5.

When the positive integer x is divided by 11, the quotient is y and the remainder 3. When x is divided by 19, the remainder is also 3. What is the remainder when y is divided by 19?

0

1

2

3

4
Solution: 

If x divided by 11 has a quotient of y and a remainder of 3, x can be expressed as x = 11y + 3, where y is an integer (by definition, a quotient is an integer).  If x divided by 19 also has a remainder of 3, we can also express x as x = 19z + 3, where z is an integer. 

 

We can set the two equations equal to each other:
11y + 3 = 19z + 3
11y = 19z

The question asks us what the remainder is when y is divided by 19. From the equation we see that 11y is a multiple of 19 because z is an integer. y itself must be a multiple of 19 since 11, the coefficient of y, is not a multiple of 19.

If y is a multiple of 19, the remainder must be zero.

 

The correct answer is A.

6.


What is the greatest common factor of positive integers a and b? 
(1) a = b + 4 
(2) b/4 is an integer

Solution

(1) INSUFFICIENT: a and b could be 12 and 8, with a greatest common factor of 4; or they could be 11 and 7, with a greatest common factor of 1. 
(2) INSUFFICIENT: This statement tells us that b is a multiple of 4 but we have no information about a. 
(1) AND (2) SUFFICIENT: Together, we know that b is a multiple of 4 and that a is the next consecutive multiple of 4. For any two positive consecutive multiples of an integer n, n is the greatest common factor of those multiples, so the greatest common multiple of a and b is 4. The correct answer is C.

7.
If w, y, and z are positive integers, and w = y – z, is w a perfect square?

(1) y + z is a perfect square.

(2) z is even.

Solution:

A perfect square is an integer whose square root is an integer. For example: 1, 4, 9, 16, 25, 36, 49, 64, 81, and 100 are all perfect squares.

(1) INSUFFICIENT: There are many possible values for y and z. For example:

y = 7 and z = 2. The sum of y and z (9) is a perfect square but the difference of y and z (5) is NOT a perfect square.

y = 10 and z = 6. The sum of y and z (16) is a perfect square and the difference of y and z (4) is ALSO a perfect square.

Thus, statement (1) alone is not sufficient.

(2) INSUFFICIENT: The fact that z is even has no bearing on whether  y – z is a perfect square.  The two examples we evaluated above used an even number for z, but we still were not able to answer the question.

(1) AND (2) INSUFFICIENT: Using the same two examples as tested for Statement (1) alone, we can see that knowing that y + z is a perfect square and that z is even still does not allow us to determine whether y – z is a perfect square.

The correct answer is E.

Seven integers, x1, x2, x3, x4, x5, x6, and x7, are picked at random from the set of all integers between 10 and 110, inclusive. If each of these integers is divided by 7 and the 7 remainders are all added together, what would be the sum of the 7 remainders?
  

(1) The range of the remainders is 6.

 

(2) The seven integers are consecutive.

A remainder, by definition, is always smaller than the divisor and always an integer.  In this problem, the divisor is 7, so the remainders all must be integers smaller than 7.  The possibilities, then, are 0, 1, 2, 3, 4, 5, and 6.  In order to calculate the sum, we need to know which remainders are created.

 

(1) INSUFFICIENT: The range is defined as the difference between the largest number and the smallest number in a given set of integers.  In this particular question, a range of 6 indicates that the difference between the largest remainder and the smallest remainder is 6.  However, this does not tell us any information about the rest of the remainders; though we know the smallest term is 0, and the largest is 6, the other remainders could be any values between 0 and 6, which would result in varying sums.

 

(2) SUFFICIENT: By definition, when we divide a consecutive set of seven integers by seven, we will get one each of the seven possibilities for remainder. For example, let's pick 11, 12, 13, 14, 15, 16, and 17 for our set of seven integers (x1 through x7).  The remainders are as follows:

x1 = 11.  11/7 = 1 remainder 4

x2 = 12.  12/7 = 1 remainder 5

x3 = 13.  13/7 = 1 remainder 6

x4 = 14.  14/7 = 2 remainder 0

x5 = 15.  15/7 = 2 remainder 1

x6 = 16.  16/7 = 2 remainder 2

x7 = 17.  17/7 = 2 remainder 3

 

Alternatively, you can solve the problem algebraically.  When you pick 7 consecutive integers on a number line, one and only one of the integers will be a multiple of 7. This number can be expressed as 7n, where n is an integer. Each of the other six consecutive integers will cover one of the other possible remainders: 1, 2, 3, 4, 5, and 6.   It makes no difference whether the multiple of 7 is the first integer in the set, the middle one or the last. To prove this consider the set in which the multiple of 7 is the first integer in the set. The seven consecutive integers will be: 7n, 7n + 1, 7n + 2, 7n + 3, 7n + 4, 7n + 5, 7n + 6. The sum of the remainders here would be 0 + 1 + 2 + 3 + 4 + 5 + 6 = 21.

 

The correct answer is B.

Can a batch of identical cookies be split evenly between Laurel and Jean without leftovers and without breaking a cookie?  

(1) If the batch of cookies were split among Laurel, Jean and Marc, there would be one cookie left over.

(2) If Peter eats three of the cookies before they are split, there will be no leftovers when the cookies are split evenly between Laurel and Jean.

For the cookies to be split evenly between Laurel and Jean without leftovers, the number of cookies, c, must be even.  We can rephrase the question: "Is c even?"

(1) INSUFFICIENT:  If there is one cookie left over when c is divided among three people, then
c = 3x + 1, where x is an integer.  This does not tell us if c is odd or even.  The expression 3x could be odd or even (depending on x) so adding 1 to it could result in an odd or even answer.  For example, if x = 1, then c = 4, which is even.  If x = 2, then c = 7, which is odd.

(2) SUFFICIENT:  If the cookies will divide evenly by two if three cookies are first eaten, then c - 3 is even.  c itself must be odd: an odd minus an odd is even.  This answers our rephrased question with a definite NO. (Recall that "no" is a sufficient answer to a yes/no data sufficiency question.  Only "maybe" is insufficient.)

The correct answer is B.

If a is an even integer and b is an odd integer, which of the following cannot be an even integer? 

ab
a/b
b/a
ab
a2b + 1
Top of Form

Bottom of Form

[image: image1.png]


Solution: Let's look at each answer choice:

(A) EVEN: Since a is even, the product ab will always be even.  Ex: 2 × 7 = 14.

(B) UNCERTAIN: An even number divided by an odd number might be even if the the prime factors that make up the odd number are also in the prime box of the even number.  Ex: 6/3 =2.

(C) NOT EVEN: An odd number is never divisible by an even number.  By definition, an odd number is not divisible by 2 and an even number is.  The quotient of an odd number divided by an even number will not be an integer, let alone an even integer. Ex: 15/4 = 3.75

(D) EVEN: An even number raised to any integer power will always be even.  Ex: 21 = 2

(E) EVEN: An even number raised to any integer power will always be even.  Ex: 23 = 8 

The correct answer is C.

If 
[image: image2.wmf]4
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, then which of the following is true? 

3 < x < 3.5

3.5 < x < 4

4 < x < 4.5

4.5 < x < 5

5 < x < 5.5 
Solution: 34 = 81, 44 = 256 and 54 = 625. [image: image3.png]


must be closer to 4 than it is to 5 because 300 is only 44 from 44, versus 325 from 54. Of interesting note here: 300 is eight times closer to 44 than to 54. The actual value of [image: image4.png]


, approximately 4.16, is only 5 times closer to 4 than to 5.  The relative distances are not proportionate because of the exponential factor.  Nonetheless, it is still clear that [image: image5.png]


is much closer to 4 than to 5, and therefore in the range of 4 to 4.5. 
The correct answer is C.

If x3 – x = n and x is a positive integer greater than 1, is n divisible by 8?

(1) When 3x is divided by 2, there is a remainder.

(2) x = 4y + 1, where y is an integer.
If we factor the equation in the question, we get n = x(x – 1)(x + 1)  or n = (x – 1)x(x +1).  n is the product of three consecutive integers.  What would it take for n to be divisible by 8?  To be divisible by 8, is to be divisible by 2 three times, or to have three 2's in the prime box.  

The easiest way for this to happen is if x is odd.  If x is odd, both x – 1 and x + 1 will be even or divisible by 2.  Furthermore, if x is odd, x – 1 and x + 1 will also be consecutive even integers.  Among consecutive even integers, every other even integer is divisible not only by 2 but also by 4.  Thus, either x – 1 or x + 1 must be divisible by 4.  With one number divisible by 2 and the other by 4, the product represented by n will be divisible by 8 if x is odd. 

(1) SUFFICIENT:  This tells us that x is odd.  If 3x divided by 2 has a remainder, 3x is odd.  If 3x is odd, x must be odd as well.

(2) SUFFICIENT:  This statement tells us that x divided by 4 has a remainder of 1.  This also tells us that x is odd because an even number would have an even remainder when divided by 4.  Alternative method: if we rewrite this statement as x – 1 = 4y, we see that x – 1 is divisible by 4, which means that x + 1 is also even and the product n is divisible by 8. 

The correct answer is D.

If y and z are nonzero integers, is the square of (y + z) even? 

(1) y – z is odd.

(2) yz is even. 
In order for the square of (y + z) to be even, y + z must be even. In order for y + z to be even, either both y and z must be odd or both y and z must be even.

(1) SUFFICIENT: If y – z is odd, then one of the integers must be even and the other must be odd. Thus, the square of y + z will definitely NOT be even.  (Recall that "no" is a sufficient answer to a yes/no data sufficiency question; only "maybe" is insufficient.)

(2) INSUFFICIENT: If yz is even, then it's possible that both integers are even or that one of the integers is even and the other integer is odd. Thus, we cannot tell, whether the the square of y + z will be even.

The correct answer is A.

Q.
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The correct answer is E. 

If x and y are prime integers and x < y, which of the following cannot be true? 

x is even

x + y is odd

xy is even

y + xy is even

2x + y is even

Top of Form

Let's look at each answer choice:

(A) UNCERTAIN:  x could be the prime number 2.

(B) UNCERTAIN:  x could be the prime number 2, which when added to another prime number (odd) would yield an odd result.  Ex: 2 + 3 = 5

(C) UNCERTAIN:  Since x could be the prime number 2, the product xy could be even.

(D) UNCERTAIN:  y > x and they are both prime so y must be odd.  If x is another odd prime number, the expression will be: (odd) + (odd)(odd), which equals an even (O + O = E).

(E) FALSE:  2x must be even and y must be odd (since it cannot be the smallest prime number 2, which is also the only even prime). The result is even + odd, which must be odd. 

The correct answer is E.

A group of n students can be divided into equal groups of 4 with 1 student left over or equal groups of 5 with 3 students left over. What is the sum of the two smallest possible values of n? 

33

46

49

53

86

Top of Form

When n is divided by 4 it has a remainder of 1, so n = 4x + 1, where x is an integer. Likewise when n is divided by 5 it has a remainder of 3, so n = 5y + 3, where y is an integer. To find the two smallest values for n, we can list possible values for n based on integer values for x and y. To be a possible value for n, the value must show up on both lists: 

	n = 4x + 1
	n = 5y + 3

	5
	8

	9
	13

	13
	18

	17
	23

	21
	28

	25
	33

	29
	38

	33
	43



The first two values for n that work with both the x and y expressions are 13 and 33. Their sum is 46.

The correct answer is B.

Which of the following is the lowest positive integer that is divisible by the first 7 positive integer multiples of 5?
140

210

1400

2100

3500 

Top of Form

The first 7 integer multiples of 5 are 5, 10, 15, 20, 25, 30, and 35. The question is asking for the least common multiple (LCM) of these 7 numbers. Let's construct the prime box of the LCM.

In order for the LCM to be divisible by 5, one 5 must be in the prime box. 

In order for the LCM to be divisible by 10, a 5 (already in) and a 2 must be in the prime box.

In order for the LCM to be divisible by 15, a 5 (already in) and a 3 must be in the prime box.

In order for the LCM to be divisible by 20, a 5 (already in), a 2 (already in), and a second 2 must be in the prime box.

In order for the LCM to be divisible by 25, a 5 (already in) and a second 5 must be in the prime box.

In order for the LCM to be divisible by 30, a 5 (already in), a 2 (already in) and a 3 (already in) must be in the prime box.

In order for the LCM to be divisible by 35, a 5 (already in) and a 7 must be in the prime box. Thus, the prime box of the LCM contains a 5, 2, 3, 2, 5, and 7. The value of the LCM is the product of these prime factors, 2100. 

The correct answer is D.

If p3 is divisible by 80, then the positive integer p must have at least how many distinct factors?

(A) 2
(B) 3
(C) 6
(D) 8
(E) 10

Answer
Let's start by breaking 80 down into its prime factorization:  80 = 2 × 2 × 2 × 2 × 5.  If p3 is divisible by 80, p3 must have 2, 2, 2, 2, and 5 in its prime factorization.  Since p3 is actually p × p × p, we can conclude that the prime factorization of p × p × p must include 2, 2, 2, 2, and 5.  

