m ™ 2

Lines in Coordinate Geometry

In Euclidean geometry, a line is a straight cutmecoordinate geometry, lines in a
Cartesian plane can be described algebraicallynlegpi equations and linear functions.

Every straight line in the plane can represented fisst degree equation with two
variables.



= law+ 1
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There are several approaches commonly used inicadedyeometry. It does not matter
whether we are talking about a line, ray or lingnsent.In all cases any of the below
methods will provide enough information to define he line exactly.

1. General form.

The general form of the equation of a straight I;e

ax—+by+c=0

Wheren, handrare arbitrary constants. This form includes alboﬂlmrms as special

cases. For an equation in this form the slopehand the y intercept is h

2. Point-intercept form.

y=mx+b

Where:mis the slope of the lindiis the y-intercept of the linet:is the independent
variable of the functiof .

3. Using two points

In figure below, a line is defined by the two pgirit and B. By providing the coordinates
of the two points, we can draw a line. No othee loould pass through both these points
and so the line they define is unique.



B(9.9)
: A (17.4)
X

30 -25 -20 -15 10 ':: 5 10 15 20 2578q_

The equation of a straight line passing throughntgsogjl{ﬁlﬂyl}andpﬁ{%!yz}is:

y—ty YT Vaq
T—T{— T{—&q

Example #1
Q: Find the equation of a line passing through thatpd (17,4)andB (9,9).

vT¥ ¥iTYa yv—4 _4-9
Solution: Substituting the values in equatién *1— f1—*a2we'll get: z—17 — 179
=3 5
z—17 — 8 -->8y—32=-515+85.5 8y+5x-117 = 0QR if we want to write the

_ 5 L7
equation in the slope-intercept forfd:= ~&8F T &

4. Using one point and the slope

Sometimes on the GMAT you will be given a pointtba line and its slope and from this
information you will need to find the equation dreck if this line goes through another
point. You can think of the slope as the directibthe line. So once you know that a line

goes through a certain point, and which directtaa pointing, you have defined one
unique line.

In figure below, we see a line passing throughpibiat A at (14,23). We also see that it's
slope is +2 (which means it goes 2 up for everyamress). With these two facts we can

establish a unique line.



A (14,23)

|
10 Slope = +2

5 X

7

The equation of a straight line that passes thrmgbintPl{j:l!yl}with a
slope m is:

y—y, =mlz—z)

Example #2
Q: Find the equation of a line passing through thatpd (14,23) and the slope 2.

Solution: Substituting the values in equatiéh Y1~ m':jj_j:ljwe'll get
y—23=2(r-14). s y=2z-5

4. Intercept form.
The equation of a straight line whose x and y oe@pts are a and b, respectively, is:

Example #3
Q: Find the equation of a line whose x intercept &8 y intercept is 2.

£_|_E =1 £_|_E =1
Solution: Substituting the values in equatién™t — “we'll gets "2 — *-->
5y+22—10 = 0OR if we want to write the equation in the slopteinept form:

Y= —%,ﬂ:—i—ﬁ

Slope of a Line

The slope or gradient of a line describes its stegp, incline, or gradé. higher slope



value indicates a steeper incline.

The slope is defined as the ratio of the "rise'idd by the "run" between two points on
a line, or in other words, the ratio of the altéuchange to the horizontal distance
between any two points on the line.

b

Given two points($1!y1}and{$2!y2}on a line, the slopgwof the line is:

LV
M =T,=7

If the equation of the line is given in tR®@int-intercept form: ¥ = mz+E thenmis

the slope. This form of a line's equation is catlegl slope-intercept form, becausmn

be interpreted as the y-intercept of the line yHo®ordinate where the line intersects the
y-axis.

If th% equation of the line iscgiven in ti@eneral form: az+by+c =0 , then the slope

is “hand the y intercept iSh.

SLOPE DIRECTION
The slope of a line can be positive, negative, penandefined.



N
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Positive slope

Here, y increases as x increases, so the lineslgpgards to the right. The slope will be
a positive number. The line below has a slope otiak0.3, it goes up about 0.3 for
every step of 1 along the x-axis.

Negative slope

Here, y decreases as x increases, so the linessttgqpenwards to the right. The slope will
be a negative number. The line below has a slopdaidt -0.3, it goes down about 0.3
for every step of 1 along the x-axis.

Zero slope

Here, y does not change as x increases, so thmlgectly horizontal. The slope of any
horizontal line is always zero. The line below goegher up nor down as x increases, so
its slope is zero.

Undefined slope

When the line is exactly vertical, it does not hawdefined slope. The two x coordinates
are the same, so the difference is zero. The glajgalation is then something like

_ 15
stope =g \When you divide anything by zero the result hasneaning. The line above
is exactly vertical, so it has no defined slope.

SLOPE AND QUADRANTS:
1. If the slope of a line is negativethe line WILL intersect quadrants Il and V. Xdax
intersects of the line with negative slope havestmae sign. Therefore if X and Y

intersects are positive, the line intersects quddraf negative, quadrant I11.

2.1f the slope of line is positiveline WILL intersect quadrants | and Ill. Y and X
intersects of the line with positive slope haveagie signs. Therefore if X intersect is



negative, line intersects the quadrant Il tooo$ifve quadrant 1V.

3. Every line (but the one crosses origin OR paralldio X or Y axis OR X and Y axis

themselves) crosses three quadrant®nly the line which crosses origﬁ%:D}OR is
parallel to either of axis crosses only two quatiran

4.1f a line is horizontal it has a slope di, is parallel to X-axis and crosses quadrant |
and Il if the Y intersect is positive OR quadralitand 1V, if the Y intersect is negative.
Equation of such line is y=b, whelas y intersect.

5.1f a line is vertical, the slope is not defined, line is parallel to ¥saand crosses

quadrant | and 1V, if the X intersect is positivedequadrant Il and Ill, if the X intersect
is negative. Equation of such lineris= i, wherea is x-intercept.

_ Y
6. For a line that crosses two point£$1=y1}and '::EQ!yQ:', slopem S |

7.1f the slope is 1the angle formed by the line &5 degrees.

8. Given a point and slope, equation of a line can Heund. The equation of a straight

line that passes through a po@rﬁllyl}with a slopemis: ¥~ ¥1= miz—z;)

Vertical and horizontal lines

A vertical line is parallel to the y-axis of the coordinate plafk points on the line will
have the same x-coordinate.

B (-15,20)

A(-153)

b




A vertical line has no slope. Or put another way & vertical line the slope is undefined.

The equation of a vertical line is:

r=da

Where: x is the coordinate of any point on the;lgé where the line crosses the x-axis
(x intercept). Notice that the equation is indeparicf y. Any point on the vertical line
satisfies the equation.

A horizontal line is parallel to the x-axis of the coordinate plak points on the line
will have the same y-coordinate.

Slope = 0 CTOALTT) B(26,7)

b

A horizontal line has a slope of zero.

