NUMBER PROPERTIES

Definition

Number Theory is concerned with the properties of numbers in general, and in particular integers.
As this is a huge issue we decided to divide it into smaller topics. Below is the list of Number Theory topics.


GMAT Number Types

GMAT is dealing only with Real Numbers: Integers, Fractions and Irrational Numbers.


INTEGERS


Definition

Integers are defined as: all negative natural numbers 
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, zero , and positive natural numbers [image: image2.png]{1,2,3,4,...}



.

Note that integers do not include decimals or fractions - just whole numbers.


Even and Odd Numbers

An even number is an integer that is "evenly divisible" by 2, i.e., divisible by 2 without a remainder.
An even number is an integer of the form [image: image3.png]


, where [image: image4.png]


is an integer.

An odd number is an integer that is not evenly divisible by 2. 
An odd number is an integer of the form [image: image5.png]


, where [image: image6.png]


is an integer.

Zero is an even number.

Addition / Subtraction:
even +/- even = even;
even +/- odd = odd;
odd +/- odd = even.

Multiplication:
even * even = even;
even * odd = even;
odd * odd = odd.

Division of two integers can result into an even/odd integer or a fraction.


IRRATIONAL NUMBERS

Fractions (also known as rational numbers) can be written as terminating (ending) or repeating decimals (such as 0.5, 0.76, or 0.333333....). On the other hand, all those numbers that can be written as non-terminating, non-repeating decimals are non-rational, so they are called the "irrationals". Examples would be [image: image7.png]


("the square root of two") or the number pi ([image: image8.png]


~3.14159..., from geometry). The rationals and the irrationals are two totally separate number types: there is no overlap.

Putting these two major classifications, the rationals and the irrationals, together in one set gives you the "real" numbers.


POSITIVE AND NEGATIVE NUMBERS

A positive number is a real number that is greater than zero.
A negative number is a real number that is smaller than zero. 

Zero is not positive, nor negative.

Multiplication: 
positive * positive = positive 
positive * negative = negative 
negative * negative = positive 

Division:
positive / positive = positive
positive / negative = negative
negative / negative = positive

Prime Numbers

A Prime number is a natural number with exactly two distinct natural number divisors: 1 and itself. Otherwise a number is called a composite number. Therefore, 1 is not a prime, since it only has one divisor, namely 1. A number [image: image9.png]Vv



is prime if it cannot be written as a product of two factors [image: image10.png]


and [image: image11.png]


, both of which are greater than 1: n = ab.

• The first twenty-six prime numbers are:
2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97, 101

• Note: only positive numbers can be primes.

• There are infinitely many prime numbers. 

• The only even prime number is 2, since any larger even number is divisible by 2. Also 2 is the smallest prime.

• All prime numbers except 2 and 5 end in 1, 3, 7 or 9, since numbers ending in 0, 2, 4, 6 or 8 are multiples of 2 and numbers ending in 0 or 5 are multiples of 5. Similarly, all prime numbers above 3 are of the form [image: image12.png]brn—1



or [image: image13.png]


, because all other numbers are divisible by 2 or 3. 

• Any nonzero natural number [image: image14.png]


can be factored into primes, written as a product of primes or powers of primes. Moreover, this factorization is unique except for a possible reordering of the factors.

• Prime factorization: every positive integer greater than 1 can be written as a product of one or more prime integers in a way which is unique. For instance integer [image: image15.png]


with three unique prime factors [image: image16.png]


, [image: image17.png]


, and [image: image18.png]


can be expressed as [image: image19.png]n — g P*pS* T



, where [image: image20.png]


, [image: image21.png]


, and [image: image22.png]


are powers of [image: image23.png]


, [image: image24.png]


, and [image: image25.png]


, respectively and are [image: image26.png]


.
Example: [image: image27.png]


. 

• Verifying the primality (checking whether the number is a prime) of a given number [image: image28.png]


can be done by trial division, that is to say dividing [image: image29.png]


by all integer numbers smaller than [image: image30.png]


, thereby checking whether [image: image31.png]


is a multiple of [image: image32.png]


.
Example: Verifying the primality of [image: image33.png]


: [image: image34.png]


is little less than [image: image35.png]


, from integers from [image: image36.png]


to [image: image37.png]


, [image: image38.png]


is divisible by [image: image39.png]


, hence [image: image40.png]


is not prime.