Let's assign the prime factors to our p's.  Since we have a 5 on our list of prime factors, we can give the 5 to one of our p's:

p: 5
p: 
p: 

Since we have four 2's on our list, we can give each p a 2:

p: 5 × 2
p: 2
p: 2

But notice that we still have one 2 leftover.  This 2 must be assigned to one of the p's:

p: 5 × 2 × 2
p: 2
p: 2

We must keep in mind that each p is equal in value to any other p.  Therefore, all the p's must have exactly the same prime factorization (i.e. if one p has 5 as a prime factor, all p's must have 5 as a prime factor).  We must add a 5 and a 2 to the 2nd and 3rd p's:

p: 5 × 2 × 2 = 20
p: 5 × 2 × 2 = 20
p: 5 × 2 × 2 = 20

We conclude that p must be at least 20 for p3 to be divisible by 80.  So, let's count how many factors 20, or p, has:

1 × 20
2 × 10
4 × 5

20 has 6 factors.  If p must be at least 20, p has at least 6 distinct factors.  

The correct answer is C. 

If x = 321 and y = 655, what is the remainder when xy is divided by 10?

(A) 2

(B) 3

(C) 4

(D) 6

(E) 8

Answer
Since every multiple of 10 must end in zero, the remainder from dividing xy by 10 will be equal to the units’ digit of xy. In other words, the units’ digit will reflect by how much this number is greater than the nearest multiple of 10 and, thus, will be equal to the remainder from dividing by 10. Therefore, we can rephrase the question: “What is the units’ digit of xy?” 

Next, let’s look for a pattern in the units’ digit of 321. Remember that the GMAT will not expect you to do sophisticated computations; therefore, if the exponent seems too large to compute, look for a shortcut by recognizing a pattern in the units' digits of the exponent:
31 = 3 
32 = 9 
33 = 27 
34 = 81 
35 = 243 

As you can see, the pattern repeats every 4 terms, yielding the units digits of 3, 9, 7, and 1. Therefore, the exponents 31, 35, 39, 313, 317, and 321 will end in 3, and the units’ digit of 321 is 3. 

Next, let’s determine the units’ digit of 655 by recognizing the pattern: 
61 = 6 
62 = 36 
63 = 256 
64 = 1,296 

As shown above, all positive integer exponents of 6 have a units’ digit of 6. Therefore, the units' digit of 655 will also be 6. 

Finally, since the units’ digit of 321 is 3 and the units’ digit of 655 is 6, the units' digit of 321 × 655 will be equal to 8, since 3 × 6 = 18. Therefore, when this product is divided by 10, the remainder will be 8. 

The correct answer is E. 

If x is an integer, can the number (5/28)(3.02)(90%)(x) be represented by a finite number of non-zero decimal digits?

(1) x is greater than 100

(2) x is divisible by 21

Answer
The question asks us to determine whether the number (5/28)(3.02)(90%)(x) can be represented in a finite number of non-zero decimal digits. A number can be represented in a finite number of non-zero decimal digits when the denominator of its reduced fraction contains only integer powers of 2 and 5 (in other words, 2 raised to an integer and 5 raised to an integer). For example, 3/20 CAN be represented by a finite number of decimal digits, since the denominator equals 4 times 5 which are both integer powers of 2 and 5 (that is, 2 to the 2nd power and 5 to the 1st power).

We can manipulate the original expression as follows:

(5/28) (3.02) (90%) x
(5/28) (302/100) (90/100) x

The 100's in the denominator consist of powers of 2 and 5, so the only problematic number in the denominator is the 28 -- specifically, the factor of 7 in the 28. So any value of x that removes the 7 from the denominator will allow the entire fraction to be represented in a finite number of non-zero decimal digits.

We have to make sure that this 7 doesn't cancel with anything already present in the combined numerator, but none of the numbers in the numerator (that is, 5, 302, and 90) contain a factor of 7.

(1) INSUFFICIENT: Statement (1) says that x is greater than 100. If x has a factor of 7, say 112, then the expression can be reduced to a finite number of non-zero decimal digits. Otherwise the number will be represented with an infinite number of (repeating) decimal digits.

(2) SUFFICIENT: Statement (2) tells us that x is divisible by 21. Multiplying the expression by any multiple of 21 will remove the factor of 7 from the denominator, so the resultant number can be represented by a finite number of digits. For example, when x = 21, the expression can be manipulated as follows:

(5/28) (302/100) (90/100) (21)
= (5/28) (21) (302/100) (90/100)
5 (3/4) (302/100) (90/100)

All the factors in the combined denominator are powers of 2 and 5, so it can be represented in a finite number of digits.

The correct answer is B.

[image: image7.png]




(A) 1
(B) (a + b)-1/3 
(C) (a + b)1/3 
(D) (a + b)2/3
(E) a + b
Answer
We can simplify the expression as follows:  
[image: image8.png]



(a + b)1/3(a + b)4/3(a + b)-2/3 = 

(a + b)(1/3 + 4/3 + -2/3) =

(a + b)(3/3) = (a + b)1 = (a + b)

The correct answer is E. 

For non-zero integers a, b, c and d, is  
[image: image9.wmf]cd

ab

 positive? 

(1) ad + bc = 0 

(2) abcd = -4

Answer

In order for 
[image: image10.wmf]cd

ab

 to be positive, ab and cd must share the same sign; that is, both either positive or negative.

There are two sets of possibilities for achieving this sufficiency.  First, if all four integers share the same sign- positive or negative- both ab and cd would be positive. Second, if any two of the four integers are positive while the other two are negative, ab and cd must share the same sign. The following table verifies this claim:

	Positive Pair 
	Negative Pair
	ab Sign
	cd Sign

	a, b
	c, d
	+
	+

	a, c
	b, d
	-
	-

	a, d
	b, c
	-
	-

	b, c
	a, d
	-
	-

	b, d
	 a, c
	-
	-

	c, d
	 a, b
	+
	+


For the first and last cases,  
[image: image11.wmf]cd
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 will be positive.  On the other hand, it can be shown that if only one of the four 
integers is positive and the other three negative, or vice versa,  
[image: image12.wmf]cd
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 must be negative.  This question can most tidily be rephrased as “Among the integers a, b, c and d, are an even number (zero, two, or all four) of the integers positive?” 

(1) SUFFICIENT: This statement can be rephrased as ad = -bc. For the signs of ad and bc to be opposite one another, either precisely one or three of the four integers must be negative. The answer to our rephrased question is "no," and, therefore, we have achieved sufficiency.

(2) SUFFICIENT: For the product abcd to be negative, either precisely one or three of the four integers must be negative. The answer to our rephrased question is "no," and, therefore, we have achieved sufficiency. 

The correct answer is D.

If x, y, and z are 3 positive consecutive integers such that x < y < z, what is the remainder when the product of x, y, and z is divided by 8? 

(1) (xz)2 is even 

(2) 5y3 is odd

Answer
First, note that a product of three consecutive positive integers will always be divisible by 8 if the set of these integers contains 2 even terms. These two even terms will represent consecutive multiples of 2 (note that z = x + 2), and since every other multiple of 2 is also a multiple of 4, one of these two terms will always be divisible by 4. Thus, if one of the two even terms is divisible by 4 and the other even term is divisible by 2 (since it is even), the product of 3 consecutive positive terms containing 2 even numbers will always be divisible by 8. Therefore, to address the question, we need to determine whether the set contains 2 even terms. In other words, the remainder from dividing xyz by 8 will depend on whether x is even or odd. 

(1) SUFFICIENT: This statement tells us that the product xz is even. Note that since z = x + 2, x and z can be only both even or both odd. Since their product is even, it must be that both x and z are even. Thus, the product xyz will be a multiple of 8 and will leave a remainder of zero when divided by 8. 

(2) SUFFICIENT: If 5y3 is odd, then y must be odd. Since y = x +1, it must be that x = y – 1. Therefore, if y is odd, x is even, and the product xyz will be a multiple of 8, leaving a remainder of zero when divided by 8. 

The correct answer is D.

If j and k are positive integers where k > j, what is the value of the remainder when k is divided by j? 

(1) There exists a positive integer m such that k = jm + 5.

(2) j > 5

Answer
(1) INSUFFICIENT: At first glance, this may seem sufficient since if 5 is the remainder when k is divided by j, then there will always exist a positive integer m such that k = jm + 5.  In this case, m is equal to the integer quotient and 5 is the remainder. For example, if k = 13 and j = 8, and 13 divided by 8 has remainder 5, it must follow that there exists an m such that k = jm + 5: m = 1 and 13 = (8)(1) + 5. 

However, the logic does not go the other way: 5 is not necessarily the remainder when k is divided by j. For example, if k = 13 and j = 2, there exists an m (m = 4) such that k = jm + 5: 13 = (2)(4) + 5, consistent with statement (1), yet 13 divided by 2 has remainder 1 rather than 5.

When j < 5 (e.g., 2 < 5); this means that j can go into 5 (e.g., 2 can go into 5) at least one more time, and consequently m is not the true quotient of k divided by j and 5 is not the true remainder. Similarly, if we let k = 14 and j = 3, there exists an m (e.g., m = 3) such that statement (1) is also satisfied [i.e., 14 = (3)(3) + 5], yet the remainder when 14 is divided by 3 is 2, a different result than the first example.  

Statement (1) tells us that k = jm + 5, where m is a positive integer. That means that k/j = m + 5/j = integer + 5/j. Thus, the remainder when k is divided by j is either 5 (when j > 5), or equal to the remainder of 5/j (when j is 5 or less). Since we do not know whether j is greater than or less than 5, we cannot determine the remainder when k is divided by j.

(2) INSUFFICIENT: This only gives the range of possible values of j and by itself does not give any insight as to the value of the remainder when k is divided by j. 

(1) AND (2) SUFFICIENT: Statement (1) was not sufficient because we were not given whether 5 > j, so we could not be sure whether j could go into 5 (or k) any additional times. However, (2) tells us that j > 5, so we now know that j cannot go into 5 any more times. This means that m is the exact number of times that k can be divided by j and that 5 is the true remainder. 

Another way of putting this is: From statement (1) we know that k/j = m + 5/j = integer + 5/j. From statement (2) we know that j > 5.  Therefore, the remainder when k is divided by j must always be 5. 

The correct answer is C.

Is the positive integer x odd?

(1) x = y2 + 4y + 6, where y is a positive integer.

(2) x = 9z2 + 7z - 10, where z is a positive integer.



Answer
The question asks simply whether x is odd.  Since we cannot rephrase the question, we must go straight to the statements.

(1) INSUFFICIENT: If y is even, then y2 + 4y + 6 will be even, since every term will be even. For example, if y = 2, then y2 + 4y + 6 = 4 + 8 + 6 = 18. But if y is odd, then y2 + 4y + 6 will be odd. For example, if y = 3, then y2 + 4y + 6 = 9 + 12 + 6 = 27.

(2) SUFFICIENT: If z is even, then 9z2 + 7z – 10 will be even. For example, if z = 2, then 9z2 + 7z – 10 = 36 + 14 – 10 = 40. If z is odd, then 9z2 + 7z – 10 will still be even. For example, if z = 3, then 9z2 + 7z – 10 = 81 + 21 – 10 = 92. So no matter what the value of z, x will be even and we can answer "no" to the original question.

The correct answer is B.

If x is a positive integer, what is the units digit of (24)(2x + 1)(33)(x + 1)(17)(x + 2)(9)(2x)?

(A) 4
(B) 6
(C) 7 
(D) 8 
(E) 9

Answer
For problems that ask for the units digit of an expression, yet seem to require too much computation, remember the Last Digit Shortcut. Solve the problem step-by-step, but recognize that you only need to pay attention to the last digit of every intermediate product. Drop any other digits.

So, we can drop any other digits in the original expression, leaving us to find the units digit of: 
(4)(2x + 1)(3)(x + 1)(7)(x + 2)(9)(2x)

This problem is still complicated by the fact that we don’t know the value of x. In such situations, it is often a good idea to look for patterns. Let's see what happens when we raise the bases 4, 3, 7, and 9 to various powers. For example: 31 = 3, 32 = 9, 33 = 27, 34 = 81, 35 = 243, and so on. The units digit of the powers of three follow a pattern that repeats every fourth power: 3, 9, 7, 1, 3, 9, 7, 1, and so on. The patterns for the other bases are shown in the table below:

	 
	Exponent
	 

	Base
	1
	2
	3
	4
	5
	6
	Pattern

	4
	4
	6
	4
	6
	4
	6
	4, 6, repeat

	3
	3
	9
	7
	1
	3
	9
	3, 9, 7, 1, repeat

	7
	7
	9
	3
	1
	7
	9
	7, 9, 3, 1, repeat

	9
	9
	1
	9
	1
	9
	1
	9, 1, repeat


The patterns repeat at least every fourth term, so let's find the units digit of (4)(2x + 1)(3)(x + 1)(7)(x + 2)(9)(2x) for at least four consecutive values of x:
x = 1: units digit of (43)(32)(73)(92) = units digit of (4)(9)(3)(1) = units digit of 108 = 8
x = 2: units digit of (45)(33)(74)(94) = units digit of (4)(7)(1)(1) = units digit of 28 = 8
x = 3: units digit of (47)(34)(75)(96) = units digit of (4)(1)(7)(1) = units digit of 28 = 8
x = 4: units digit of (49)(35)(76)(98) = units digit of (4)(3)(9)(1) = units digit of 108 = 8

The units digit of the expression in the question must be 8.