The equation of a horizontal line is:

y=>b

Where: x is the coordinate of any point on the;limés where the line crosses the y-axis
(y intercept). Notice that the equation is indeparicf x. Any point on the horizontal
line satisfies the equation.

Parallel lines

Parallel lines have the same slope



The slope can be found using any method that igsergant to you:

From two given points on the line.
From the equation of the line in slope-interceptrfo
From the equation of the line in point-slope form

The equation of a line through the pointPl{j‘?l!yl}and parallel to line
ax—+by+c=10ig:

afz—zy)+b(y—y,) =0

Distance between two parallel line& = M +land ¥ = M&+< can be found by the

formula:
|b—¢]

T m241

Example #1

Q:There are two lines. One line is defined by twanp®at (5,5) and (25,15). The other is
defined by an equation in slope-intercept form fgrm0.52x - 2.5. Are two lines
parallel?



B (25,15)

Fa R i o
v o h &

Solution:
For the top line, the slope is found using the dowtes of the two points that define the
155

line. Stope =35 _£=0.5

For the lower line, the slope is taken directlynfrthe formula. Recall that the slope
intercept formula is y = mx + b, where m is thepgloSo looking at the formula we see
that the slope is 0.52.

So, the top one has a slope of 0.5, the lower k&2, which are not equal. Therefore,
the lines are not parallel.

Example #2
Q: Define a line through a point C parallel to a Ipssses through the points A and B.



1+
C (12,10)
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Solution: We first find the slope of the line AB using trenge method as in the example
above.

SlopeAB=2 = 05

For the line to be parallel to AB it will have teame slope, and will pass through a given
point, C(12,10). We therefore have enough inforarato define the line by it's equation
in point-slope form form:

y=—052(r—12)+10_5 y = —0.522416.24

Perpendicular lines

For one line to be perpendicular to another, theioaship between their slopes has to be

. . 1 . . . .
negative reciprocal —m=. In other words, the two lines are perpendicifland only if
the product of their slopes is1.



@

y=-1x '

The two line®1 £ H01Y4¢1 = Ogng a2 +oay+cy = Ogpe perpendicular if

The equation of a line passing through the pgfﬂa{‘fl?yn and perpendicular to line
ax—+by+c=10js:

blz—zy)-aly-y;) =0

Example #1:
Q: Are the two lines below perpendicular?

Solution:
J'.Y

B (48,19)

Di{314)

Ko




To answer, we must find the slope of each linethed check to see if one slope is the

negative reciprocal of the other or if their prodaguals to -1.

SlopeAB=3"13 == _ (358

If the lines are perpendicular, each will be thgate reciprocal of the other. It doesn't
matter which line we start with, so we will pick AB

1
Negative reciprocal of 0.358 iS0.358 —

—2.79

So, the slope of CD is -2.22, and the negativerecal of the slope of AB is -2.79.
These are not the same, so the lines are not pgodsr, even though they may look as
though they are. However, if you looked carefuliytee diagram, you might have noticed
that point C is a little too far to the left forethines to be perpendicular.

Example # 2.

Q: Define a line passing through the point E and @edgular to a line passing through
the points C and D on the graph above.

Solution: The point E is on the y-axis and so is the y-icept of the desired line. Once
we know the slope of the line, we can expressiitgugs equation in slope-intercept form
y=mx+b, where m is the slope and b is the y-intetrce

First find the slope of line CD:

The line we seek will have a slope which is theatieg reciprocal of:

1
__2.22 = 0.45

Since E is on the Y-axis, we know that the intetéged0. Plugging these values into the
line equation, the line we need is described byetiiation

vy =0.45x410

This is one of the ways a line can be defined ane have solved the problem. If we
wanted to plot the line, we would find another pan the line using the equation and
then draw the line through that point and the oept.

Intersection of two straight lines

The point of intersection of two non-parallel lireen be found from the equations of the



two lines.

b

3;(‘?

To find the intersection of two straight lines:

1. First we need their equations

2. Then, since at the point of intersection, the éguations will share a point and thus
have the same values of x and y, we set the twatms equal to each other. This gives
an equation that we can solve for x

3. We substitute the x value in one of the lineatigms (it doesn't matter which) and
solve it for y.

This gives us the x and y coordinates of the iet&isn.

Example #1

Q: Find the point of intersection of two lines thatvk the following equations (in slope-
intercept form):

y=3x—3

y=233r+4

Solution: At the point of intersection they will both haveetsame y-coordinate value, so
we set the equations equal to each other:

Jr—3=23r+4

This gives us an equation in one unknown (x) whwehcan solve:
=10

To find y, simply set x equal to 10 in the equatidreither line and solve for y:
Equation for a liné/ = 3~”~’f“—3(Either line will do)



Set x equal to 10% =30—3
y =27

We now have both x and y, so the intersection gei(it0, 27)

Example #2

Q: Find the point of intersection of two lines thatvk the following equations (in slope-
intercept form)% = 3Z—3and x = 12(A vertical line)

Solution: When one of the lines is vertical, it has no dediislope. We find the
intersection slightly differently.

On the vertical line, all points on it have an >amdinate of 12 (the definition of a vertical
line), so we simply set x equal to 12 in the fequation and solve it for y.

Equation for a ling/ =3z—3

Set x equal to 12 = 36-3

y =33

So the intersection point is at (12,33).

Note: If both lines are vertical or horizontal, they are parallel and have no
intersection

Distance from a point to a line

The distance from a point to a line is 8f®rtestdistance between them - the length of a
perpendicular line segment from the line to thenpoi

The distance from a poiE{DD!yD}to a lineaz+by+c=0ijs given by the formula:

|a$n+byu+c|
- al+b?

«  When the line is horizontal the formula transformsto: D =|Py—Lyl
Where: Fyis the y-coordinate of the given point-ﬁ'yis the y-coordinate ainy
point on the given vertical line L. | | the vertibars mean "absolute value" -
make it positive even if it calculates to a negativ

- When the line is vertical the formula transforms to £ = |P$_L,ﬂ:|
Where:F zis the x-coordinate of the given point£xris the x-coordinate ainy
point on the given vertical line L. | | the vertibars mean "absolute value" -
make it positive even if it calculates to a negativ

- When the given point is origin then the distance between origin and line
ax+by+T:|0 is given by the formula:

[

a2+b2




Circle on a plane

In an x-y Cartesian coordinate system, the cirdta eenter (a, b) and radius r is the set
of all points (x, y) such that:

(o) +(y—b) = r2

Ly

R R i L3
v B3 h & £n

This equation of the circle follows from the Pytbagan theorem applied to any point on
the circle: as shown in the diagram above, theusadi the hypotenuse of a right-angled
triangle whose other sides are of length x-a abd y-

If the circle is centered at the origin (0, 0)then the equation simplifies to:

Number line

A number line is a picture of a straight line oniethevery point corresponds to a real
number and every real number to a point.

b

On the GMAT we can often see such stateméris. halfway betweegsnand n on the
number line. Remember this statement can ALWAY @hwessed as:



m+n _
=k

Also on the GMAT we can often see another statenTdrd distance betweeli and
m.on the number line is the same as the distanceseat®¥and »n. Remember this
statement can ALWAYS be expressed as:

|[p—m|=|p—n],

Parabola

A parabola is the graph associated with a quadiatiction, i.e. a function of the form
y=azritbr—tc

]'I 3
ﬂ:{ y-intercept
."~.
x-intercepts
Y o
1 Verex frgam’mum,l
.'\_ # ,z""--- B .,
."u._ﬂ L r /./ \'\.
Vertex {minimum) p :
!
w-intercept g A
S/ Mo x-intercepts! \

."II..
/

The general or standard form of a quadratic fundtd/ = ax2—+bz~+c| or in function

form, f(#)=az2+bz+c \where zis the independent variabl#,is the dependent
variable, and, &, andcare constants.