• If [image: image41.png]


is a positive integer greater than 1, then there is always a prime number [image: image42.png]


with[image: image43.png]


. 


Factors

A divisor of an integer [image: image44.png]


, also called a factor of [image: image45.png]


, is an integer which evenly divides [image: image46.png]


without leaving a remainder. In general, it is said [image: image47.png]


is a factor of [image: image48.png]


, for non-zero integers [image: image49.png]


and [image: image50.png]


, if there exists an integer [image: image51.png]


such that [image: image52.png]


. 

• 1 (and -1) are divisors of every integer.

• Every integer is a divisor of itself.

• Every integer is a divisor of 0, except, by convention, 0 itself.

• Numbers divisible by 2 are called even and numbers not divisible by 2 are called odd.

• A positive divisor of n which is different from n is called a proper divisor. 

• An integer n > 1 whose only proper divisor is 1 is called a prime number. Equivalently, one would say that a prime number is one which has exactly two factors: 1 and itself.

• Any positive divisor of n is a product of prime divisors of n raised to some power.

• If a number equals the sum of its proper divisors, it is said to be a perfect number.
Example: The proper divisors of 6 are 1, 2, and 3: 1+2+3=6, hence 6 is a perfect number. 

There are some elementary rules:
• If [image: image53.png]


is a factor of [image: image54.png]


and [image: image55.png]


is a factor of [image: image56.png]


, then [image: image57.png]


is a factor of [image: image58.png](b+c¢)



. In fact, [image: image59.png]


is a factor of [image: image60.png](mb+nc)



for all integers [image: image61.png]


and [image: image62.png]


.

• If [image: image63.png]


is a factor of [image: image64.png]


and [image: image65.png]


is a factor of [image: image66.png]


, then [image: image67.png]


is a factor of [image: image68.png]


. 

• If [image: image69.png]


is a factor of [image: image70.png]


and [image: image71.png]


is a factor of [image: image72.png]


, then [image: image73.png]


or [image: image74.png]


.

• If [image: image75.png]


is a factor of [image: image76.png]


, and [image: image77.png]


, then a is a factor of [image: image78.png]


.

• If [image: image79.png]


is a prime number and [image: image80.png]


is a factor of [image: image81.png]16O



then [image: image82.png]


is a factor of [image: image83.png]


or [image: image84.png]


is a factor of [image: image85.png]


.


Finding the Number of Factors of an Integer

First make prime factorization of an integer [image: image86.png]n — g P*pS* T



, where [image: image87.png]


, [image: image88.png]


, and [image: image89.png]


are prime factors of [image: image90.png]


and [image: image91.png]


, [image: image92.png]


, and [image: image93.png]


are their powers.

The number of factors of [image: image94.png]


will be expressed by the formula [image: image95.png]


. NOTE: this will include 1 and n itself.

Example: Finding the number of all factors of 450: [image: image96.png]




Total number of factors of 450 including 1 and 450 itself is [image: image97.png](1+D)*(24+1)*(241)=2%3*3 =18



factors.


Finding the Sum of the Factors of an Integer

First make prime factorization of an integer [image: image98.png]n — g P*pS* T



, where [image: image99.png]


, [image: image100.png]


, and [image: image101.png]


are prime factors of [image: image102.png]


and [image: image103.png]


, [image: image104.png]


, and [image: image105.png]


are their powers.

The sum of factors of [image: image106.png]


will be expressed by the formula: [image: image107.png](aPF 7 —1* (b —1)*(cT+1—1)
D D D)





Example: Finding the sum of all factors of 450: [image: image108.png]




The sum of all factors of 450 is [image: image109.png](21 =D*(E*H=1)*(54F1-1)
(2—D*(3—D*5—-1)
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Greatest Common Factor (Divisior) - GCF (GCD)

The greatest common divisor (gcd), also known as the greatest common factor (gcf), or highest common factor (hcf), of two or more non-zero integers, is the largest positive integer that divides the numbers without a remainder.

To find the GCF, you will need to do prime-factorization. Then, multiply the common factors (pick the lowest power of the common factors).