Alternatively, note that x is a positive integer, so 2x is always even, while 2x + 1 is always odd.  Thus,
(4)(2x + 1) = (4)(odd), which always has a units digit of 4
(9)(2x) = (9)(even), which always has a units digit of 1

That leaves us to find the units digit of (3)(x + 1)(7)(x + 2).  Rewriting, and dropping all but the units digit at each intermediate step,
(3)(x + 1)(7)(x + 2)
= (3)(x + 1)(7)(x + 1)(7)
= (3 × 7)(x + 1)(7)
= (21)(x + 1)(7)
= (1)(x + 1)(7) = 7, for any value of x.

So, the units digit of (4)(2x + 1)(3)(x + 1)(7)(x + 2)(9)(2x) is (4)(7)(1) = 28, then once again drop all but the units digit to get 8.

The correct answer is D.

If x, y, and z are positive integers such that x < y < z, is x a factor of the odd integer z? 

(1) x and y are prime numbers, whose sum is a factor of 57 

(2) z is a factor of 57



Answer
(1) SUFFICIENT: Since x and y are distinct prime numbers (we know that x < y), their sum must be greater than or equal to 5 (i.e. greater than or equal to the sum of the two smallest primes, 2 and 3). Further, the factors of 57 are 1, 3, 19, and 57. Note that the sum of x and y cannot be equal to 57, since if the sum of two distinct primes is odd, one of the two primes must be even (i.e. equal to 2). Since 55 (i.e.57 – 2) is not a prime number, 57 cannot be equal to the sum of two primes. 

Since we already figured that the sum of two distinct primes must exceed 5, the only factor of 57 that can be equal to the sum of two primes is 19. Again, since the sum of the two primes is odd, one of the primes must be even. Thus, x = 2 and y = 19 – 2 = 17. Finally, since we know that x is even, it cannot be a factor of the odd integer z, since any even integer is never a factor of any odd integer. Therefore, we have sufficient information to conclude that x will not be a factor of z. 

(2) INSUFFICIENT: First, note that z has to be greater than or equal to 3 (recall that x < y < z, where x, y, and z are positive integers). Thus, since the factors of 57 are 1, 3, 19, and 57, it follows that z can be equal to 3, 19, or 57. Since we have no further information about x, we cannot conclude whether x is a factor of z. 

The correct answer is A. 

Question
What is the positive integer n? 

(1) The sum of all of the positive factors of n that are less than n is equal to n 
(2) n < 30

Answer
There is no conceptual or formulaic approach for solving this question. One must simply try out various integers. 

(2) INSUFFICIENT: We can start with the second statement first because it is clear that it is insufficient to solve the question was is value of the positive integer n?

(1) INSUFFICIENT: We must first understand what this statement is saying. If all of n's factors (other than n itself) are added up, they equal n.  

We can begin our search by considering prime factors. By definition prime factors have only two factors, themselves and 1. It is impossible that the factors "other-than-the number" add up to the number for any prime number. Thus we can begin our search for such n's with the number 4.

4 does not equal 1 + 2 
6 DOES EQUAL 1 + 2 + 3
9 does not equal 1 + 3
10 does not equal 1 + 2 + 5
12 does not equal 1 + 2 + 3 + 4 + 6
14 does not equal 1 + 2 + 7
15 does not equal 1 + 3 + 5

At this point we might be tempted to think that this is a property that is unique to 6 and is unlikely to come around again (i.e. that the answer is A). It would behoove us to keep searching though and to at least cover the range defined by the second statement (i.e. n < 30) .  If we do that we see that this property repeats itself one other time in the remaining integers that are less than 30.
16 does not equal 1 + 2 + 4 + 8
18 does not equal 1 + 2 + 9
20 does not equal 1 + 2 + 4 + 5 + 10
21 does not equal 1 + 3 + 7
22 does not equal 1 + 2 + 11
24 does not equal 1 + 2 + 3 + 4 + 6 + 8 + 12
25 does not equal 1 + 5 
26 does not equal 1 + 2 + 13
27 does not equal 1 + 3 + 9
28 DOES EQUAL 1 + 2 + 4 + 7 + 14

The correct answer is E.

What is the greatest integer m for which the number 
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 is an integer?
(A) 5 
(B) 8 
(C) 10 
(D) 11 
(E) 12 

Answer
A quotient of two integers will be an integer if the numerator is divisible by the denominator, so we need 50! to be divisible by 10m. To check divisibility, we must compare the prime boxes of these two numbers (The prime box of a number is the collection of prime numbers that make up that number. The product of all the elements of a number's prime box is the number itself. For example, the prime box of 12 contains the numbers 2,2,3). 

Since 10 = 2 × 5, the prime box of 10m is comprised of only 2’s and 5’s, namely m 2's and m 5's. That is becaues 10m = (2 × 5)m = (2m) × (5m). Now, some x is divisible by some y if x's prime box contains all the numbers in y's prime box. So in order for 50! to be divisible by 10m, it has to have at least m 5's and m 2's in its prime box. 

Let's count how many 5's 50! has in its prime box. 
50! = 1 × 2 × 3 × ... 50, so all we have to do is add the number of 5's in the prime boxes of 1, 2, 3, ..., 50. The only numbers that contribute 5's are the multiples of 5, namely 5, 10, 15, 20, 25, 30, 35, 40, 45, 50. But don't forget to notice that 25 and 50 are both divisible by 25, so they each contribute two 5’s. 

That makes a total of 10 + 2 = twelve 5's in the prime box of 50!. 

As for 2's, we have at least 25 (2, 4, 6, ..., 50), so we shouldn't waste time counting the exact number. The limiting factor for m is the number of 5's, i.e. 12. Therefore, the greatest integer m that would work here is 12. 

The correct answer is E. 

A restaurant pays a seafood distributor d dollars for 6 pounds of Maine lobster. Each pound can make v vats of lobster bisque, and each vat makes b bowls of lobster bisque. If the cost of the lobster per bowl is an integer, and if v and b are different prime integers, then which of the following is the smallest possible value of d?


(A) 15
(B) 24
(C) 36
(D) 54
(E) 90

Answer
 

Let’s start by finding the cost of the lobster, per bowl, in terms of the variables given (d, v, and b). 

 

(d dollars/6 pounds) x (1 pound/v vats) x (1 vat/b bowls) = (d/6vb)

 

The problem states that this value, the cost of the lobster per bowl, or (d/6vb), is an integer. In other words, d is divisible by 6vb. To make d as small as possible, we need to make 6vb as small as possible. Since v and b are different prime integers, the smallest value of 6vb is 36 (using the two smallest prime integers, v = 2 and b = 3, or v = 3 and b = 2). 

 

In order to make the cost of the lobster per bowl an integer, d must be divisible by 36. In other words, d must be a multiple of 36. What’s the smallest possible multiple of 36? The smallest multiple of 36 is 36. 

The correct answer is C, 36.

Question
If x and y are positive integers and n = 5x + 7y + 15, what is the units digit of n?

(1) y = 2x – 15
(2) y2 – 6y + 5 = 0

Answer
Units digit questions often times involve recognition of a pattern.

The units digit of n is determined solely by the units digit of the expressions 5x and 7y + 15 , because when two numbers are added together, the units digit of the sum is determined solely by the units digits of the two numbers.  

Since x is a positive integer, 5x always ends in a 5 (52 = 25, 53 = 125, 54 = 625).    This property is also shared by the integer 6.
The units digit of a power of 7 is not consistent.  The value of x becomes a non-factor here.

The question can be rephrased as "what is the units digit of 7y + 15 ?" or potentially just "what is y?"

(1) INSUFFICIENT:  This statement cannot be used to find the value of y or the units digit of 7y + 15. 

(2) SUFFICIENT:  This statement can be used to solve for two potential values for y.  The quadratic can be factored:
(y – 5)(y – 1) = 0, so y = 1 or 5.  This does NOT sufficiently answer the question "what is y?" but it DOES provide a single answer to the question "what is the units digit of 7y + 15 ?" 

Powers of 7 have units digits that follow a specific pattern:

	70
	1

	71
	7

	72
	49

	73
	343

	74
	2401


The pattern is 1, 7, 9 and 3, repeating in iterations of four.  The two possible values for y according to statement (2) are 1 and 5, which means that 7y + 15 is either 716 or 720. Both 716 and 720 have a units digit of 1 (according to the pattern).  Ultimately this means that n will have a units digit of 5 + 1 = 6.

The correct answer is (B), statement (2) ALONE is sufficient to answer the question, but statement (1) alone is not.

When the integer x is divided by the integer y, the remainder is 60.  Which of the following is a possible value of the quotient x/y?

I.   15.15
II.  18.16
III. 17.17

(A) I only
(B) II only
(C) III only
(D) I and II only
(E) I and III only 

Answer
If the integer x divided by y has a remainder of 60, then x can be expressed as:
x = ky + 60, where k is an integer (i.e. y goes into x k times with a remainder of 60)

We could also write an expression for the quotient x/y: 
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Notice that k is still the number of times that y goes into x evenly.  60/y is the decimal portion of the quotient, i.e. the remainder over the divisor y.

The first step to solving this problem is realizing that k, the number of times that y goes into x evenly, can be anything for this question since we are only given a value for the remainder.  The integer values before the decimal point in answers I, II and III are irrelevant.  

The decimal portion of the possible quotients in I, II and III are another story.  From the equation we have above, for a decimal to be possible, it must be something that can be expressed as 60/y, since that is the portion of the quotient that corresponds to the decimal.  But couldn't any decimal be expressed as 60 over some y?  The answer is NO because we are told in the question that y is an integer. 

Let's look at answer choice I first. Is 60 / y = 0.15, where y is an integer? This question is tantamount to asking if 60 is divisible by 0.15 or if 6000 is divisible by 15? 6000 IS divisible by 15 because it is divisible by 5 (ends in a 0) and by 3 (sum of digits, 6, is divisible by 3) Therefore, answer choice I is CORRECT. Using the same logic for answer choice II, we must check to see if 6000 is divisible by 16. 6000 IS divisible by 16 because it is can be divided by 2 four times: 3000, 1500, 750, 375. Therefore, answer choice II is CORRECT. 6000 IS NOT divisible by 17 because 17 is prime and not part of the prime make-up of 6000. Therefore answer choice III is NOT CORRECT. Therefore the correct answer is D, I and II only. 

Question
If a and b are both positive integers, is ba+1 – bab odd?

(1) a + (a + 4) + (a – 8) + (a + 6) + (a – 10) is odd

(2) b3 + 3b2 + 5b + 7 is odd

Answer
We can first simplify the exponential expression in the question:
ba+1 – bab 
b(ba) - b(ab)
b(ba - ab)

So we can rewrite this question then as is b(ba - ab) odd? Notice that if either b or ba - ab is even, the answer to this question will be no.  

(1) SUFFICIENT:  If we simplify this expression we get 5a - 8, which we are told is odd.  For the difference of two numbers to be odd, one must be odd and one must be even.  Therefore 5a must be odd, which means that a itself must be odd.  To determine whether or not this is enough to dictate the even/oddness of the expression b(ba - ab), we must consider two scenarios, one with an odd b and one with an even b: 

	a
	 b
	b(ba - ab)
	odd/even

	3
	 1
	1(13 - 31) = -2
	even

	3
	 2
	2(23 - 32) = -2
	even


It turns out that for both scenarios, the expression b(ba - ab) is even. 

(2) SUFFICIENT:  It is probably easiest to test numbers in this expression to determine whether it implies that b is odd or even. 

	b
	b3 + 3b2 + 5b + 7
	odd/even

	2
	23 + 3(22) + 5(2)+ 7 = 37
	odd

	1
	13 + 3(12) + 5(1) + 7 = 16 
	even


We can see from the two values that we plugged that only even values for b will produce odd values for the expression b3 + 3b2 + 5b + 7, therefore b must be even.   Knowing that b is even tells us that the product in the question, b(ba - ab), is even so we have a definitive answer to the question.

The correct answer is D, EACH statement ALONE is sufficient to answer the question. 