« The larger the absolute valuemfthe steeper (or thinner) the parabola is, since
the value of y is increased more quickly.

« If ais positive, the parabola opens upward, if negative parabola opens
downward.

x-intercepts: The x-interceptsf any, are also called the roots of the function. The x-



intercepts are the solutions to the equaficna az2+br+cand can be calculated by the
formula:

. —h=Vhi—=dqc . —b+ hi—dar
= T and®2= T

Expressiorﬁ:ug—-%acis calleddiscriminant:

« If discriminant is positive parabola has two intgts with x-axis;
« If discriminant is negative parabola has no intptsevith x-axis;
- If discriminant is zero parabola has one interegfh x-axis (tangent point).

y-intercept: Given¥ = ﬁ$2+b$+c, the y-intercept i, as y intercept means the value
of y when x=0.

Vertex: The vertex represents the maximum (or minimumjieaif the function, and is
very important in calculus.

b b?
The vertex of the parabola is located at mea’ C=35).
b

Note: typically just 2a'is calculated and plugged in for x to find y.
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Triangle
A closed figure consisting of three line segments linked end-to-end. A 3-sided polygon.
B

\/ertex Thevertex (plural: vertices) isa corner of the triangle. Every triangle has
three vertices.

B aSEThe base of a triangle can be any one of the three sides, usually the one drawn at
the bottom.

* You can pick any side you like to be the base.
» Commonly used as a reference side for calculdhiagrea of the triangle.
* In an isosceles triangle, the base is usuallgriak be the unequal side.

Altitude Thealtitude of a triangle s the perpendicular from the base to the opposite
vertex. (The base may need to be extended).

* Since there are three possible bases, therdsaréhace possible altitudes.
* The three altitudes intersect at a single paalied the orthocenter of the triangle.



Median The median of atriangleis aline from a vertex to the midpoint of the
opposite side.

» The three medians intersect at a single point, caltl the centroid of the triangle.

» Each median divides the triangle into two smalletriangles which have the same
area.

» Because there are three vertices, there areun$edhree possible medians.

* No matter what shape the triangle, all three gbniatersect at a single point. This point
is called thecentroid of the triangle.

» The three medians divide the triangle into sixallen triangles of equal area.

» The centroid (point where they meet) is the aeotgravity of the triangle

» Two-thirds of the length of each median is betweethe vertex and the centroid,

while one-third is between the centroid and the migoint of the opposite side.

[ 26%42c2—q2
M= 4 , Wheren, handware the sides of the triangle amid the side of

the triangle whose midpoint is the extreme pointefian.

Area The number of square units it takes to exactly fill the interior of a triangle.

Usually called "half of base times height", theaaoé a triangle is given by the formula
below.

Other formula:
W+
A= Pg z

_ abc
cA=4%

Wherebis the length of the bassandcthe other sidesh is the length of the
corresponding altitudefiis the Radius of circumscribed circtas the radius of inscribed
circle; P is the perimeter



 Heron's or Hero's Formula for calculating theag’ﬂe: Vs(s—a) (s—b) (s—Cwhere
a+b+c
a,b,¢ are the three sides of the triangle &id ~ 2  which is the semi perimeter of

the triangle.

Perimeter The distance around the triangle. The sum of its sides.

* For a given perimeter equilateral triangle has tke largest area.
* For a given area equilateral triangle has the snikest perimeter.

Relationship of the Sides of a Triangle

» The length of any side of a triangle must be la®y than the positive difference of
the other two sides, but smaller than the sum of #hother two sides.

Interior ang |€S The three angles on the inside of the triangle at each vertex.

 The interior angles of a triangle always add upd 180°

» Because the interior angles always add to 18@%yeangle must be less than 180°

*» The bisectors of the three interior angles meetta point, called the incenter, which
is the center of the incircle of the triangle.

Exterior ang|eSThe angle between a side of a triangle and the extension of an
adjacent side.

B

A

» An exterior angle of a triangle is equal to thewm of the opposite interior angles.
« If the equivalent angle is taken at each verttes exterior angles always add to 360° In
fact, this is true for any convex polygon, not jtrgingles.



I\/Iidsegment of a Tl’iang|eAIinesegmentjoining the midpoints of two
sides of atriangle

A

* A triangle has 3 possible midsegments.

» The midsegment is always parallel to the third sidef the triangle.

* The midsegment is always half the length of thénird side.

* A triangle has three possible midsegments, depgrah which pair of sides is initially
joined.

Relationship of sides to interior angles in a triagle
» The shortest side is always opposite the smafiestior angle

» The longest side is always opposite the larggstior angle

Angle bisectoran angle bisector divides the angle into two angles with equal
measures.

B

» An angle only has one bisector.
» Each point of an angle bisector is equidistant '/m the sides of the angle.
» The angle bisector theorem states that the ratio dhe length of the line segment



BD to the length of segment DC is equal to the ratiof the length of side AB to the
BD AB
length of side AC: DC — AC

* The incenter is the point where the angle bisectoistersect. The incenter is also
the center of the triangle's incircle - the largestircle that will fit inside the triangle.

Similar Triangles Trianglesin which the three angles are identical.

* It is only necessary to determine that two séengles are identical in order to
conclude that two triangles are similar; the tlsed will be identical because all of the
angles of a triangle always sum to 180°.
* In similar triangles, the sides of the trianghes in some proportion to one another. For
example, a triangle with lengths 3, 4, and 5 hassdime angle measures as a triangle
with lengths 6, 8, and 10. The two triangles angilar, and all of the sides of the larger
triangle are twice the size of the correspondigg len the smaller triangle. ,

T &=
« If two similar triangles have sides in the ratio¥, then their areas are in the ratioy*

Congruence of triangleswo triangles are congruent if their
corresponding sides are equal in length and their corresponding angles are equal in size.

1. SAS (Side-Angle-Side)if two pairs of sides of two triangles are equmelength, and
the included anglesare equal in measurement, then the triangles argrgent.