• Every common divisor of a and b is a divisor of gcd(a, b).
• a*b=gcd(a, b)*lcm(a, b)

Lowest Common Multiple - LCM

The lowest common multiple or lowest common multiple (lcm) or smallest common multiple of two integers a and b is the smallest positive integer that is a multiple both of a and of b. Since it is a multiple, it can be divided by a and b without a remainder. If either a or b is 0, so that there is no such positive integer, then lcm(a, b) is defined to be zero.

To find the LCM, you will need to do prime-factorization. Then multiply all the factors (pick the highest power of the common factors).


Perfect Square

A perfect square, is an integer that can be written as the square of some other integer. For example 16=4^2, is an perfect square.

There are some tips about the perfect square:
• The number of distinct factors of a perfect square is ALWAYS ODD. 
• The sum of distinct factors of a perfect square is ALWAYS ODD.
• A perfect square ALWAYS has an ODD number of Odd-factors, and EVEN number of Even-factors.
• Perfect square always has even number of powers of prime factors.


Divisibility Rules

2 - If the last digit is even, the number is divisible by 2.

3 - If the sum of the digits is divisible by 3, the number is also.

4 - If the last two digits form a number divisible by 4, the number is also.

5 - If the last digit is a 5 or a 0, the number is divisible by 5.

6 - If the number is divisible by both 3 and 2, it is also divisible by 6.

7 - Take the last digit, double it, and subtract it from the rest of the number, if the answer is divisible by 7 (including 0), then the number is divisible by 7.

8 - If the last three digits of a number are divisible by 8, then so is the whole number.

9 - If the sum of the digits is divisible by 9, so is the number.

10 - If the number ends in 0, it is divisible by 10.

11 - If you sum every second digit and then subtract all other digits and the answer is: 0, or is divisible by 11, then the number is divisible by 11.
Example: to see whether 9,488,699 is divisible by 11, sum every second digit: 4+8+9=21, then subtract the sum of other digits: 21-(9+8+6+9)=-11, -11 is divisible by 11, hence 9,488,699 is divisible by 11.

12 - If the number is divisible by both 3 and 4, it is also divisible by 12.

25 - Numbers ending with 00, 25, 50, or 75 represent numbers divisible by 25.


Factorials

Factorial of a positive integer [image: image111.png]


, denoted by [image: image112.png]


, is the product of all positive integers less than or equal to n. For instance [image: image113.png]


.

• Note: 0!=1.
• Note: factorial of negative numbers is undefined.

Trailing zeros:
Trailing zeros are a sequence of 0's in the decimal representation (or more generally, in any positional representation) of a number, after which no other digits follow.

125000 has 3 trailing zeros;

The number of trailing zeros in the decimal representation of n!, the factorial of a non-negative integer [image: image114.png]


, can be determined with this formula:

[image: image115.png]5]




, where k must be chosen such that [image: image116.png]


.

It's easier if you look at an example:

How many zeros are in the end (after which no other digits follow) of [image: image117.png]


?
[image: image118.png]


(denominator must be less than 32, [image: image119.png]23




is less)

Hence, there are 7 zeros in the end of 32!

The formula actually counts the number of factors 5 in n!, but since there are at least as many factors 2, this is equivalent to the number of factors 10, each of which gives one more trailing zero.

Finding the number of powers of a prime number [image: image120.png]


, in the [image: image121.png]


.

The formula is:
[image: image122.png]LIRS
ptp3tp3



... till [image: image123.png]




What is the power of 2 in 25!?
[image: image124.png]D212 1246434+1=22





Finding the power of non-prime in n!:

How many powers of 900 are in 50!

Make the prime factorization of the number: [image: image125.png]QN0 = 24%*34*Kd



, then find the powers of these prime numbers in the n!.

Find the power of 2:
[image: image126.png]20, o0

+E+5
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= [image: image128.png]




Find the power of 3:
[image: image129.png]PP =164541=22





=[image: image130.png]344





Find the power of 5:
[image: image131.png]




=[image: image132.png]Eld





We need all the prime {2,3,5} to be represented twice in 900, 5 can provide us with only 6 pairs, thus there is 900 in the power of 6 in 50!.


Consecutive Integers

Consecutive integers are integers that follow one another, without skipping any integers. 7, 8, 9, and -2, -1, 0, 1, are consecutive integers.

• Sum of [image: image133.png]


consecutive integers equals the mean multiplied by the number of terms, [image: image134.png]


. Given consecutive integers [image: image135.png]{—3,—2,-1,0,1,2}



, [image: image136.png]1




, (mean equals to the average of the first and last terms), so the sum equals to [image: image137.png]


.