Question
The ratio of cupcakes to children at a particular birthday party is 104 to 7. Each child at the birthday party eats exactly x cupcakes (where x is a positive integer) and the adults attending the birthday party do not eat anything. If the number of cupcakes that remain uneaten is less than the number of children at the birthday party, what must be true about the number of uneaten cupcakes?  

I. It is a multiple of 2.
II. It is a multiple of 3.
III. It is a multiple of 7.

(A) I only
(B) II only
(C) III only
(D) I and II only
(E) I, II and III

Answer
If the ratio of cupcakes to children is 104 to 7, we can first express the number of cupcakes and children as 104n and 7n, where n is some positive integer.  If n = 1, for example, there are 104 cupcakes and 7 children; if n = 2, there are 208 cupcakes and 14 children, etc.

We are told in the problem that each of the children eats exactly x cupcakes and that there are some number of cupcakes leftover (i.e. a remainder) that is less than the number of children.  Let’s call the remainder R.  This means that means that the number of children, 7n, goes into the number of cupcakes, 104n, x times with a remainder of R.  We can use this to write out the following equation:  

104n = 7nx + R.

We are asked here to find out information about the  divisibility R.  Often times with remainder questions the easiest thing to do is to try numbers:

If n = 1, the problem becomes what is true of the remainder when you divide 104  by 7.  
 n = 1   104/7 = 14 remainder 6
 n = 2   208/14 = 14 remainder 12
 n = 3   312/21 = 14 remainder 18

Notice the pattern here.  With 104 and 7, we started out with a remainder of 6.  When we doubled both the numerator (104) and the denominator (7), the quotient remained the same (14), and the remainder (6) simply doubled.  In this particular problem, the remainder when n = 1 was 6, which as we know is divisible by 2 and 3.  Since all subsequent multiples of 104 and 7 (i.e. n = 2, 3, 4…) will yield remainders that are multiples of this original 6, the remainder will always be divisible by 2 and 3 and the answer here is D.

There is a more algebraic reason why the remainder always remains a multiple of the original remainder, 6.  Let's take for example a number x that when divided by y, qives a quotient of q with a a remainder of r.  An equation can be written: x = qy + r.  If we multiply p by some constant, c, we must multiply both sides of the equation above, i.e. xc = cqy + cr.  Notice that it is not just the x and y that get multiplied by a factor of c, but also r, the remainder!   We can generalize to say that if x divided by y has a quotient of q and a remainder of r, a multiple of x divided by that same multiple of y will have the original quotient and the same multiple of the original remainder.  

Question
Does the integer p have an odd number of distinct factors?

(1) p = q2, where q is a nonzero integer.
(2) p = 2n + 1, where n is a nonzero integer.

Answer
Any integer can be broken down into prime factors, and these prime factors can be used to find the total number of factors.  The factors of 12, for example, can be found by listing all of the different combinations of 12's prime factors, 2, 2 and 3, viz., 1, 2, 3, 4, 6, 12. Another way to list the factors of 12, however, is to simply consider, by pairs, all of the numbers that divide 12 evenly.  Start the list with 1 and the number itself and then search for other pairs by increasing by increments of 1.   For 12, you easily come across two other pairs of distinct factors: (2,6) and (3,4).  In this way, the factors of any reasonably sized integer can be listed and counted.  This question is asking if p an odd number of distinct factors.  This begs the question: if factors of an integer can always be listed in factor pairs, how could an integer ever have anything other than an even number of factors? Let's look at the two statements to shed some light on the issue. Statement (1) tells us that p is a perfect square, i.e. a number that when you take its square root, the result is an integer.  Let's take 36 to investigate.  Any perfect square will have an even number of prime factors when you break it down. What effect does this have on the number of factors however?  Well if we resort to our listing of pairs we have: (1,36), (2,18), (3,12), (4,9) and (6,6).  As always, the factors can be listed in pairs.  However, in this example one of the pairs has a single factor that is repeated, i.e. (6,6).  When we count the total number of distinct factors of 36, the answer is nine - an odd number.  In fact, this will be true for any perfect square because one (and only one) of the factor pairs will have a single factor repeated twice.  The converse is also true - non-perfect square integers will always have an even number of factors, since none of the factor pairs will have a repeated integer. Statement (1) is sufficient so the answer is either (A) or (D). If we look at statement (2), it tells us that p is an odd integer.  Knowing that p is odd, however, doesn't tell us if the number of factors is odd or even.  Odd numbers that are perfect squares would have an odd number of factors (9 = 1, 3 and 9) and odd numbers that are not perfect squares would have an even number of factors (15 = 1, 3, 5 and 15). Statement (2) is not sufficient and the answer is (A).  This problem could also be solved by plugging legal values based on the two statements to see if they are sufficient to answer the question.  When evaluating the sufficiency of statement (1), it would be best to try perfect squares that are both odd and even to see if all perfect squares have an odd number of factors.  When evaluating the sufficiency of statement (2), it would be best to try odd numbers that are both perfect squares and not to see if all odd numbers have an odd number of factors.   
Question
Five consecutive positive integers are chosen at random.  If the average of the five integers is odd, what is the remainder when the largest of the five integers is divided by 4?

(1)  The third of the five integers is a prime number.

(2)   The second of the five integers is the square of an integer.


Answer
In a set of consecutive integers with an odd number of terms, the average of the set is the middle term. Since the question tells us that we have 5 consecutive integers, we know that the average of the set is the middle term. For example, in the set {1, 2, 3, 4, 5}, the average is 15/5 = 3, which is the middle term. We are also told that the average is odd, which means the 5 integers of the set must go as follows: {odd, even, odd, even, odd}. 

We are then asked for the remainder when the largest of the five integers is divided by 4. Since the largest integer must be odd, we know that it cannot be a multiple of 4 itself. So the remainder depends on how far this largest integer is from the closest multiple of 4 smaller than it. Since there are five numbers in the set, at least one of them must be a multiple of 4 (remember that counting from 1, every fourth integer is a multiple of 4).

Statement 1 tells us that the third of the five integers is a prime number. The third integer is the middle integer. Knowing that it is a prime number does not tell us which of the five integers is a multiple of 4. If the middle number is 17, then the second number is 16 (a multiple of 4) and the largest number is 19, yielding a remainder of 3 when divided by 4.  But if the middle number is 7, then the fourth number is 8 (a multiple of 4) and the largest number is 9, yielding a remainder of 1 when divided by 4. Insufficient.

Statement 2 tells us that the second of the integers is the square of an integer. Since the middle integer is odd, we know the second integer is even. If the second integer is even and the square of an integer, it must be a multiple of 4. 

To see this clearly, let's think about the square root of the second integer. Since the second integer is even, its square root must be even. We can call this root 2x (since all even numbers are multiples of 2). Now, to find the second integer, we must square 2x to get 4x2. So the second integer must be a multiple of 4. Therefore, the largest integer can be expressed as  4x2 + 3. So the remainder when the largest integer is divided by 4 will be 3. Sufficient. 

The correct answer is B: Statement 2 alone is sufficient to answer the question but statement 1 alone is not.

Question
a, b, c, and d are positive integers. If (a + b) ( c – d) = r, where r is an integer, is 
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 an integer?

(1) (a + b) (c + d) = r2 
(2) (a + b) =  x4 y6 z2, where x, y, and z are distinct prime numbers.


Answer
The question tells us that (a + b) ( c – d) = r, where r is an integer, and then asks whether 
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 is an integer. In order for 
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 to be an integer, (c + d) must be the square of an integer.

Statement (1) tells us that a + b) (c + d) = r2. Therefore, [image: image18.png](a+b)c+d)=(a+b)c-a)



. If we divide both sides of the equation by (a + b), we get [image: image19.png](c+d)=(a+b)c-a)?



. Is this sufficient to determine whether (c + d) is the square of an integer? No. Since [image: image20.png](c-dp



 is a square, (a + b) must also be a square in order for (c + d) to be a square. We do not know whether (a + b) is a square, so this statement is insufficient.

Statement (2) tell us that the prime factorization of (a + b) is [image: image21.png]x4z



. This does not tell us anything about (c + d), so it must be insufficient.

If we combine the information from both statements, we know that [image: image22.png](c+d)=(a+b)c-a)?



 and that (a + b) = [image: image23.png]x4z



. In order for the information from statement (1) to be sufficient, we would need to know that (a + b) is itself a square. Knowing that the prime factorization of (a + b) is [image: image24.png]x4z



 tells us that it must be true that (a + b) is a square, because all of its prime factors come in pairs. Any integer that has an even number of each of its prime factors must be a square. We can see this by expressing (a + b) as [image: image25.png](a+b) = (v 32)(x%y%z)



. 

Therefore, (c + d) must be a square and [image: image26.png]fevay



 must be an integer.

The correct answer is C: Taken together, the statements are sufficient, but neither statement alone is sufficient.

Question

The sum of all the digits of the positive integer q is equal to the three-digit number x13. If q = 10n – 49, what is the value of n?
(A) 24
(B) 25
(C) 26
(D) 27
(E) 28

Answer
We are first told that the sum of all the digits of the number q is equal to the three-digit number x13. Then we are told that the number q itself is equal to [image: image27.png]10° - 49



. Finally, we are asked for the value of n. 

The first step is to recognize that [image: image28.png]10° - 49



will have to equal a series of 9's ending with a 5 and a 1 (99951, for example, is [image: image29.png]105 - 49



). So q is a series of 9's ending with a 5 and a 1. Since the sum of all the digits of q is equal to x13, we know that x13 is the sum of all those 9's plus 5 plus 1. So if we subtract 5 and 1 from x13, we are left with x07. 

This three-digit number x07 is the sum of all the 9's alone. So x07 must be a multiple of 9. For any multiple of 9, the sum of all the digits of that multiple must itself be a multiple of 9 (for example, 585 = (9)(65) and 5 + 8 + 5 = 18, which is a multiple of 9). So it must be true that x + 0 + 7 is a multiple of 9. The only single-digit value for x that will yield a multiple of 9 when added to 0 and 7 is 2. Therefore, x = 2 and the sum of all the 9's in q is 207. 

Since 207 is a multiple of 9, we can set up the equation 9y = 207, where y is a positive integer.  Solving for y, we get y = 23. So we know q consists of a series of twenty-three 9's followed by a 5 and a 1: 9999999999999999999999951. If we add 49 to this number, we get 10,000,000,000,000,000,000,000,000. 

Since the exponent in every power of 10 represents the number of zeroes (e.g., [image: image30.png]


, which has two zeroes; [image: image31.png]


, which has three zeroes, etc.), we must be dealing with [image: image32.png]10%



. Thus n = 25.

The correct answer is B.

Question
If the prime factorization of the integer q can be expressed as [image: image33.png]aZ . p* . c¥-1



, where a, b, c, and x are distinct positive integers, which of the following could be the total number of factors of q?

(A) 3j + 4, where j is a positive integer
(B) 5k + 5, where k is a positive integer
(C) 6l + 2, where l is a positive integer
(D) 9m + 7, where m is a positive integer
(E) 10n + 1, where n is a positive integer

Answer
Any factor of a nonprime integer is the product of prime factors of that integer.  For example, 90 has the prime factors 2, 3, 3, and 5, and all other factors of 90 are the products of some combination of these factors (e.g., 6 = (2)(3); 9 = (3)(3); 10 = (2)(5); 15 = (3)(5); 18 = (2)(3)(3); 30 = (2)(3)(5); 45 = (3)(3)(5); 90 = (2)(3)(3)(5)).  

So to determine the number of factors that a nonprime integer has, we need to determine how many different combinations of factors that integer's prime factorization will allow.  Let's look at 90 again.  Its prime factorization is [image: image34.png]1
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.  This means that we have one 2, two 3's, and one 5.  If we had one hat, two shirts, and one pair of pants to combine to make outfits, we could make [image: image35.png]1x2x1




 outfits.  By analogy, 90 should have [image: image36.png]1x2x1




 factors.  But 90 has 12 factors (including 1 and 90), so where do the other 10 factors come from?

Think of each prime factor as a category: 2, 3, and 5.  In the 2 category, we have two options: [image: image37.png]


 and [image: image38.png]


.  In the 3 category, we have 3 options: [image: image39.png]


, [image: image40.png]


, and [image: image41.png]


.  In the 5 category, we have 2 options: [image: image42.png]


 and [image: image43.png]


.  Note that a nonzero number raised to the zero power always equals 1, so when we choose a prime factor raised to the zero power, we are simply introducing a 1 into our multiplication.  For example, [image: image44.png]20x3lx5! = 1x3x5




.  When we choose the zero power from each category of prime factor, we get 1 as the product, yielding 1 as a factor.  For example, [image: image45.png]o
20x30x 50

x1x




.  

So instead of [image: image46.png]1x2x1




, which leaves out the zero power in each category, we need to add 1 to the exponent of each prime factor in the prime factorization to account for the zero power.  For example, the prime factorization of 90 is [image: image47.png]1
ol.32.g!