2.SSS (Side-Side-Side)f three pairs of sides of two triangles are eqnadéngth, then
the triangles are congruent.

3. ASA (Angle-Side-Angle):If two pairs of angles of two triangles are equal
measurement, arttie included sidesare equal in length, then the triangles are
congruent.

So, knowing SAS or ASA is sufficient taletermine unknown angles or sides.

NOTE IMPORTANT EXCEPTION:

The SSA condition (Side-Side-Angle) which speciti@s sides and a non-included
angle (also known as ASS, or Angle-Side-Side) smtslways prove congruence, even
when the equal angles are opposite equal sides.

Specifically, SSA does not prove congruence wheratigle is acute and the opposite
side is shorter than the known adjacent side mgdothan the sine of the angle times the
adjacent side. This is the ambiguous case. Intladra&cases with corresponding
equalities, SSA proves congruence.

The SSA condition proves congruence if the angle abtuse or right. In the case of



the right angle (also known as the HL (Hypotenusg)Lcondition or the RHS (Right-
angle-Hypotenuse-Side) condition), we can calculaehird side and fall back on SSS.

To establish congruence, it is also necessarydokcthat the equal angles are opposite
equal sides.

So, knowing two sides and non-included angle is NOJufficient to calculate
unknown side and angles.

Angle-Angle-Angle
AAA (Angle-Angle-Angle) says nothing about the sifethe two triangles and hence
proves only similarity and not congruence.

So, knowing three angles is NOT sufficiento determine lengths of the sides.

Scalene triang|eal sides and angles are different from one another

* All properties mentioned above can be appliethéoscalene triangle, if not mentioned
the special cases (equilateral, etc)

Equilateral triangle all sides have the same length.

* An equilateral triangle is also a regular polygorwith all angles measuring 60°.

4 = g2%Y3
«The areaisd =0*" 2

* The perimeter is P = 3a

. ) ) _ R - Y
» The radius of the circumscribed circle ISR£ a3
3
- L A*)
« The radius of the inscribed circle i’ — % &
V3
- A=
* And the altitude i& = @3 (Whereuais the length of a side.)

* For any point P within an equilateral trianglee sum of the perpendiculars to the three



sides is equal to the altitude of the triangle.

* For a given perimeter equilateral triangle has tle largest area.

* For a given area equilateral triangle has the snikest perimeter.

» With an equilateral triangle, the radius of the ncircle is exactly half the radius of
the circumcircle.

|sosceles triangl@wo sides are equal in length.

* An isosceles triangle also has two angles oHme measure; namely, the angles
opposite to the two sides of the same length.

* For an isosceles triangle with given length afacides right triangle (included angle)
has the largest area.

« To find the base given the leg and altitude, ugbe formula: B =2v L2— A2

a2 82
* To find the leg length given the base and algtugse the formulal =V 4 +( 2 )

* To find the leg length given the base and algtugse the formula:

5.3
A=\[L?-(7)
the base)

(Where: L is the length of a leg; A is the altitu@eis the length of

Right triangle Atriangle where one of itsinterior angles s a right angle (90
degrees)



» Hypotenuse: the side opposite the right anglés Wil always be the longest side of a
right triangle.

* The two sides that are not the hypotenuse. Theeyhe two sides making up the right
angle itself.

» Theorem by Pythagorasdefines the relationship between the three sitlagight

triangle: a24bd= c?, wherecis the length of the hypotenuse andare the lengths of
the the other two sides.

* In a right triangle, the midpoint of the hypotenuse is equidistant from the three
polygon vertices

* A right triangle can also be isosceles if the twsides that include the right angle are
equal in length (AB and AC in the figure above)

* Right triangle with a given hypotenuse has the lgest area when it's an isosceles
triangle.

* A right triangle can never be equilateral, sincehe hypotenuse (the side opposite
the right angle) is always longer than the other tw sides.

* Any triangle whose sides are in the ratio 3:4:5sia right triangle. Such triangles
that have their sides in the ratio of whole numbersire called Pythagorean Triples.
There are an infinite number of them, and this is yist the smallest. If you multiply
the sides by any number, the result will still be aight triangle whose sides are in the
ratio 3:4:5. For example 6, 8, and 10.

* A Pythagorean triple consists of three positivegersz, b, andr, such that

a?4b2=c2, Such a triple is commonly Writte'wxf‘%‘abacjI , and a well-known example is

(3,45 1f @b9isa Pythagorean triple, then so idkakb,kclor any positive

integer k. There are 16 primitive Pythagorean triples with 100:

(3, 4, 5)(5, 12, 13)7, 24, 25)8, 15, 17)9, 40, 41) (11, 60, 61) (12, 35, 37) (13, 84, 85)
(16, 63, 65) (20, 21, 29) (28, 45, 53) (33, 56, @®), 77, 85) (39, 80, 89) (48, 55, 73) (65,
72, 97).

* A right triangle where the angles are 30°, 60°,rad 90°.



This is one of the 'standard' triangles you shbeléble recognize on sight. A fact you
should commit to memory is: The sides are alwaythénratiol:v3:2.

Notice that the smallest side (1) is opposite thalkest angle (30°), and the longest side
(2) is opposite the largest angle (90°).

* A right triangle where the angles are 45°, 45°,ral 90°.

-

This is one of the 'standard' triangles you shbel@dble recognize on sight. A fact you
should also commit to memory is: The sides are yavimthe ratial:1:v2. With the
vZbeing the hypotenuse (longest side). This can beatkfrom Pythagoras' Theorem.
Because the base angles are the same (both 45Wdhegs are equal and so the triangle
is also isosceles.
* Area of a 45-45-90 triangle. As you see fromftgare above, two 45-45-90 triangles
together makega square, so the area of one ofithbaif the area of the square. As a

S
formulaX =7 . Where S is the length of either short side.

* Right triangle inscribed in circle:



_AC
A=

1
* If M is the midpoint of the hypotenuse, th&h™ =34AC one can also say that point
B is located on the circle with diamete” . Conversely, if B is any point of the circle
with diameter AC’ (except A or C themselves) then angle B in triadgB€ is a right
angle.
* A right triangle inscribed in a circle must haveits hypotenuse as the diameter of
the circle. The reverse is also true: if the diamer of the circle is also the triangle’s
hypotenuse, then that triangle is a right triangle.

__ab _ atb—c
» Circle inscribed in right triangle: T=a¥brc— 2

B

A

C

Note that in picture above the right angle is C.

* Given a right triangle, draw the altitude frone ttight angle.



c% A

Then the triangles ABC, CHB and CHA are similag@adicular to the hypotenuse will
always divide the triangle into two triangles wikie same properties as the original
triangle.
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Definition

A line forming a closed loop, every point on whisha fixed distance from a center
point. Circle could also be defined as the setlgf@nts equidistant from the center.



