Three points are chosen independently an at random on the circumference of a circle with radius r. What is the approximate probability that none of the three points lies more than a straight-line distance of r away from any other of the three points?

	 (A) 
	1/9

	(B) 
	1/12

	(C) 
	1/18

	(D) 
	1/24

	(E) 
	1/27


Answer

In order to calculate this probability, we have to treat the placing of each of the three points on the circle as three separate events. The probability of each of these events will then be multiplied together.

The first point can be anywhere on the circle, so the probability is [image: image1.png]2ar
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. This makes sense, because there are no restrictions on the placement of the first point.

Now that the first point has been placed on the circle, we now have to calculate the probability that the second point will be placed on the circle so that it lays no more than one radius away from the first point. Draw a circle, and place the first point anywhere on that circle. The second point can be a straight-line distance of r away from the first point in either direction. Draw two lines, each with length r, that connect to the circle. The second point can be anywhere within the arc created by the three points drawn on the circle. To calculate the probability of the point being within that arc, we need to know the central angle of the arc. Draw lines connecting the points to the center of the circle. We know that each of those lines will also have a length of r. The circle now contains two triangles, each of which is equilateral. The central angle of each triangle is therefore 60, which means the central angle of the entire arc is 120°.
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The probability of placing the second point is therefore [image: image3.png]120 1




.

Calculating the probability of placing the third point is more difficult. In fact, we can’t calculate the exact probability at all! The probability of placing the third point depends on where the second point is in relation to the first point. We need to look at the two extremes of placement: one in which the second point is one radius away from the first point, and one in which the second point lies as close as possible to the first point.

The probability for the second of these two extremes is easy to calculate: it is the same as the probability of placing the second point. If the second point is as close as possible to the first point, then there is still a [image: image4.png]


 chance that the third point will lay within one radius of the other two.

Now we need to calculate the probability of placing the third point if the second point is one radius away from the first point. If the first two points are one radius away from each other, then the third point MUST be between them. If the first two points are one radius away from each other, then the minor arc created by the two points has a central angle of 60°.

[image: image5.png]1 point

N

2" point





The probability of placing the third point in this case is then [image: image6.png]60 _1




.

We can now calculate the boundaries of the actual probability. In the first case, the probability of placing all 3 points is [image: image7.png]


. In the second case, it is [image: image8.png]


. The probability is therefore somewhere in between these two bounds. The only answer choice that works is [image: image9.png]
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