, but since there are really two powers in the 2 category, three powers in the 3 category, and two powers in the 5 category (to account for the zero powers), the number of possible combinations of prime factors is actually [image: image48.png]2x3x2




.  A chart may make this clear:

	Combination of Prime Factors
	Factor Yielded

	[image: image49.png]o
20x30x 50




	1

	[image: image50.png]1
21 %30 x 50




	2

	[image: image51.png]o
20x 3! x 50




	3

	[image: image52.png]o
20x30x 5!




	5

	[image: image53.png]1
21 x 3! x 50




	6

	[image: image54.png]o
20x32x50




	9

	[image: image55.png]1
21x30x 5!




	10

	[image: image56.png]o
20x 3l x5!




	15

	[image: image57.png]1
21 %32 x 50




	18

	[image: image58.png]1
2lx 3l x5t




	30

	[image: image59.png]o
20x32x 5!




	45

	[image: image60.png]1
21x32x 5!




	90



The question asks which choice could be the number of factors of the integer q if the prime factorization of q can be expressed as [image: image61.png]aZ . p* . c¥-1



.  The number of factors will not be equal to [image: image62.png](2x)(x )3 - 1)



 but rather to [image: image63.png](2x + Dix + D(Bx -1+ 1)



, to take into account the zero power in each category of prime factor (i.e., [image: image64.png]


, [image: image65.png]


, and [image: image66.png]


).  The product of these terms will be the number of factors of q:

[image: image67.png](@x + Dix + (3 -1+ 1>
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Note that all three terms are multiples of 3 and can be factored: [image: image68.png]+x)
3y ax?
32y



.  So the number of factors of q must be a multiple of 3.  Which choice could potentially be a multiple of 3?

3j + 4 cannot be a multiple of 3 because 3j is a multiple of 3 and adding 4 to it will bypass the next multiple of 3.  Eliminate A.

5k + 5 could be a multiple of 3 if k = 17: 5(17) + 5 = 90.  Keep B.

6l + 2 cannot be a multiple of 3 because 6l is a multiple of 3 and adding 2 to it will fall 1 short of the next multiple of 3.  Eliminate C.

9m + 7 cannot be a multiple of 3 because 9m is a multiple of 3 and adding 7 to it will bypass the next two multiples of 3.  Eliminate D.

10n + 1 can be a multiple of 3 if n = 8: 10(8) + 1 = 81.  Keep E.

Which is the correct answer, B or E?  

Let's reconsider the expression [image: image69.png]+x)
3y ax?
32y



.  If x is even, the expression will be even (the sum of three evens is even and the product of even and odd is even).  If x is odd, the expression will be even (the sum of two odds and an even is even and the product of an even and odd is even).  So regardless of the value of x, the number of factors of q must be even.    

10n + 1 can never be even because 10n is even and adding 1 to it will result in an odd number.  Eliminate E.

Therefore, the correct answer is B.

Question
If  
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(A) 0
(B) 1
(C) 3
(D) 5
(E) 9

Answer
In order to answer this, we need to recognize a common GMAT pattern: the difference of two squares.  In its simplest form, the difference of two squares can be factored as follows: [image: image72.png](x+y)(x-y)



.  Where, though, is the difference of two squares in the question above?  It pays to recall that all even exponents are squares.  For example, 
[image: image73.png]


.  

Because the numerator in the expression in the question is the difference of two even exponents, we can factor it as the difference of two squares and simplify:
[image: image74.png]




The units digit of the left side of the equation is equal to the units digit of the right side of the equation (which is what the question asks about). Thus, if we can determine the units digit of the expression on the left side of the equation, we can answer the question.

Since [image: image75.png]13x12x11x10..x1




, we know that 13! contains a factor of 10, so its units digit must be 0. Similarly, the units digit of [image: image76.png](139*



 will also have a units digit of 0.  If we subtract 1 from this, we will be left with a number ending in 9.  

Therefore, the units digit of [image: image77.png]


 is 9.  The correct answer is E.

Question
w, x, y, and z are integers.  If w > x > y > z > 0, is y a common divisor of w and x?

(1) 
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(2) w2 – wy – 2w = 0

Answer
We are asked whether y is a common divisor of x and w.  In other words, is y a factor of both x and w?

Statement (1) tells us that [image: image79.png]x|&

NIm

x|m



.  Since w is greater than x, the quotient [image: image80.png]x|



 must be greater than 1.  For example, [image: image81.png]


.  

Since [image: image82.png]x|



 is greater than 1, the other side of the equation must be greater than 1 as well. In this case, since x and z are integers, [image: image83.png]N =

x|m



 cannot be greater than 1 unless either x or z is equal to 1.  x cannot be equal to 1 because at least two integers (y and z) stand between it and 0 on the number line.  So z must equal 1.  We can now rewrite the equation as [image: image84.png]


.  At this point, we can finish up using algebra:
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If w = x + 1, then w and x must be consecutive integers.  Since the distance between two consecutive integers is always 1, no number other than 1 can be a factor of both.  Note, for example, that all multiples of 2 are at least 2 spaces apart, all multiples of 3 are at least 3 spaces apart, and so on.  So in order for y to be a common factor of w and x, it would have to equal 1.  But because y is greater than 1 (at least 1 integer stands between it and 0 on the number line), it cannot be a common divisor of w and x.  Thus, statement (1) alone is sufficient to answer the question.

Statement (2) gives us an equation that we can factor into [image: image86.png]ww-y-2)=0



.  This implies that either w or (w - y - 2) is equal to 0.  We know that w is greater than 0, so it must be true that (w - y - 2) = 0.  We can add y and 2 to both sides to get w = y + 2.  So w is 2 greater than y on the number line.  Since x falls between w and y, we know that w, x, and y are consecutive integers.  No integer greater than 1 can be a factor of the two integers that follow it on the number line.   Since y is greater than 1, it cannot be a factor of both w and x. Thus, statement (2) alone is sufficient to answer the question

The answer is D:  Each statement ALONE is sufficient to answer the question.

Question
a, b, and c are positive integers.  If a, b, and c are assembled into the six-digit number abcabc, which one of the following must be a factor of abcabc?

(A) 16
(B) 13
(C) 5
(D) 3
(E) none of the above

Answer
This question looks daunting, but we can tackle it by thinking about the place values of the unknowns.  If we had a three-digit number abc, we could express it as 100a + 10b + c (think of an example, say 375: 100(3) + 10(7) + 5).  Thus, each additional digit increases the place value tenfold.  

If we have abcabc, we can express it as follows:

100000a + 10000b + 1000c + 100a + 10b + c 

If we combine like terms, we get the following:

100100a + 10010b + 1001c

At this point, we can spot a pattern in the terms: each term is a multiple of 1001.  On the GMAT, such patterns are not accidental.  If we factor 1001 from each term, the expression can be simplified as follows:

1001(100a + 10b + c) or 1001(abc).  

Thus, abcabc is the product of 1001 and abc, and will have all the factors of both.  Since we don't know the value of abc, we cannot know what its factors are.  But we can see whether one of the answer choices is a factor of 1001, which would make it a factor of abcabc.  

1001 is not even, so 16 is not a factor.  1001 doesn't end in 0 or 5, so 5 is not a factor.  The sum of the digits in 1001 is not a multiple of 3, so 3 is not a factor.  It's difficult to know whether 13 is a factor without performing the division: 1001/13 = 77.  Since 13 divides into 1001 without a remainder, it is a factor of 1001 and thus a factor of abcabc.

The correct answer is B.

Question
If n is a positive integer, is n2 — 1 divisible by 24?

(1) n is a prime number

(2) n is greater than 191

Answer
Statement (1) tells us that n is a prime number.

If n = 2, the lowest prime number, then n2 – 1 = 4 – 1 = 3, which is not divisible by 24. 

If n = 3, the next prime number, then n2 – 1 = 9 – 1 = 8 which is not divisible by 24. 

However, if n = 5, then n2 – 1 = 25 – 1 = 24, which is divisible by 24.

Thus, statement (1) alone is not sufficient.

Now let us examine statement (2). By design, this number is large enough so that it would not be easy to check numbers directly. Thus, we need to go straight to number properties. 

For an expression to be divisible by 24, it must be divisible by 2, 2, 2, and 3 (since this is the prime factorization of 24). In other words, the expression must be divisible by 2 at least three times and by 3 at least once.

The expression n2 – 1 = (n – 1)(n + 1).

If we think about 3 consecutive integers, with n as the middle number, the expression n2 – 1 is the product of the smallest number (n – 1) and the largest number (n + 1) in the consecutive set.

Given 3 consecutive positive integers, the product of the smallest number and the largest number will be divisible by 2 three times if the middle number is odd. Thus, if n is odd, the product (n – 1)(n + 1) must be divisible by 2 three times.

(Consider why: If the middle number of 3 consecutive integers is odd, then the smallest and largest numbers of the set will be consecutive even integers - their product must therefore be divisible by 2 at least twice. Further, since the smallest and the largest number are consecutive even integers, one of them must be divisible by 4. Thus the product of the smallest and largest number must actually be divisible by 2 at least three times!)
 
Additionally, given 3 consecutive positive integers, exactly ONE of those three numbers must be divisible by 3. To ensure that the product of the smallest number and the largest number will be divisible by 3, the middle number must NOT be divisible by 3. Thus, for the expression n2 – 1 to be divisible by 24, n must be odd and must NOT be divisible by 3.

Statement (2) alone tells us that n > 191. Since, this does not tell us whether n is even, odd, or divisible by 3, it is not sufficient to answer the question.

Taking statements (1) and (2) together, we know that n is a prime number greater than 191. Every prime number greater than 3 must, by definition, be ODD (since the only even prime number is 2), and must, by definition, NOT be divisible by 3 (otherwise it would not be prime!)

Thus, so long as n is a prime number greater than 3, the expression n2 – 1 will always be divisible by 24. The correct answer is C: Statements (1) and (2) TAKEN TOGETHER are sufficient to answer the question, but NEITHER statement ALONE is sufficient.

Question
11+22+33+...+1010 is divided by 5. What is the remainder? 

(A) 0
(B) 1
(C) 2
(D) 3
(E) 4

Answer
When a whole number is divided by 5, the remainder depends on the units digit of that number.
Thus, we need to determine the units digit of the number 11+22+33+...+1010. To do so, we need to first determine the units digit of each of the individual terms in the expression as follows:
	Term
	Last (Units) Digit

	11
	1

	22
	4

	33
	7

	44
	6

	55
	5

	66
	6

	77
	3

	88
	6

	99
	9

	1010
	0



To determine the units digit of the expression itself, we must find the sum of all the units digits of each of the individual terms:

1 + 4 + 7 + 6 + 5 + 6 + 3 + 6 + 9 = 47

Thus, 7 is the units digit of the number 11+22+33+...+1010. When an integer that ends in 7 is divided by 5, the remainder is 2. (Test this out on any integer ending in 7.)

Thus, the correct answer is C.

Question
If d represents the hundredths digit and e represents the thousandths digit in the decimal .4de, what is the value of this decimal rounded to the nearest tenth?

(1) d – e is equal to a positive perfect square. 

(2) 
[image: image87.wmf]2
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Answer
From statement (1), we know that d – e must equal a positive perfect square. This means that d is greater than e. In addition, since any single digit minus any other single digit can yield a maximum of 9, d – e could only result in the perfect squares 9, 4, or 1. 

However, this leaves numerous possibilities for the values of d and e respectively. For example, two possibilities are as follows:

d = 7, e = 3 (d – e = the perfect square 4)
d = 3, e = 2 (d – e  = the perfect square 1)

In the first case, the decimal .4de would be .473, which, when rounded to the nearest tenth, is equal to .5. In the second case, the decimal would be .432, which, when rounded to the nearest tenth, is .4. Thus, statement (1) is not sufficient on its own to answer the question.

Statement (2) tells us that [image: image88.png]N



. Since d is a single digit, the maximum value for d is 9, which means the maximum square root of d is 3. This means that e2 must be less than 3. Thus the digit e can only be 0 or 1.

However, this leaves numerous possibilities for the values of d and e respectively. For example, two possibilities are as follows:

d = 9, e = 1
d = 2, e = 0

In the first case, the decimal .4de would be .491, which, when rounded to the nearest tenth, is equal to .5. In the second case, the decimal would be .420, which, when rounded to the nearest tenth, is .4. Thus, statement (2) is not sufficient on its own to answer the question.

Taking both statements together, we know that e must be 0 or 1 and that  d – e is equal to 9, 4 or 1.

This leaves the following 4 possibilities:

d = 9, e = 0
d = 5, e = 1
d = 4, e = 0
d = 1, e = 0

These possibilities yield the following four decimals: .490, .451, .440, and .410 respectively. The first two of these decimals yield .5 when rounded to the nearest tenth, while the second two decimals yield .4 when rounded to the nearest tenth.
Thus, both statements taken together are not sufficient to answer the question.