4\ Diameter

R

Center-a point inside the circle. All points on the ¢&rare equidistant (same distance)
from the center point.

Radius- the distance from the center to any point orcihee. It is half the diameter.

Diameter-t he distance across the circle. The length gfdrord passing through the
center. It is twice the radius.

Circumference- the distance around the circle.

Area - strictly speaking a circle is a line, and so hasrea. What is usually meant is the
area of the region enclosed by the circle.

Chord - line segment linking any two points on a circle.

Tangent-a line passing a circle and touching it at just point.
The tangent line is always at the 90 degree apgigéndicular) to the radius of a circle.

SecantA line that intersects a circle at two points.
77 In any circle, if you divide the circumference (disce around the circle) by it's

diameter (distance across the circle), you alwayshee same number. This number is
called Pi and is approximately 3.142.



* A circle is the shape with the largest area fgiven length of perimeter (has the
highest area to length ratio when compared to @jiemetric figures such as triangles or
rectangles)

* All circles are similar

» To form a unique circle, it needs to have 3 mimhich are not on the same line.

Circumference, Perimeter of a circle

Given a radiugof a circle, the circumference can be calculatedguhe formula:
Crrcumference =2wr

If you know the diametefltof a circle, the circumference can be found usiTey t
formula: Circumference = mD

If you know the aread of a circle, the circumference can be found usiegformula:
Crrcumference =JVdmAd

Area enclosed by a circle

Given the radiusof a circle, the area can be calculated usingdhadla: 4 rea = mr2

If you know the diametefdof a circle, the area can be found using the foamul
2

_mhe
Area= )

If you know the circumferencé’ of a circle, the area can be found using the foamul



_C?
Area_4ﬂ

Semicircle

Half a circle. A closed shape consisting of hatfrale and a diameter of that circle.

» The perimeter of a semicirdie not half the perimeter of a circle. From the figure
above, you can see that the perimeter is the cyragdwhich is half the circle, plus the
diameter line across the bottom. So, the formuldie perimeter of a semicircle is:
Periymeter =wr42r = r{¢r+2}

* The angle inscribed in a semicircle is always. 90°

* Any diameter of a circle subtends a right anglarty point on the circle. No matter
where the point is, the triangle formed with diaene$ always a right triangle.

Chord



A line that links two points on a circle or curve.

* A diameter is a chord that contains the centehefcircle.

*» Below is a formula for the length of a chord dfuyknow the radius and the
perpendicular distance from the chord to the ciceleter. This is a simple application of
Pythagoras' Theorem.

Length =2V Tg—dg, whereris the radius of the circleijs the perpendicular distance
from the chord to the circle center.

* In a circle, a radius perpendicular to a chos®bis the chordConverse: In a circle, a
radius that bisects a chord is perpendicular teckiwed,or In a circle, the perpendicular
bisector of a chord passes through the centerec€ithle.

Angles in a circle

An inscribed angleis an angle ABC formed by points A, B, and C oa tircle's
circumference.



* Given two points A and C, lines from them to edipoint B form the inscribed angle

2ABC. Noticethat the inscribed angle is constant. It only aejseon the position of A

and C.
« If you know the lengthf. of the minor arc and radius, the inscribed angle is
Angle = %

A central angleis an angle AOC with endpoints A and C locate@daircle's
circumference and vertex O located at the circlerder. A central angle in a circle
determines an arc AC.



» The Central Angle Theorenstates that the measure of inscribed angle isyalalf
the measure of the central angle.

* An inscribed angle is exactly half the correspngaentral angle. Hence, all inscribed
angles that subtend the same arc are equal. Amgleisbed on the arc are
supplementary. In particular, every inscribed arigée subtends a diameter is a right
angle (since the central angle is 180 degrees).



Arcs and Sectors

A portion of the circumference of a circle.

/ .
/
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» Major and Minor Arcs Given two points on a circle, the minor arc is shertest arc
linking them. The major arc is the longest. On@MAT, we usually assume the minor
(shortest) arc.

C
* Arc Length The formula the arc measure %:: Eﬂfﬁ, where C is the central angle
of the arc in degrees. Recall that ris the circumference of the whole circle, so the
formula simply reduces this by the ratio of the angle to a full angle (360). By
transposing the above formula, you solve for tlieus central angle, or arc length if you
know any two of them.

» Sectoris the area enclosed by two radii of a circle #mair intercepted arc. A pie-
shaped part of a circle.

o
« Area of a sectois given by the formulalT€% = ,ng’ where: C is the central
angle in degrees. What this formula is doing isnigkhe area of the whole circle, and
then taking a fraction of that depending on there¢angle of the sector. So for example,
if the central angle was 90°, then the sector wbialee an area equal to one quarter of
the whole circle.

Power of a Point Theorem



Given circle O, point ot on thecircle, and a line through P intersecting the circle in
two points. The product of the length from P to fin& point of intersection and the
length from P to the second point of intersect®oadnstant for any choice of a line
through P that intersects the circle. This congtaoalled thé'power of point P".

If P is outside the circle:

PA¥PD = PC*PB = Constant- This becomes the theorem we know as the
theorem of intersecting secants.

If P is inside the circle:



PA*PD = PC*PB = Constant- This becomes the theorem we know as the
theorem of intersecting chords.

Tangent-Secant

Should one of the lines be tangent to the cirantpA will coincide with point D, and
the theorem still applies:

PA¥PD = PC*PB = Constant



PAZ2= PC*PB = Constant- This becomes the theorem we know as the theorem
of secant-tangent theorem.

Two tangents

Should both of the lines be tangents to the cippbént A coincides with point D, point C
coincides with point B, and the theorem still apgli

PA¥PD = PC*PB = Constant
PAZ=pcl

PA=PC
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Definition

A percentage is a way of expressing a number escadn of 100 fer cent meaning "per
hundred"). It is often denoted using the percegm,sI%", or the abbreviation "pct". Since
a percent is an amount per 100, percents can beseyed as fractions with a
denominator of 100. For example, 25% means 25 @@&r25/100 and 350% means 350
per 100, 350/100.

* A percent can be represented as a decimal. Tloevfng relationship characterizes
how percents and decimals interact. Percent FA® = Decimal Form

For example: What is 2% represented as a decimal?
Percent Form / 100 = Decimal Form: 2%/100=0.02

Percent change

General formula for percent increase or decregsecént change):

Change

_ o RATEE g
Percent = Griginal 100

Example: A company received $2 million in royalties on firet $10 million in sales

and then $8 million in royalties on the next $100iam in sales. By what percent did the
ratio of royalties to sales decrease from the $i1 million in sales to the next $100
million in sales?

Solution: Percent decrease can be calculated by the forainohze:
Change %—1_[%

1A —
Crraginal 100=

*100=50%
, SO the royalties decreased by

Percent =

=

50%.