• If n is odd, the sum of consecutive integers is always divisible by n. Given [image: image138.png]{9,10,11}



, we have [image: image139.png]


consecutive integers. The sum of 9+10+11=30, therefore, is divisible by 3.

• If n is even, the sum of consecutive integers is never divisible by n. Given [image: image140.png]{9,10,11,12}



, we have [image: image141.png]


consecutive integers. The sum of 9+10+11+12=42, therefore, is not divisible by 4.

• The product of [image: image142.png]


consecutive integers is always divisible by [image: image143.png]


.
Given [image: image144.png]


consecutive integers: [image: image145.png]{3,4,5,6}



. The product of 3*4*5*6 is 360, which is divisible by 4!=24.


Evenly Spaced Set

Evenly spaced set or an arithmetic progression is a sequence of numbers such that the difference of any two successive members of the sequence is a constant. The set of integers [image: image146.png]{9,13,17,21}



is an example of evenly spaced set. Set of consecutive integers is also an example of evenly spaced set.

• If the first term is [image: image147.png]


and the common difference of successive members is [image: image148.png]


, then the [image: image149.png]


term of the sequence is given by:
[image: image150.png]0y = Gy +d(n—1)





• In any evenly spaced set the arithmetic mean (average) is equal to the median and can be calculated by the formula [image: image151.png]a4y Tdp
mean = median = L7




, where [image: image152.png]


is the first term and [image: image153.png]


is the last term. Given the set [image: image154.png]{T711,15,19}



, [image: image155.png]mean = median



.

• The sum of the elements in any evenly spaced set is given by:
[image: image156.png]


, the mean multiplied by the number of terms. OR, [image: image157.png]Sum





• Special cases:
Sum of n first integers: [image: image158.png]1424 +n="2"%n





Sum of n first odd numbers: [image: image159.png]a1 +ag+.ta, =143+ Fa, =ns



, where [image: image160.png]


is the last, [image: image161.png]


term and given by: [image: image162.png]


. Given [image: image163.png]


first odd integers, then their sum equals to [image: image164.png]


.

Sum of n first positive even numbers: [image: image165.png]Oy Ft0o Tt Tly =2+%F..T0y
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, where [image: image167.png]


is the last, [image: image168.png]


term and given by: [image: image169.png]


. Given [image: image170.png]


first positive even integers, then their sum equals to [image: image171.png]


.

• If the evenly spaced set contains odd number of elements, the mean is the middle term, so the sum is middle term multiplied by number of terms. There are five terms in the set {1, 7, 13, 19, 25}, middle term is 13, so the sum is 13*5 =65.


FRACTIONS

Definition

Fractional numbers are ratios (divisions) of integers. In other words, a fraction is formed by dividing one integer by another integer. Set of Fraction is a subset of the set of Rational Numbers.

Fraction can be expressed in two forms fractional representation [image: image172.png]13



and decimal representation [image: image173.png](a.bcd)



.


Fractional representation

Fractional representation is a way to express numbers that fall in between integers (note that integers can also be expressed in fractional form). A fraction expresses a part-to-whole relationship in terms of a numerator (the part) and a denominator (the whole).

• The number on top of the fraction is called numerator or nominator. The number on bottom of the fraction is called denominator. In the fraction, [image: image174.png]


, 9 is the numerator and 7 is denominator.

• Fractions that have a value between 0 and 1 are called proper fraction. The numerator is always smaller than the denominator. [image: image175.png]


is a proper fraction.

• Fractions that are greater than 1 are called improper fraction. Improper fraction can also be written as a mixed number. [image: image176.png]5



is improper fraction.