The correct answer is E: Statements (1) and (2) TOGETHER are NOT sufficient.

Question
Given that a, b, c, and d are different nonzero digits and that 10d + 11c < 100 – a, which of the following could not be a solution to the addition problem below?

       abdc
    + dbca
 

(A) 3689
(B) 6887
(C) 8581
(D) 9459
(E) 16091

Answer
In digit problems, it is usually best to find some characteristic that must be true of the correct solution. In looking at the given addition problem, the only promising feature is that the digit b is in the hundredths place in both numbers that are being added.

What does this mean? Adding together two of the same numbers is the same as multiplying the number by 2. In other words, b + b = 2b. This implies that the hundredths place in the correct solution should be an even number (since all multiples of 2 are even).

However, this implication is ONLY true if their is no "carry over" into the hundredths column. If the addition of the units and tens digits requires us to "carry over" a 1 into the hundredths column, then this will throw off our logic. Instead of just adding b + b to form the hundredths digit of the solution, we will be adding 1 + b + b (which would sum to an odd digit in the hundredths place of the solution).

The question then becomes, will there be a "carry over" into the hundredths column? If not, then the hundredths digit of the solution MUST be even. If there is a carry over, then the hundredths digit of the solution MUST be odd.

The only way that there would be a "carry over" into the hundredths column is if the sum of the units and tens places is equal to 100 or greater.

The sum of the units place can be written as c + a.
The sum of the tens place can be written as 10d + 10c.
Thus, the sum of the units and tens places can be written as c + a + 10d + 10c which simplifies to 10d + 11c + a.

The problem states that 10d + 11c < 100 – a. This can be rewritten as 10d + 11c + a < 100. In other words, the sum of the units and ten places totals to less than 100. Therefore, there is no "carry over" into the hundredths column and so the hundredths digit of the solution MUST be even.

The problem asks us which of the answer choices could NOT be a solution to the given addition problem, so we simply need to find an answer choice that does NOT have an even number in the hundredths place.

The only answer choice that qualifies is 8581. The correct answer is C.

Question
If P, Q, R, and S are positive integers, and  P/Q = R/S, is R divisible by 5 ? 

(1) P is divisible by 140

(2) Q = 7x, where x is a positive integer 

Answer
Let's begin by analyzing the information given to us in the question:
If P, Q, R, and S are positive integers, and [image: image89.png]


, is R divisible by 5 ? 

It is often helpful on the GMAT to rephrase equations so that there are no denominators. We can do this my cross-multiplying as follows:
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=

x|n
ale




Now let's analyze Statement (1) alone: P is divisible by 140.

Most GMAT divisibility problems can be solved by breaking numbers down to their prime factors (this is called a "prime factorization"). 

The prime factorization of 140 is: [image: image91.png]140 =2x2x5x7



.

Thus, if  P is divisible by 140, it is also divisible by all the prime factors of 140. We know that P is divisible by 2 twice, by 5, and by 7. However, this gives us no information about R so Statement (1) is not sufficient to answer the question.

Next, let's analyze Statement (2) alone: [image: image92.png]


, where x is a positive integer.

From this, we can see that the prime factorization of Q looks something like this: [image: image93.png]Q=7x7x7



 Therefore, we know that 7 is the only prime factor of Q. However, this gives us no information about R so Statement (2) is not sufficient to answer the question.

Finally, let's analyze both statements taken together:

From Statement (1), we know that P has 5 as one of its prime factors. Since 5 is a factor of P and since P is a factor of PS, then by definition, 5 is a factor of PS. 

Recall that the question told us that [image: image94.png]


. From this, we can deduce that PS must have the same factors as QR. Since 5 is a factor of PS, 5 must also be a factor of QR.

From Statement (2), we know that 7 is the only prime factor of Q. Therefore, we know that 5 is NOT a factor of Q. However, we know that 5 must be a factor of QR. The only way this can be the case is if 5 is a factor of R.

Thus, by combining both statements we can answer the question: Is R divisible by 5? Yes, it must be divisible by 5. Since BOTH statements TOGETHER are sufficient, but NEITHER statement ALONE is sufficient, the correct answer is C.

Question
[image: image95.png]245023 + 24 523 -7





[image: image96.png]



Answer
In order to rid the expression of square roots, let's first square the entire expression. We are allowed to do this as long as we remember to "unsquare" whatever solution we get at that end. 

[image: image97.png]V24 5/R + 2458 (Jznwzs M/zafwzs)z




Notice that the new expression is of the form [image: image98.png](x+y)



where [image: image99.png]X=+/24+5y23 and y-+24-5,23



.

Recall that [image: image100.png](x+yf =X +y+2xy



. This is one of the GMAT's favorite expressions.

Returning to our expression:

[image: image101.png]


, while [image: image102.png]


and [image: image103.png]2xy -2(\24+5./23 |24 -5./23



. 

Notice that [image: image104.png]Xy



neatly simplifies to 48. This leaves only the [image: image105.png]


expression left to simplify.

In order to simplify [image: image106.png])(Joa-523)
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, recall that [image: image107.png]


.
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.

Notice that the expression under the square root sign is of the form [image: image109.png](x+y)(x-y)



. And recall that [image: image110.png](x+y)(x-y)=x"-y



. This is another one of the GMAT's favorite expressions. 

Returning to our expression:

[image: image111.png]2,24+ 525)[24 523 - 2,f24" - (525 -
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.

Finally then: [image: image112.png]X +yli2xy-48+2



.

But now we must remember to "unsquare" (or take the square root of) our answer: [image: image113.png]J50 = 25x2 =52



.

Therefore, the correct answer is D.

Question
Given that n is an integer; is n — 1 divisible by 3? 

(1) [image: image114.png]


is not divisible by 3

(2) [image: image115.png]In+52k+8



, where k is a positive multiple of 3



Answer
Statement (1) gives us information about [image: image116.png]


, which can be rewritten as the product of two consecutive integers as follows: 

[image: image117.png]P en=nln+l)




Since the question asks us about  n — 1, we can see that we are dealing with three consecutive integers:  n — 1, n, and n + 1 .

By definition, the product of consecutive nonzero integers is divisible by the number of terms. Thus the product of three consecutive nonzero integers must be divisible by 3.

Since we are told in Statement (1) that the product [image: image118.png]


is not divisible by 3, we know that neither n nor n + 1 is divisible by 3. Therefore it seems that n — 1 must be divisible by 3. 

However, this only holds if the integers in the consecutive set are nonzero integers. Since Statement (1) does not tell us this, it is not sufficient. 

Statement (2) can be rewritten as follows:

[image: image119.png]In+52k+8
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Given that k is a positive multiple of 3, we know that n must be greater than or equal to 2. This tells us that the members of the consecutive set n — 1, n, n + 1 are nonzero integers.

By itself, this information does not give us any information about whether  n — 1 is divisible by 3. Thus Statement (2) alone is not sufficient.

When both statements are taken together, we know that the members of the consecutive set n — 1, n, n + 1 are nonzero integers and that neither n nor n + 1 is divisible by 3. Therefore, n — 1 must be divisible by 3.

The correct answer is C: both statements together are sufficient but neither statement alone is sufficient to answer the question.

Question
[image: image122.png]fABC = 504



. Is B divisible by 2?

(1) C = 168
(2) A is a perfect square

Answer
Divisibility problems can be solved using prime factorization.

The prime factorization of [image: image123.png]504 = 2°327



.

Therefore, using the given equation, we can see that:

[image: image124.png]VAEC - 504 - 2°3%7
(vAET)’ - o3
ABC = 253472





To answer the question, we must determine whether B contains one of the six 2's in the prime factorization.

Statement (1) alone tells us that [image: image125.png]C-168-23(3)7)



. 

This tells us that C has three of the 2's in the prime factorization. However, since we have no information about A or B, this is not sufficient information to answer the question.

Statement (2) alone tells us that A is a perfect square. 

This tells us that if A contains any 2's as prime factors, it must have an even number of 2's. (The only way a number can be a perfect square is if its prime factors come in pairs). This, again is not sufficient information to answer the question.

Using both statements together, we know that C has three of the 2's. We also know that A can have either zero of the 2's or two of the 2's, but, since A is a perfect square, it cannot have all three of the remaining 2's.

Thus, B must have at least one 2 as a prime factor. The correct answer is C.

Question
What is the units digit of the solution to [image: image126.png]1772 13323



?

(A) 1
(B) 3
(C) 4
(D) 6
(E) 9

Answer
Since the question asks only about the units digit, we can look for patterns in each of the numbers.

Let^s begin with [image: image127.png]


:

	Expression
	[image: image128.png]



	[image: image129.png]



	[image: image130.png]



	[image: image131.png]



	[image: image132.png]




	Units Digit
	1
	9
	3
	1 again
	9 again




Since this pattern will continue, the units digit of [image: image133.png]


will be 1.

Next, let^s follow the same procedure with [image: image134.png]1338



:

	Expression
	[image: image135.png]1331
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	Units Digit
	3
	9
	7
	1
	3 again




Since this pattern will continue, the units digit of [image: image140.png]1338



will be 7.

Therefore in calculating the expression [image: image141.png]1772 13323



, we can determine that the units digit of the solution will equal [image: image142.png]


. 

Since, 7 is greater than 1, the subtraction here requires that we carry over from the tens place. Thus, we have [image: image143.png]M-7



, yielding the units digit 4. 

The correct answer is C.

Question
If r – s = 3p, is p an integer? 

(1) r is divisible by 735

(2) r + s is divisible by 3 

Answer
This question can be rephrased: Is r – s divisible by 3? Or, are r and s each divisible by 3? 

Statement (1) tells us that r  is divisible by 735. If r is divisible by 735, it is also divisible by all the factors of 735. 3 is a factor of 735. (To test whether 3 is a factor of a number, sum its digits; if the sum is divisible by 3, then 3 is a factor of the number.) However, statement (1) does not tell us anything about whether or not s is divisible by 3. Therefore it is insufficient.

Statement (2) tells us that r + s is divisible by 3. This information alone is insufficient. Consider each of the following two cases:

CASE ONE: If r = 9, and s = 6, r + s = 15 which is divisible by 3, and  r – s = 3, which is also divisible by 3.

CASE TWO: If r = 7 and s = 5, r + s = 12, which is divisible by 3, but  r – s = 2, which is NOT divisible by 3.

Let's try both statements together. There is a mathematical rule that states that if two integers are each divisible by the integer x, then the sum or difference of those two integers is also divisible by x.

We know from statement (1) that r is divisible by 3. We know from statement (2) that r + s is divisible by 3. Using the converse of the aforementioned rule, we can deduce that s is divisible by 3. Then, using the rule itself, we know that the difference  r – s is also divisible by 3.

The correct answer is C: BOTH statements TOGETHER are sufficient, but NEITHER statement ALONE is sufficient.

Question
If a and b are consecutive positive integers, and ab = 30x is x a non-integer?

(1) a2 is divisible by 21
(2) 35 is a factor of b2


Answer
First, let's rephrase the complex wording of this question into something easier to handle. The question asks whether x is a non-integer which is the reverse of an easier question: Is x an integer? 

Surely, if we can answer this question, we can answer the original question.

We can isolate x by rewriting the given equation as follows: [image: image144.png]


.

In order for x to be an integer, ab must be divisible by 30. In order for a number to be divisible by 30, it must have 2, 3, and 5 as prime factors (since 30 = 2 x 3 x 5 ). 

Thus, the question becomes: Does ab have 2, 3, and 5 as prime factors?

We know from the question that a and b are consecutive positive integers. Thus, either a or b is an even number, which means that the product ab must be divisible by 2. 

Since we know that 2 is a prime factor of ab, the question can be further simplified: Does ab have 3 and 5 as prime factors?

Statement (1) tells us that 21 is a factor of a2 which means that 3 and 7 are prime factors of a2. 

We can deduce from this that 3 and 7 must also be factors of a itself. (How? We know that a is a positive integer, which means that a2 is a perfect square. All prime factors of perfect squares come in pairs. Thus, if a2 is divisible by 3, then a2 must be divisible by a pair of 3's, which means that a itself must be divisible by at least one 3. You can test this using a real value for a2.)

Knowing that 3 is a prime factor of a tells us that 3 is a factor of ab but is not sufficient to answer our rephrased question, since we know nothing about whether 5 is a factor of ab.

Statement (2) tells us that 35 is a factor of b2 which means that 5 and 7 are prime factors of b2. 

Using the same logic as for the previous statement, we can deduce that 5 and 7 must be factors of b itself. Knowing that 5 is a prime factor of b tells us that 5 is a factor of ab but it is not sufficient to answer our rephrased question, since we know nothing about whether 3 is a factor of ab.

If we combine both statements, we know that ab must be divisible by both 3 and 5, which is sufficient information to answer the original question. The correct answer is C: BOTH statements TOGETHER are sufficient, but NEITHER statement ALONE is sufficient.