Simple Interest

Simple interest = principal * interest rate * time, where"principal” is the starting
amount andrate" is the interest rate at which the money growsapgiven period of



time (note: express the rate as a decimal in thraudta). Time must be expressed in the
same units used for time in the Rate.

Example: If $15,000 is invested at 10% simple annual irgefieow much interest is
earned after 9 months?
Solution: $15,000*0.1*9/12 = $1125

Compound Interest

. . . Lrin Eotnn o
Balance(final)= pmnczpaﬁ*{l—kﬁ—ﬂ ge‘s }“me G, where C = the number of

times compounded annually.

If C=1, meaning that interest is compounded ongeaa, then the formula will be:
Balance(final) = prancipal*(1+interest)t* ™ | 1ore time is number of
years.

Example: If $20,000 is invested at 12% annual interest, paumded quarterly, what is
the balance after 2 year?

Solution; Balance = mﬁm*{l"’%j:'gm = ED:DDD*{L%:‘E =$25,335.4

Percentile

If someone's grade is ifith percentile of then grades, this means that% of people
out of m has the grades less than this person.

Example: Lena’s grade was in the 80th percentile out of di2@les in her class. In
another class of 200 students there were 24 gragker than Lena’s. If nobody had
Lena’s grade, then Lena was what percentile ofwleclasses combined?

Solution:
Being in 80th percentile out of 120 grades meamslautscored20%0.8 = 36
classmates.

In another class she would outscofil —24 = 176students.

So, in combined classes she outscé®ed 176 = 272. As there are total of
272 _ 85 = 85%
1204200 = 32Cstudents, so Lena is &0 — ¥-°2 —©2 /4 or in 85th percentile.
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Scope

Manipulation of various algebraic expressions
Equations in 1 & more variables

Dealing with non-linear equations

Algebraic identities

Notation & Assumptions

In this document, lower case roman alphabets wiliked to denote variables such as
a,b,cxy,zw

In general it is assumed that the GMAT will onlyatleith real numbers ) or subsets
of Rsuch as Integers#), rational numbers%) etc

Concept of variables

A variable is a place holder, which can be usedathematical expressions. They are
most often used for two purposes :

(a) In Algebraic Equations : To represent unknown quantities in known refatops.
For eg : "Mary's age is 10 more than twice thatiofs", we can represent the unknown
"Mary's age" by x and "Jim's age" by y and thenkih@wn relationship i§ = 2 +10

(b) In Algebraic Identities : These are generalized relationships suc@: |~”5|
which says for any number, if you square it ane tidde root, you get the absolute value
back. So the variable acts like a true placeholdkich may be replaced by any number.

Basic rules of manipulation



A. When switching terms from one side to the othanralgebraic expression +
becomes - and vice versa.
Eg. £ty = 2r=m>r=2z—vy

B. When switching terms from one side to the othanralgebraic expression *
becomes / and vice versa.

(y+1)
eg A=) ==

C. you can add/subtract/multiply/divide both sidesliyy same amount. Eg.

r+
a:+y:102:;‘r4—;r=%

D. you can take to the exponent or bring from the erpbas long as the base is the
same.
Eg 1o242=7=47+2=47
Eg224=8Y52% =23 5 45 =3y

It is important to note that all the operations\abare possible not just with constants but
also with variables themselves. So you can "adar Xmultiply with y" on both sides

while maintaining the expression. But what you nieble very careful about is when
dividing both sides by a variabM/hen you divide both sides by a variable (or do
operations like "canceling x on both sides") you irplicitly assume that the variable
cannot be equal to 0, as division by 0 is undefinedhis is a concept shows up very
often on GMAT questions.

Degree of an expression

The degree of an algebraic expression is definedeaBighest power of the variables
present in the expression.

Degree 1 : Linear

Degree 2 : Quadratic

Degree 3 : Cubic

Degree 4 : Bi-quadratic

Egs : T+%the degree is 1
134+ 1+2the degree is 3
z3+425the degree of x is 3, degree of z is 5, degreheEkpression is 5

Solving equations of degree 1 : LINEAR

Degree 1 equations or linear equations are equsatioone or more variable such that
degree of each variable is one. Let us consideesspacial cases of linear equations :

One variable
Such equations will always have a solution. Gerferah isax = hand solution is

r={(b/a)



One equation in Two variables
This is not enough to determine x and y uniqueher€ can be infinitely many solutions.

Two equations in Two variables

If you have a linear equation in 2 variables, yeecdhat least 2 equations to solve for both
variables. The general formis :

ar+tby=c

detey=f

if (@/d)=(b/e)=1{c/f)then there are infinite solutions. Any point safiisf) one
equation will always satisfy the second

if @/d)= {bfe}?é'icf(f}then there is no such x and y which will satisfytbequations.
No solution

In all other cases, solving the equations is stitaigrward, multiply eq (2) by a/d and
subtract from (1).

More than two equations in Two variables

Pick any 2 equations and try to solve them :

Case 1 : No solution --> Then there is no solut@mrbigger set

Case 2 : Unique solution --> Substitute in otheragmns to see if the solution works for
all others

Case 3 : Infinite solutions --> Out of the 2 eqoas$i you picked, replace any one with an
un-picked equation and repeat.

More than 2 variables

This is not a case that will be encountered oftethe GMAT. But in general for n
variables you will need at least n equations toagaique solution. Sometimes you can
assign unique values to a subset of variables usgsgthan n equations using a small
trick. For example consider the equations :

r42y+5z =20

z+4y+10z =40

In this case you can treay+2as a single variable to get :

z+(2y+z)=20

T+2*(y+2)=40

These can be solved to get x=0 and 2y+z=20

There is a common misconception that you need n egtions to solve n variables.
This is not true.

Solving equations of degree 2 : QUADRATIC

The general form of a quadratic equatior&&'ﬁsg-kﬁﬂi-#c =0



The equation has no solutionbit <4ac

The equation has exactly one solutiohdt= 4ar

—btvbi-—dac
This equation has 2 solutions given by 2a if b4>4ac

—b
The sum of roots isa
The product of roots &

If the roots aré 1and” 2, the equation can be written Ggr1)@—ry)=0

A quick way to solve a quadratic, without the abéwenula is to factorize it :

Step 1> Divide throughout by coeff of x*2 to puinitthe form z2+dz+e=0
Step 2> Sum of roots = -d and Product = e. Seanch humbers which satisfy this
criteria, let them be f,g

Step 3> The equation may be re-written as (x-f)x8g And the solutions are f,g

Eg.z2+11x+30 =0
The sum is -11 and the product is 30. So numberssa6
224112430 = 22 +4+52 462430 = x(x+5) +6(r+5) = (z+5) (x+6)

Solving equations with DEGREE>2

You will never be asked to solved higher degreeagqns, except in some cases where
using simple tricks these equations can eitheabtfized or be reduced to a lower
degree or both. What you need to note is that aatean of degree n has at most n
unique solutions.