• An integer combined with a proper fraction is called mixed number. [image: image177.png]


is a mixed number. This can also be written as an improper fraction: [image: image178.png]





Converting Improper Fractions

• Converting Improper Fractions to Mixed Fractions:
1. Divide the numerator by the denominator
2. Write down the whole number answer
3. Then write down any remainder above the denominator
Example #1: Convert [image: image179.png]


to a mixed fraction.
Solution: Divide [image: image180.png]


with a remainder of [image: image181.png]


. Write down the [image: image182.png]


and then write down the remainder [image: image183.png]


above the denominator [image: image184.png]


, like this: [image: image185.png]I





• Converting Mixed Fractions to Improper Fractions:
1. Multiply the whole number part by the fraction's denominator
2. Add that to the numerator
3. Then write the result on top of the denominator
Example #2: Convert [image: image186.png]


to an improper fraction.
Solution: Multiply the whole number by the denominator: [image: image187.png]


. Add the numerator to that: [image: image188.png]


. Then write that down above the denominator, like this: [image: image189.png]i






Reciprocal

Reciprocal for a number [image: image190.png]


, denoted by [image: image191.png]


or [image: image192.png]


, is a number which when multiplied by [image: image193.png]


yields [image: image194.png]


. The reciprocal of a fraction [image: image195.png]L



is [image: image196.png]


. To get the reciprocal of a number, divide 1 by the number. For example reciprocal of [image: image197.png]


is [image: image198.png]


, reciprocal of [image: image199.png]g



is [image: image200.png]=



.


Operation on Fractions

• Adding/Subtracting fractions:

To add/subtract fractions with the same denominator, add the numerators and place that sum over the common denominator.

To add/subtract fractions with the different denominator, find the Least Common Denominator (LCD) of the fractions, rename the fractions to have the LCD and add/subtract the numerators of the fractions

• Multiplying fractions: To multiply fractions just place the product of the numerators over the product of the denominators.

• Dividing fractions: Change the divisor into its reciprocal and then multiply.

Example #1: [image: image201.png]2 2182
F+3=s11+5 =51





Example #2: Given [image: image202.png]


, take the reciprocal of [image: image203.png]


. The reciprocal is [image: image204.png]


. Now multiply: [image: image205.png]


.


Decimal Representation

The decimals has ten as its base. Decimals can be terminating (ending) (such as 0.78, 0.2) or repeating (recuring) decimals (such as 0.333333....).

Reduced fraction [image: image206.png]L



(meaning that fraction is already reduced to its lowest term) can be expressed as terminating decimal if and only [image: image207.png]


(denominator) is of the form [image: image208.png]


, where [image: image209.png]


and [image: image210.png]


are non-negative integers. For example: [image: image211.png]


is a terminating decimal [image: image212.png]


, as [image: image213.png]


(denominator) equals to [image: image214.png]


. Fraction [image: image215.png]


is also a terminating decimal, as [image: image216.png]


and denominator [image: image217.png]


.


Converting Decimals to Fractions

• To convert a terminating decimal to fraction:
1. Calculate the total numbers after decimal point
2. Remove the decimal point from the number
3. Put 1 under the denominator and annex it with "0" as many as the total in step 1
4. Reduce the fraction to its lowest terms

Example: Convert [image: image218.png]


to a fraction.
1: Total number after decimal point is 2.
2 and 3: [image: image219.png]


.
4: Reducing it to lowest terms: [image: image220.png]




• To convert a recurring decimal to fraction:
1. Separate the recurring number from the decimal fraction
2. Annex denominator with "9" as many times as the length of the recurring number
3. Reduce the fraction to its lowest terms

Example #1: Convert [image: image221.png]


to a fraction.
1: The recurring number is [image: image222.png]


.
2: [image: image223.png]


, the number [image: image224.png]


is of length [image: image225.png]


so we have added two nines.
3: Reducing it to lowest terms: [image: image226.png]


.

• To convert a mixed-recurring decimal to fraction:
1. Write down the number consisting with non-repeating digits and repeating digits. 
2. Subtract non-repeating number from above.
3. Divide 1-2 by the number with 9's and 0's: for every repeating digit write down a 9, and for every non-repeating digit write down a zero after 9's.

Example #2: Convert [image: image227.png]0.2512(12)



to a fraction.
1. The number consisting with non-repeating digits and repeating digits is 2512;
2. Subtract 25 (non-repeating number) from above: 2512-25=2487;
3. Divide 2487 by 9900 (two 9's as there are two digits in 12 and 2 zeros as there are two digits in 25): 2487/9900=829/3300.


Rounding

Rounding is simplifying a number to a certain place value. To round the decimal drop the extra decimal places, and if the first dropped digit is 5 or greater, round up the last digit that you keep. If the first dropped digit is 4 or smaller, round down (keep the same) the last digit that you keep.