Question
If n2 / n yields an integer greater than 0, is n divisible by 30? 
(1) n2 is divisible by 20
(2) n3 is divisible by 12

Answer
The question stem states that [image: image145.png]


yields an integer greater than 0, which can be simplified to state that n is an integer. The question can be rephrased as follows: Does the integer n have 2, 3, and 5 as prime factors? 

Statement (1) tells us that n2 divisible by 20. Thus, n2 has 2, 2, and 5 as its prime factors. What does this tell us about n? Since we know that n is an integer, n2 must be a perfect square. The prime factors of any perfect square come in pairs. 

For example, the perfect square 36 can be broken down into 2 x 2 x 3 x 3, or a pair of 2's and a pair of 3's. Taking one prime from each pair, yields 2 x 3, or 6, the integer root of the perfect square 36. 

Since we are told in Statement (1) that n2 has 2, 2, and 5 as its prime factors we can assume that n2 actually has a pair of 2's and a pair of 5's as well (remember, all perfect squares can be broken into pairs of primes). Thus, taking one prime from each pair, we know that n must be divisible by 2 and 5. However, this is not sufficient to answer the question, since we do not know whether or not n is divisible by 3. 

Statement (2) tells us that n3 is divisible by 12. Thus n3 must have 2, 2, and 3 as its prime factors. We also know that, since n is an integer, n3 is a perfect cube. Using the same logic as in the previous statement, n3 must be divisible by a triplet of 2's and a triplet of 3's. Taking one prime from each triplet, we know that n must be divisible by 2 and 3. However, this is not sufficient to answer the question since we do not know whether or not n is divisible by 5.

Taking both statements together, we know that n is divisible by 2, 3, and 5. Therefore n is divisible by 30. 

The correct answer is (C): BOTH statements TOGETHER are sufficient, but NEITHER statement ALONE is sufficient.

Question
Given that a, b, c, and, d are non-negative integers, is the fraction [image: image146.png]


 
a terminating decimal?


(1) [image: image147.png]




(2) [image: image148.png]



Answer
A fraction will always yield a terminating decimal as long as the denominator has only 2 and 5 as its prime factors. In this case, since we know that a, b, c, and d are integers greater than or equal to 0, the denominator potentially has 2, 3, and 5 as its prime factors. The only "problematic" factor is 3. Therefore this complex looking question can actually be rephrased as follows: 

Is b = 0 ?

If b = 0, then the decimal terminates, since [image: image149.png]


, which would leave 2 and 5 as the only prime factors in the denominator. If [image: image150.png]


, then the denominator has 3 as a prime factor which means that the fraction may or may not terminate (depending on the value of the numerator).

Statement (1) does not provide any information about b so it is not sufficient to answer the question.

Statement (2) provides an equation that can be factored and simplified as follows:

[image: image151.png]



Since b = 0, the denominator of the fraction contains only 2's and 5's in its prime factorization and therefore it IS a terminating decimal. 

The correct answer is B: Statement (2) alone is sufficient, but statement (1) alone is not sufficient. 

Question
How many terminating zeroes does 200! have?
(A) 40
(B) 48
(C) 49
(D) 55
(E) 64

Answer
To determine how many terminating zeroes a number has, we need to determine how many times the number can be divided evenly by 10. (For example, the number 404000 can be divided evenly by 10 three times, as follows:
 
[image: image152.png]404000+ 10=40400 — 40400






We can see that the number has three terminating zeroes because it is divisible by 10 three times.) Thus, to arrive at an answer, we need to count the factors of 10 in 200! 
Recall that [image: image153.png]2001=200x199x198 197 . .. x4x3x2x1



.

Each factor of 10 consists of one prime factor of 2 and one prime factor of 5. Let’s start by counting the factors of 5 in 200!. Starting from 1, we get factors of 5 at 5, 10, 15, . . . , 190, 195, and 200, or every 5th number from 1 to 200. Thus, there are 200/5 or 40 numbers divisible by five from 1 to 200. Therefore, there are at least 40 factors of 5 in 200!. 

We cannot stop counting here, because some of those multiples of 5 contribute more than just one factor of 5. Specifically, any multiple of [image: image154.png]


(or 25) and any multiple of [image: image155.png]


 (or 125) contribute additional factors of 5. There are 8 multiples of 25 (namely, 25, 50, 75, 100, 125, 150, 175, 200). Each of these 8 numbers contributes one additional factor of 5 (in addition to the one we already counted) so we now have counted 40 + 8, or 48 factors of 5. Finally, 125 contributes a third additional factor of 5, so we now have 48 + 1 or 49 total factors of 5 in 200!.

Let us now examine the factors of 2 in 200!. Since every even number contributes at least one factor of 2, there are at least 100 factors of 2 in 200! (2, 4, 6, 8 . . .etc). Since we are only interested in the factors of 10 — a factor of 2 paired with a factor of 5 — and there are more factors of 2 than there are of 5, the number of factors of 10 is constrained by the number of factors of 5. Since there are only 49 factors of 5, each with an available factor of 2 to pair with, there are exactly 49 factors of 10 in 200!.

It follows that 200! has 49 terminating zeroes and the correct answer is C.

Question
Is x the square of an integer?

(1) [image: image156.png]x=12k+6



, where k is a positive integer

(2) [image: image157.png]


, where q is a positive integer

Answer
The question asks whether x is the square of an integer (otherwise known as a perfect square). This is a yes/no question. If the statements allow us to say “definitely yes” or “definitely no” to the question, we have sufficiency. 

Statement (1) tells us that [image: image158.png]x=12k+6



, where k is a positive integer. The GMAT does not expect you to try out all perfect squares to see whether any fit the equation. Instead, look for a shorter way to analyze the statement. 

Since x is the sum of two even numbers, we know that x is even. In order for x to be both even AND the square of an integer, x would have to be a multiple of 4. This is so because all even numbers can be expressed as 2y, where y is an integer. Squaring 2y yields [image: image159.png]


; therefore all squares of even numbers must be multiples of 4. You can verify this by testing out numbers: pick any even perfect square and you will see that it is a multiple of 4. (Note that all even perfect squares are multiples of 4, but not all multiples of 4 are perfect squares).

However, since statement (1) tells us that [image: image160.png]x=12k+6



, we know that x CANNOT be a multiple of 4. Why? 12k is a multiple of 4, but adding 6 to 12k will bypass the next multiple of 4, while falling 2 short of the one beyond that.

Since x is even but not a multiple of 4, we know that x is definitely NOT the square of an integer. Statement (1) is therefore sufficient to answer the question.

Statement (2) tells us that [image: image161.png]


 where q is a positive integer. The equation itself does not allow us to deduce much about x. The easiest thing to do in this case is try to eliminate the statement by showing that it can go either way. So, for example, if q = 9, then x = 36 and x definitely IS a perfect square. But if q = 1, then x = 12 and x is definitely NOT a perfect square. Thus, statement (2) is not sufficient to answer the question.

The correct answer is A: Statement (1) alone is sufficient, but statement (2) alone is not sufficient.

Question
[image: image162.png]


 and [image: image163.png]


 are each positive integers. When [image: image164.png]


 is divided by 3, the remainder is 1, and when [image: image165.png]


 is divided by 12, the remainder is 4. If [image: image166.png]Y =2X1+ X



, then what must be true about y? 

   I.   y is even
   II.  y is odd
   III. y is divisible by 3

(A) I only
(B) II only
(C) III only
(D) I and III only
(E) II and III only

Answer
The statement “when [image: image167.png]


 is divided by 3, the remainder is 1” can be translated mathematically as follows: There exists an integer n such that [image: image168.png]


.

Similarly, the statement "when [image: image169.png]


 is divided by 12, the remainder is 4" can be translated mathematically as follows: There exists an integer m such that [image: image170.png]


.

Therefore:    [image: image171.png]y=2x+x
=230+ 1)+ (12m+ 4)
=6n+2+12m+ 4
—6(n+2m+1)




The expression (n + 2m + 1) must be an integer (since n and m are both integers). Therefore, y is equal to some integer multiplied by 6. This means that y is divisible by 6. Any number that is divisible by 6 must also be divisible by both 2 and 3. Hence, y must be both even and divisible by 3. Consequently, I and III must be true and the correct answer is D.

Question
How many numbers that are not divisible by 6 divide evenly into 264,600?

(A) 9
(B) 36
(C) 51
(D) 63
(E) 72

Answer
264,600 can be broken into its prime factors as follows: 23  33  52 72.
 
To determine the total number of factors, we need to calculate the number of ways that the various powers of 2, 3, 5, and 7 can combine.

There are 4 powers of 2 (including the zero power): 20, 21, 22, and 23.

There are 4 powers of 3 (including the zero power): 30, 31, 32, and 33.

There are 3 powers of 5 (including the zero power): 50, 51, and 52.

There are 3 powers of 7 (including the zero power): 70, 71, and 72.

Consequently, there are 4  4  3  3 = 144 different ways to combine the prime factors of 264,600. These 144 combinations form all the factors of 264,600, from the first factor (20  30  50 70 = 1) to the last factor (23  33  52 72 = 264,600). 

Now we need to eliminate the factors of 6. Recall that a factor of six must have at least one 2 and one 3. So it must have either 21, 22, or 23 AND 31, 32, or 33 as its factors. There are 3  3 = 9 different ways the powers of 2 and 3 can combine to generate distinct numbers divisible by 6.

There are 3  3 = 9 different numbers that can be formed from the powers 5 and 7 (using 50, 51, and 52 and 70, 71, and 72). Any of these 9 numbers can combine with any of the 9 multiples of 6 to form 9  9 = 81 distinct multiples of 6. 

Hence, the number of factors of 264,600 that are not divisible by 6 is 144 – 81 = 63. The correct answer is D.
Question
n is an integer greater than or equal to 0.  The sequence tn for n > 0 is defined as 
tn = tn–1 + n.  Given that t0 = 3,  is tn even?

(1) n + 1 is divisible by 3
(2) n – 1 is divisible by 4


(A) Statement (1) alone is sufficient, but statement (2) alone is not sufficient.
(B) Statement (2) alone is sufficient, but statement (1) alone is not sufficient. 
(C) BOTH statements TOGETHER are sufficient, but NEITHER statement ALONE is sufficient.
(D) Each statement ALONE is sufficient.
(E) Statements (1) and (2) TOGETHER are NOT sufficient.

Answer
Sequence problems are often best approached by charting out the first several terms of the given sequence. In this case, we need to keep track of n, tn, and whether tn is even or odd.

	n
	tn
	Is tn even or odd?

	0
	tn = 3
	Odd

	1
	t1 = 3 + 1 = 4
	Even

	2
	t2 = 4 + 2 = 6
	Even

	3
	t3 = 6 + 3 = 9
	Odd

	4
	t4 = 9 + 4 = 13
	Odd

	5
	t5= 13 + 5 = 18
	Even

	6
	t6 = 18 + 6 = 24
	Even

	7
	t7 = 24 + 7 = 31
	Odd

	8
	t8 = 31 + 8 = 39
	Odd



Notice that beginning with n = 1, a pattern of even-even-odd-odd emerges for tn.

Thus tn is even when n = 1, 2 . . . 5, 6 . . . 9, 10 . . . 13, 14 . . . etc. Another way of conceptualizing this pattern is that tn is even when n is either
(a) 1 plus a multiple of 4 (n = 1, 5, 9, 13, etc.) or 
(b) 2 plus a multiple of 4 (n = 2, 6, 10, 14, etc).

From this we see that only Statement (2) is sufficient information to answer the question. If n – 1 is a multiple of 4, then n is 1 plus a multiple of 4. This means that tn is always even.

Statement (1) does not allow us to relate n to a multiple of 4, since it simply tells us that n + 1 is a multiple of 3. This means that n could be 2, 5, 8, 11, etc. Notice that for n = 2 and n = 5, tn is in fact even. However, for n = 8 and n = 11, tn is odd.

Thus, Statement (2) alone is sufficient to answer the question but Statement (1) alone is not. The correct answer is B.

Question
Is x divisible by 30? 

(1) x = k(m3 - m), where m and k are both integers > 9 

(2) x = n5 - n, where n is an integer > 9


(A) Statement (1) alone is sufficient, but statement (2) alone is not sufficient.
(B) Statement (2) alone is sufficient, but statement (1) alone is not sufficient. 
(C) BOTH statements TOGETHER are sufficient, but NEITHER statement ALONE is sufficient.
(D) Each statement ALONE is sufficient.
(E) Statements (1) and (2) TOGETHER are NOT sufficient.

Answer
Since 30 = 2  3  5, the question stem can be rephrased as follows: Does x have at least one factor each of 2, 3, and 5? 
Since we are trying to determine “divisibility” for an expression, we need to transform the given expressions from “sums and differences” (polynomial form) into “products” (factored form) as completely as possible. The most logical thing to do is to keep factoring as long as you can. 