Factorization:

This is the easiest approach to solving higherekgguations. Though there is no
general rule to do this, generally knowledge othhgic identities helps. The basic idea
is that if you can write an equation in the form :

A*B*C =0

where each of A,B,C are algebraic expressions. @mnseés done, the solution is obtained
by equating each of A,B,C to 0 one by one.

Eg.x3+112x2+430x =0
¥ (x24+112430)=0
¥z +5)*(z+6)=0



So the solution is x=0,-5,-6

Reducing to lower degree

This is useful sometimes when it is easy to seealsample variable substitution can
reduce the degree.

Eg. x%-3x34+2=0
Here letly = 53
y2-3y+2=0
(v—2)(y-1)=0

So the solution is y=1,2 or x*3=1,2 or x=1,cubet(®p
Other tricks

Sometimes we are given conditions such as thehlagdeing integers which make the
solutions much easier to find. When we know thatdblutions are integral, often times
solutions are easy to find using just brute force.

Eg. a? +b2 =116 and we know a,b are integers such that a<b
We can solve this by testing values of a and cmeckiwe can find b
a=1 b=root(115) Not integer

a=2 b=root(112) Not integer

a=3 b=root(107) Not integer

a=4 b=root(100)=10

a=5 b=root(91) Not integer

a=6 b=root(80) Not integer

a=7 b=root(67) Not integer

a=8 b=root(52)<a

So the answer is (4,10)

Algebraic Identities

These can be very useful in simplifying & solvintpaiof questions :

. ety =224y 420y

. -y =224y2-22y

. Tioyli=(zty)(z-y)

‘ {$+y}2—(§‘—y}2 =4zy

. (odyt2) =224y 24 22 L 9 eyt yztza)
. oAtyd=(sty) (2 +y?-zy)

. -y =(r-y) (sl +y?+oy)
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This post is a part offMAT MATH BOOK ]

created byshroudedl

Definition

Sequence : Itis an ordered list of objects. Itlbardinite or infinite. The elements may
repeat themselves more than once in the sequamtéhair ordering is important unlike
a set

Arithmetic Progressions

Definition
It is a special type of sequence in which the daifee between successive terms is
constant.

General Term

ap=a, {+d= al—i—{n—l}cﬁ
%is the ith term

dis the common difference
%is the first term

Defining Properties
Each of the following is necessary & sufficient éosequence to be an AP :

%, ~%,_1 =Constant

+ If you pick any 3 consecutive terms, the middle mne mean of the other two
a6 %%

. Forallij>k>=1:1=—k = 37—k

Summation
The sum of an infinite AP can never be finite exdgf#1 = |:]& =0

n
The general sum of a n term AP with common diffeeed is given byE{E’H' (n—1)d)



The sum formula may be re-written as
n*Avg(ay,a,) = %*{FwstTerm +LastTerm)

Examples

1. All odd positive integers : {1,3,5,7,.%1 = Ld=2

2. All positive multiples of 23 : {23,46,69,92,.. %1 = 23,4 =23
3. All negative real numbers with decimal part 0.20.4,-1.1,-2.1,-3.1,...}
a;=-01d=-1

Geometric Progressions

Definition
It is a special type of sequence in which the ratioonsecutive terms is constant

General Term

b =bp_1*r=a,*rn"1
bsis the ith term

ris the common ratio

blis the first term

Defining Properties
Each of the following is necessary & sufficient éosequence to be an AP :

by
« bi—1 7 Constant
« If you pick any 3 consecutive terms, the middle mne geometric mean of the
other two

by =k _ b_-? —k
- Forallij>k>=1 Zl:blf:l - ':bia.:'ﬁ

Summation
The sum of an infinite GP will be finite if absoduvalue of r < 1

*'J"ﬂ'—].
The general sum of a n term GP with common rasogiven byb1 r—1

by
If an infinite GP is sum able (|r|<1) then the sSgrh—r

Examples

1. All positive powers of 2 : {1,2,4,8,..51=1,r =2
2. All positive odd and negative even numbers : {B,—Zl,,...}bl =Lr=-1



3. All negative powers of 4 : {1/4,1/16,1/64,1/258,...
1/4
blzlfé,rzlfé,sum_(l Tja)= =(1/3)

Harmonic Progressions

Definition
It is a special type of sequence in which if yoketghe inverse of every term, this new
sequence forms an AP

Important Properties
Of any three consecutive terms of a HP, the middkeis always the harmonic mean of
the other two, where the harmonic mean (HM) israfias :
l#{l b 1
b ™ HMia,b)
Or in other words :

Dab
HM(a,b) = aib

APs, GPs, HPs : Linkage

Each progression provides us a definition of "mean”

) ) a+b ald. +u:m
Arithmetic Mean: 2 OR~— =

1
Geometric Mean vab OR @1%*.Fan)?

2ab T
Harmonic Mean a+50R al+ +dn

For all non-negative real numbers : AM >= GM >= HM
In case of n numbers : AM * HM = GM"n
In particular for 2 numbers : AM * HM = GM * GM

Example :

Let a=50 and b=2,

then the AM = (50+2)*0.5 = 26 ;
the GM = sqrt(50*2) = 10 ;

the HM = (2*50*2)/(52) = 3.85
AM > GM > HM

AM*HM = 100 = GM"2

Misc Notes:



A subsequence (any set of consecutive terms) of an AP isan AP
A subsequence (any set of consecutive terms) of a GP isa GP
A subsequence (any set of consecutive terms) of a HP isa HP

If given an AP, and | pick out a subsequence from that AP, consisting of the terms
&1 im®i3such that #1,22,23are in AP then the new subsequence will also be an AP

For Example : Consider the AP witlf1 = Ld= 2{1,3,5,7,9,11,...}, so a_n=1+2*(n-
1)=2n-1

Pick out the subsequence of terft®10:% 15

New sequence is {9,19,29,...} which is an AP with™ Zandd = 10

If given a GP, and | pick out a subsequence fromthat GP, consisting of the terms
b:1,049,043,-such that 21,2223 are in AP then the new subsequence will also be a GP

For Example : Consider the GP witli1 = 1,7 = 2{1,2,4,8,16,32,...}, so b_n=2"(n-1)
Pick out the subsequence of telbfid 406,
New sequence is {4,16,64,...} which is a GP viiti= 4andr = 4

The special sequence in which each termis the sum of previous two terms is known as the
Fibonacci sequence. It is neither an AP nor a GP. Thefirst two termsare 1. {1,
1,2,3,5,8,13...}

In afinite AP, the mean of all the termsis equal to the mean of the middle two termsif n
iseven and the middle termif nis even. In either case thisis also equal to the mean of the
first and last terms

Some examples

Example 1
A coin is tossed repeatedly till the result isigstavhat is the probability that the total

number of tosses is less than or equal to 5 ?