Example:
5.3485 rounded to the nearest tenth = 5.3, since the dropped 4 is less than 5.
5.3485 rounded to the nearest hundredth = 5.35, since the dropped 8 is greater than 5.
5.3485 rounded to the nearest thousandth = 5.349, since the dropped 5 is equal to 5.


Ratios and Proportions

Given that [image: image228.png]e



, where a, b, c and d are non-zero real numbers, we can deduce other proportions by simple Algebra. These results are often referred to by the names mentioned along each of the properties obtained.

[image: image229.png].



- invertendo

[image: image230.png].



- alternendo

[image: image231.png]


- componendo

[image: image232.png]


- dividendo

[image: image233.png]


- componendo & dividendo


EXPONENTS

Exponents are a "shortcut" method of showing a number that was multiplied by itself several times. For instance, number [image: image234.png]


multiplied [image: image235.png]


times can be written as [image: image236.png]


, where [image: image237.png]


represents the base, the number that is multiplied by itself [image: image238.png]


times and [image: image239.png]


represents the exponent. The exponent indicates how many times to multiple the base, [image: image240.png]


, by itself. 

Exponents one and zero:
[image: image241.png]


Any nonzero number to the power of 0 is 1.
For example: [image: image242.png]


and [image: image243.png](-3)V=1




• Note: the case of 0^0 is not tested on the GMAT.

[image: image244.png]


Any number to the power 1 is itself.

Powers of zero:
If the exponent is positive, the power of zero is zero: [image: image245.png]


, where [image: image246.png]


.

If the exponent is negative, the power of zero ([image: image247.png]


, where [image: image248.png]Al



) is undefined, because division by zero is implied.

Powers of one:
[image: image249.png]


The integer powers of one are one.

Negative powers:
[image: image250.png]




Powers of minus one:
If n is an even integer, then [image: image251.png]


.

If n is an odd integer, then [image: image252.png]


.

Operations involving the same exponents:
Keep the exponent, multiply or divide the bases
[image: image253.png]an*p”
b =(ab)





[image: image254.png]
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and not [image: image257.png]




Operations involving the same bases:
Keep the base, add or subtract the exponent (add for multiplication, subtract for division)
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Fraction as power:
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Exponential Equations:
When solving equations with even exponents, we must consider both positive and negative possibilities for the solutions. 

For instance [image: image262.png]


, the two possible solutions are [image: image263.png]


and [image: image264.png]


.

When solving equations with odd exponents, we'll have only one solution.

For instance for [image: image265.png]


, solution is [image: image266.png]


and for [image: image267.png]


, solution is [image: image268.png]


.

Exponents and divisibility:
[image: image269.png]


is ALWAYS divisible by [image: image270.png]


.
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is divisible by [image: image272.png]


if [image: image273.png]


is even.

[image: image274.png]


is divisible by [image: image275.png]


if [image: image276.png]


is odd, and not divisible by a+b if n is even.


LAST DIGIT OF A PRODUCT

Last [image: image277.png]


digits of a product of integers are last [image: image278.png]


digits of the product of last [image: image279.png]


digits of these integers.

For instance last 2 digits of 845*9512*408*613 would be the last 2 digits of 45*12*8*13=540*104=40*4=160=60

Example: The last digit of 85945*89*58307=5*9*7=45*7=35=5?


LAST DIGIT OF A POWER

Determining the last digit of [image: image280.png](xyz)



:

1. Last digit of [image: image281.png](xyz)



is the same as that of [image: image282.png]


;
2. Determine the cyclicity number [image: image283.png]


of [image: image284.png]


;
3. Find the remainder [image: image285.png]


when [image: image286.png]


divided by the cyclisity;
4. When [image: image287.png]


, then last digit of [image: image288.png](xyz)



is the same as that of [image: image289.png]


and when [image: image290.png]


, then last digit of [image: image291.png](xyz)



is the same as that of [image: image292.png]


, where [image: image293.png]


is the cyclisity number.

• Integer ending with 0, 1, 5 or 6, in the integer power k>0, has the same last digit as the base.
• Integers ending with 2, 3, 7 and 8 have a cyclicity of 4.
• Integers ending with 4 (eg. [image: image294.png](zy4)"



) have a cyclisity of 2. When n is odd [image: image295.png](zy4)"



will end with 4 and when n is even [image: image296.png](zy4)"



will end with 6.
• Integers ending with 9 (eg. [image: image297.png](xy9)"



) have a cyclisity of 2. When n is odd [image: image298.png](xy9)"



will end with 9 and when n is even [image: image299.png](xy9)"



will end with 1.