Solution

P(<=5 tosses) = P(1 toss)+...+P(5 tosses) =
P(T)+P(HT)+P(HHT)+P(HHHT)+P(HHHHT)

We know that P(H)=P(T)=0.5

So Probability = 0.5+ 0.5"2 + ... + 0.5"5

This is just a finite GP, with first term = 0.5, ®and ratio = 0.5. Hence :

Probability =

Example 2



In an arithmetic progression al,a2,...,a22,a23ctimemon difference is non-zero, how
many terms are greater than 24 ?

1)al=8

(2)al2=24

Solution

(1) a1=8, does not tell us anything about the comdifference, so impossible to say
how many terms are greater than 24

(2) al2=24, and we know common difference is naw-zZ80 either all the terms below
al2 are greater than 24 and the terms above itHaas24 or the other way around. In
either case, there are exactly 11 terms eithercfidé2. Sufficient

Answer is B

Example 3
For positive integers a,b (a<b) arrange in ascendider the quantities a, b, sqrt(ab),
avg(a,b), 2ab/(a+b)

Solution
Using the inequality AM>=GM>=HM, the solution is :
a <= 2ab/(a+b) <= Sgrt(ab) <= Avg(a,b) <=b

Example 4
For every integer k from 1 to 10, inclusive, thk t¢rm of a certain sequence is given by

(-1)Mk+1) *(1/27K). If T is the sum of the firsDlterms in the sequence then T is

a)greater than 2
b)between 1 and 2
c)between 1/2 and 1
d)between 1/4 and 1/2
e)less than 1/4.

Solution
The sequence given has first term 1/2 and eaclequbsat term can be obtained by
multiplying with -1/2. So it is a GP. We can use tBP summation formula

1023/1024 is very close to 1, so this sum is véogecto 1/3
Answer is d

Example 5:
The sum of the fourth and twelfth term of an arigtimprogression is 20. What is the

sum of the first 15 terms of the arithmetic progres?
A. 300
B. 120
C. 150
D. 170
E. 270



Solution

Now we need the sum of first 15 terms, which isgiby :

Answer is (c)

Additional Exercises

« toughest-progression-questions-99380.html
« arithmetic-progression-82035.html

+ PS Sequence Questions

« DS Sequence questions
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Scope

The GMAT often tests on the knowledge of the geoieedf 3-D objects such cylinders,
cones, cubes & spheres. The purpose of this dodusensummarize some of the
important ideas and formulae and act as a useédtcdheet for such questions

Cube

Image:

Cube % Woltrama lpha

A cube is the 3-D generalization of a square, areharacterized by the length of the
side,z. Important results include :

« Volume =a=
. Surface Area n2
. Diagonal Length =/3a



Cuboid

Cuboid $% Wolframa Ipha

A cube is the 3-D generalization of a rectanglé, isrcharacterized by the length of its
sides, &:b,¢ . Important results include :

- Volume =abr
. Surface Area 2 (@b+bec+ca)

. Diagonal Length =/a2+b%+c2

Cylinder



cylinder 4% Wolframalpha

A cylinder is a 3-D object formed by rotating ateewular sheet along one of its sides. It
is characterized by the radius of the bas@and the heighth . Important results include :

« Volume =wr2h
. Outer surface area w/o baseg&wrh

« Outer surface area including based™r (r+h;

Cone



Lateral Height

cone % Wolfram

A cone is a 3-D object obtained by rotating a rigigled triangle around one of its sides.
It is charcterized by the radius of its baseand the heighth . The hypotenuse of the
triangle formed by the height and the radius (rogralong the diagonal side of the cone),

is known as it lateral height= Vrith? Important results include :

1 .9
. Volume =377 %A
. Outer surface area w/o basegr={ = mry/ ?“E—th

. Outer surface area including bas@ & (r+1) = mr{r4v r24+h?)

Sphere



Exampleplot:
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sphere

£% Wolframalphs

A sphere is a 3-D generalization of a circle. ktharacterized by its radius, Important

results include:

% .3
Volume =377
Surface Area=lmrr2

Exampleplot

hemisphere

£% Wolframalphs

A hemisphere is a sphere cut in half and is alswattterized by its radius Important

results include:



2, .3
« Volume =377

.« Surface Area w/o baseZarr=
. Surface Area with baseZarr2

Some simple configurations:

These may appear in various forms on the GMAT,aredjood practice to derive on
one's own:

o
Sphere inscribed in cube of sideRadius of spherg B
T

Cube inscribed in sphere of radiusSide of cube is3 .
Cylinder inscribed in cube of sige Radius of cylicpder i€; Heighta

Cone inscribed in cube of sideRadius of cone i§; Heighta
Cylinder of radiugrin sphere of radiugi (f>>r) : Height of cylinder is

o R2_p2

ar 0N E

Examples

Example 1 : A certain right circular cylinder has a radius ahbhes. There is oil filled
in this cylinder to the height of 9 inches. If thiéis poured completely into a second
right cylinder, then it will fill the second cylired to a height of 4 inches. What is the
radius of the second cylinder, in inches?

ol

moow»
Oy~ O
o

Solution : The volume of the liquid is constant.
Initial volume =7*52*9

New volume =m¥ri*4

mFELRg — kg

r=(5%3)/2="75

Answer is (d)

Example 2 : A spherical balloon has a volume of 9%Zubic cm, what is the surface
area of the balloon in sq cm?



A) 324
B) 729
C) 243w
D) 324 ar
E) 729

_4_ 3
Solution : ¥ =377

A—=A4mrr2—a4%*g¥9d _— 3944
Answer (d)

Example 3 : A cube of side 5cm is painted on all its sidet I§isliced into 1 cubic
centimeter cube, how many 1 cubic centimeter cublésave exactly one of their sides
painted?

A.9

B. 61
C.98
D.54
E. 64

Solution : Notice that the new cubes will be each of side 16mon any face of the old
cube there will be 5x5=25 of the smaller cubesth@ge, any smaller cube on the edge of
the face will have 2 faces painted (one for evapgefshared with the bigger cube). The
numbers of cubes that have exactly one face paareedll except the ones on the edges.
Number on the edges are 16, so 9 per face.

There are 6 faces, hence 6*9=54 smaller cubesjustione face painted.
Answer is (D)

Example 4 :What is the surface area of the cuboid C ?
(1) The length of the diagnol of C is 5
(2) The sum of the sides of C is 10

Solution : Let the sides of cuboid C Ba¥%,#
We know that the surface area is giver%@y‘l‘yz +2z)
(1) : Diagnol =V = 24+y24+22 =5 _Not sufficient to know the area
(2) : Sum of sides £+¥+2 =10, Not sufficient to know the area
2
(1+2) : Note the identitft+y+2)* = £24+y2+ 2242 (zy+yz+21)
Now we clearly have enough information.
2rytyztzx)= 104-52 =74
Sufficient



Answer is (C)

Sample Problems

Sphere & Cube
Sphere & Cylinder
Cylinder & Cuboid
Cylinder & Cuboid Il

Cylinder