Example: What is the last digit of [image: image300.png]


?
Solution: Last digit of [image: image301.png]


is the same as that of [image: image302.png]733



. Now we should determine the cyclisity of [image: image303.png]


:

1. 7^1=7 (last digit is 7)
2. 7^2=9 (last digit is 9)
3. 7^3=3 (last digit is 3)
4. 7^4=1 (last digit is 1)
5. 7^5=7 (last digit is 7 again!)
...

So, the cyclisity of 7 is 4.

Now divide 39 (power) by 4 (cyclisity), remainder is 3.So, the last digit of [image: image304.png]


is the same as that of the last digit of [image: image305.png]733



, is the same as that of the last digit of [image: image306.png]73



, which is [image: image307.png]


.


ROOTS

Roots (or radicals) are the "opposite" operation of applying exponents. For instance x^2=16 and square root of 16=4.

General rules: 
• [image: image308.png]


and [image: image309.png]=l




.

• [image: image310.png](vz) =
=Vz"
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• [image: image312.png]




• [image: image313.png]a+Vb£Va+b





• [image: image314.png]


, when [image: image315.png]


, then [image: image316.png]


and when [image: image317.png]


, then [image: image318.png]




• When the GMAT provides the square root sign for an even root, such as [image: image319.png]


or [image: image320.png]


, then the only accepted answer is the positive root.

That is, [image: image321.png]


, NOT +5 or -5. In contrast, the equation [image: image322.png]


has TWO solutions, +5 and -5. Even roots have only a positive value on the GMAT.

• Odd roots will have the same sign as the base of the root. For example, [image: image323.png]SOE —



and [image: image324.png]


.

• For GMAT it's good to memorize following values:
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PERCENTS

A percentage is a way of expressing a number as a fraction of 100 (per cent meaning "per hundred"). It is often denoted using the percent sign, "%", or the abbreviation "pct". Since a percent is an amount per 100, percents can be represented as fractions with a denominator of 100. For example, 25% means 25 per 100, 25/100 and 350% means 350 per 100, 350/100.

• A percent can be represented as a decimal. The following relationship characterizes how percents and decimals interact. Percent Form / 100 = Decimal Form

For example: What is 2% represented as a decimal?
Percent Form / 100 = Decimal Form: 2%/100=0.02

• Percent change

General formula for percent increase or decrease, (percent change):

[image: image332.png]Change
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Example: A company received $2 million in royalties on the first $10 million in sales and then $8 million in royalties on the next $100 million in sales. By what percent did the ratio of royalties to sales decrease from the first $10 million in sales to the next $100 million in sales?

Solution: Percent decrease can be calculated by the formula above: 
[image: image333.png]Change
Percent=g— =

*100 =
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, so the royalties decreased by 60%.

• Simple Interest
Simple interest = principal * interest rate * time
Example: If $15,000 is invested at 10% simple annual interest, how much interest is earned after 9 months?
Solution: $15,000*0.1*9/12 = $1125

• Compound Interest
[image: image335.png]interestytime*C
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, where C = the number of times compounded annually. If C=1, meaning that interest is compounded once a year, then the formula will be: [image: image336.png]Balance(final) = principal*(1+interest)time




, where time is number of years.
Example: If $20,000 is invested at 12% annual interest, compounded quarterly, what is the balance after 2 year?
Solution: [image: image337.png]Balance = 20,000%(1+25%)2" = 20,000%(1.03)8 = $25,335.4






ORDER OF OPERATIONS - PEMDAS

Perform the operations inside a Parenthesis first (absolute value signs also fall into this category), then Exponents, then Multiplication and Division, from left to right, then Addition and Subtraction, from left to right - PEMDAS.

Special cases:
• An exclamation mark indicates that one should compute the factorial of the term immediately to its left, before computing any of the lower-precedence operations, unless grouping symbols dictate otherwise. But [image: image338.png]


means [image: image339.png]


while [image: image340.png]


; a factorial in an exponent applies to the exponent, while a factorial not in the exponent applies to the entire power.

• If exponentiation is indicated by stacked symbols, the rule is to work from the top down, thus:
[image: image341.png]amn — (m™)



and not [image: image342.png]