We can factor the expression in statement (1) as follows:

x = k(m3 - m) = k(m(m2 - 1)) = k(m - 1)m(m + 1) 

Notice that x can be expressed as the product of k and 3 consecutive integers [(m - 1)m(m + 1)].

Since three consecutive integers must include at least one even number and one factor of 3, the product of three consecutive integers MUST have be divisible by both 2 and 3. 

However, there is no way to determine whether the product of 3 consecutive integers is divisible by 5. We also don't know whether the integer k is divisible by 5. Therefore, we don't know whether x is divisible by 5 and so statement (1) is not sufficient.

We can now try factoring the expression in statement (2) as follows:

[image: image172.png]no-n=nin*-1)
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—An-Dn+ D 2+ 1




We see that x is the product of 3 consecutive integers  (n2 + 1).

We already know that the product of 3 consecutive integers must be divisible by both 2 and 3. Hence, we need to determine whether the expression must also be divisible by 5 for all possible n. We can use logic to do so. 

For any integer n, n must either be divisible by 5, or have a remainder of 1, 2, 3, or 4 when divided by 5. We must prove that there is a factor of 5 in the expression for ALL five cases. 

If n is divisible by 5, then the expression surely must be divisible by 5.

If n divided by 5 has a remainder of 1, then the (n - 1) term must be divisible by 5 and so, again, the expression must be divisible by 5. 

If n divided by 5 has a remainder of 4, then the (n + 1) term must be divisible by 5 and so, again, the expression must be divisible by 5.

Now we are left only with the cases where n divided by 5 has a remainder of 2 or a remainder of 3. For these cases, we need to check the (n2 + 1) term of the expression.

If n divided by 5 has a remainder of 2, then we can express n as n = 5j + 2 (where j is a positive integer). Hence, n2 + 1 = (5j + 2)2 + 1 = (25j2 + 20j + 4) + 1 = 25j2 + 20j + 5 = 5(5j2 + 4j + 1). Thus, n2 + 1 is divisible by 5.

If n divided by 5 has remainder 3, we can express n as n = 5j + 3 (where j is a positive integer). Hence, n2 + 1 = (5j + 3)2 + 1 = 25j2 + 30j + 9 + 1 = 25j2 + 30j + 10 = 5(5j2 + 6j + 2). Thus, n2 + 1 is divisible by 5.

Thus, x is divisible by 5 for all possible n’s so statement (2) is sufficient to answer the question. The correct answer is (B).

Question
Which of the answer choices properly lists the following in increasing order from left to right: [image: image173.png]¥ ¢ o /o0



 ?
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Answer
The GMAT does not require you to know how to evaluate an integral root of any general integer, but you are expected to understand how to evaluate an integer raised to an integer power. Hence, you should immediately realize that there must be a way we can transform each of the expressions into an expression that we can evaluate. 

The most obvious way to transform a root into a power is to raise it to a higher power. Since we are trying to compare the expressions, a reasonable transformation is to raise each of the expressions to the same power. What power should we use? 
Since [image: image175.png]


, in order to get integral powers of x (i.e., n/m is an integer) we should raise all of the roots to the Least Common Multiple of the m’s. We have roots of 3, 6, 10, and 15, so the LCM is equal to 30. Therefore, we should raise each of the expressions to the 30th power as follows:
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Thus, the original expressions in increasing order are as follows:

[image: image180.png]R0 90 £ 6



. The correct answer is E.

[A valid question here is: Are we allowed to do this (i.e. does raising each expression to a common power preserve the order of size of the original expressions)? Mathematically, this question is: if x, y, and n are positive integers and xn > yn, does this imply that x > y? This is intuitively true, but let’s prove it quickly. 

Let’s assume that x > y. This means that x = y + ∆, where ∆ is a positive number. If we raise both side of this equation to the nth power, we get: xn = (y + ∆)n = yn + “the rest of the expansion”.  Since both y and ∆ are positive, all the terms in the expansion are positive, hence xn – yn = “rest of the expansion” > 0, implying that xn > yn. Hence, x > y and xn > yn imply each other, so given xn > yn, we can conclude x > y.]

Question
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Answer
The first culprit in this expression is the radical in the denominator.  Radicals in the denominator are dealt with by multiplying the fraction with an expression that is equal to 1 but contains a “canceling radical” in both the numerator and denominator.

For example, [image: image183.png]Ho



 is simplified by multiplying by [image: image184.png]Sl



.

In the case of a complex radical, such as [image: image185.png]S5+2J6



, we multiply by the conjugate, [image: image186.png]


 as follows:
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Simplifying radicals in the denominator with conjugate radical expressions is very useful on challenging GMAT radical questions.

The correct answer is C.

Question
[image: image188.png]83,521,y73
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In the expression above, the letter y represents a single digit from 0 to 9. Is d a decimal with exactly ten digits?

(1) The sum of all the digits in the numerator is not a multiple of 3.

(2) 33 is a factor of the denominator.


Answer
One way to think about this problem is to consider whether the information provided gives us any definitive information about the digit y.

If the sum of the digits of a number is a multiple of 3, then that number itself must be divisible by 3. The converse holds as well: If the sum of the digits of a number is NOT a multiple of 3, then that number itself must NOT be divisible by 3.  Thus, from Statement (1), we know that the numerator of decimal d is NOT a multiple of 3. This alone does not provide us with sufficient information to determine anything about the length of the decimal d. It also does not provide us any information about the digit y. 

Statement (2) tells us that 33 is a factor of the denominator of decimal d. Since 33 is composed of the prime factors 3 and 11, we know that the denominator of decimal d must be divisible by both 3 and 11. The denominator 441,682,36y will only be divisible by 11 for ONE unique value of y. We know this because multiples of 11 logically occur once in every 11 numbers. Since there are only 10 possible values for y (the digits 0 through 9), only one of those values will yield a denominator that is a multiple of 11. (It so happens that the value of y must be 2, in order to make the denominator a multiple of 11. It is not essential to determine this - we need only understand that only one value for y will work.)

Given that statement (2) alone allows us to determine one unique value for y, we can use this information to determine the exact value for d and thereby answer the question.

The correct answer is B: Statement (2) alone is sufficient but statement (1) alone is not sufficient to answer the question.

Question
K and L are each four-digit positive integers with thousands, hundreds, tens, and units digits defined as a, b, c, and d, respectively, for the number K, and p, q, r, and s, respectively, for the number L. For numbers K and L, the function W is defined as 5a2b7c3d ÷ 5p2q7r3s. The function Z is defined as (K – L) ÷ 10. If W = 16, what is the value of Z?

(A) 16
(B) 20
(C) 25
(D) 40
(E) It cannot be determined from the information given.

Answer
Using the rules for dividing exponential expressions with common bases, we can rewrite the function W as follows: 5a-p2b-q7c-r3d-s. Clearly, this function represents a product of powers of the prime numbers 5, 2, 7, and 3.
 
The question stems states that W = 16, which is simply 24.  Since 2 is the only number that is a factor of W, then it must be true that the powers of the other prime bases that compose W (namely, 5, 7, and 3) are each zero.  Otherwise, the value of the function W would be divisible by these primes.

Thus, we can conclude that W = 5a-p2b-q7c-r3d-s = 502b-q7030 = 16. This means that b – q = 4.  Since b and q each represent the hundreds digit of the integers K and L respectively, we know that the hundreds digit of K is 4 greater than the hundreds digit of L. Also, since the exponents of 5, 7, and 3 are equal to zero, the differences between the thousands, tens, and units digits of K and L are zero, implying that K and L differ only in their hundreds digit.

Since the hundreds digit of K is 4 greater than that of L, the difference between K and L is 4 × 100 = 400. Therefore K – L = 400. Since Z is defined as (K – L) ÷ 10, we can determine that Z = 400 ÷ 10 = 40. The correct answer is D.

Question
paqbrcsd = x, where x is a perfect square. If p, q, r, and s are prime integers, are they distinct?

(1) 18 is a factor of ab and cd

(2) 4 is not a factor of ab and cd

(A) Statement (1) alone is sufficient, but statement (2) alone is not sufficient.
(B) Statement (2) alone is sufficient, but statement (1) alone is not sufficient. 
(C) BOTH statements TOGETHER are sufficient, but NEITHER statement ALONE is sufficient.
(D) Each statement ALONE is sufficient.
(E) Statements (1) and (2) TOGETHER are NOT sufficient.

Answer
When a perfect square is broken down into its prime factors, those prime factors always come in "pairs." For example, the perfect square 225 (which is 15 squared) can be broken down into the prime factors 5 × 5 × 3 × 3. Notice that 225 is composed of a pair of 5's and a pair of 3's.

The problem states that x is a perfect square. The prime factors that build x are p, q, r, and s. In order for x to be a perfect square, these prime factors must come in pairs. This is possible if either of the following two cases hold:

Case One: The exponents a, b, c, and d are even. In the example 325472116, all the exponents are even so all the prime factors come in pairs.

Case Two: Any odd exponents are complemented by other odd exponents of the same prime. In the example 315433116, notice that 31 and 33 have odd exponents but they complement each other to create an even exponent (34), or "pairs" of 3's. Notice that this second case can only occur when p, q, r, and s are NOT distinct. (In this example, both p and r equal 3.)

Statement (1) tells us that 18 is a factor of both ab and cd. This does not give us any information about whether the exponents a, b, c, and d are even or not.

Statement (2) tells us that 4 is not a factor of ab and cd. This means that neither ab nor cd has two 2's as prime factors. From this, we can conclude that at least two of the exponents (a, b, c, and d) must be odd. As we know from Case 2 above, if paqbrcsd  is a perfect square but the exponents are not all even, then the primes p, q, r and s must NOT be distinct.

The correct answer is B: Statement (2) alone is sufficient, but statement (1) alone is not sufficient. 

Question
If n is an integer and n4 is divisible by 32, which of the following could be the remainder when n is divided by 32?

(A) 2
(B) 4
(C) 5
(D) 6
(E) 10

Answer
The prime factors of n4 are really four sets of the prime factors of the integer n. 

Since n4 is divisible by 32 (or 25), n4 must be divisible by 2 at least 5 times. What does this tell us about the integer n?

If n is divisible by only one 2, then n4 would be divisible by exactly four 2's (since the prime factors of n4 have no source other than the integer n). 

But we know that n4 is divisible by at least five 2's! This means that n must be divisible by at least two 2's (which means that n4 must be divisible by eight 2's). Thus, we know that the integer n must be divisible by 4.

Now that we know that n is divisible by 4, we can consider what happens when we divide n by 32. 

If we divide n by 32 we can represent this mathematically as follows: 

n = 32b + c   (where b is the number of times 32 goes into n and c is the integer remainder)

We know that n is divisible by 4 so we can rewrite this as:

4x = 32b + c               (where x is an integer)

This equation can be simplified, by dividing both sides by 4 as follows:

x = 8b + c/4

Since we know that x is an integer, the sum of 8b and c/4 must yield an integer. We know that 8b is an integer so c/4 must be also be an integer. Therefore, c, the remainder, must be divisible by 4.

Only answer choice B qualifies. The remainder when n is divided by 32 could be 4. It could not be any of the another answer choices. The correct answer is B.

Question
Given that a, b, c, and d are different nonzero digits and that 10d + 11c < 100 – a, which of the following could not be a solution to the addition problem below?

       abdc
    + dbca
 

(A) 3689
(B) 6887
(C) 8581
(D) 9459
(E) 16091

Answer
In digit problems, it is usually best to find some characteristic that must be true of the correct solution. In looking at the given addition problem, the only promising feature is that the digit b is in the hundredths place in both numbers that are being added.

What does this mean? Adding together two of the same numbers is the same as multiplying the number by 2. In other words, b + b = 2b. This implies that the hundredths place in the correct solution should be an even number (since all multiples of 2 are even).

However, this implication is ONLY true if their is no "carry over" into the hundredths column. If the addition of the units and tens digits requires us to "carry over" a 1 into the hundredths column, then this will throw off our logic. Instead of just adding b + b to form the hundredths digit of the solution, we will be adding 1 + b + b (which would sum to an odd digit in the hundredths place of the solution).

The question then becomes, will there be a "carry over" into the hundredths column? If not, then the hundredths digit of the solution MUST be even. If there is a carry over, then the hundredths digit of the solution MUST be odd.

The only way that there would be a "carry over" into the hundredths column is if the sum of the units and tens places is equal to 100 or greater.

The sum of the units place can be written as c + a.
The sum of the tens place can be written as 10d + 10c.
Thus, the sum of the units and tens places can be written as c + a + 10d + 10c which simplifies to 10d + 11c + a.

The problem states that 10d + 11c < 100 – a. This can be rewritten as 10d + 11c + a < 100. In other words, the sum of the units and ten places totals to less than 100. Therefore, there is no "carry over" into the hundredths column and so the hundredths digit of the solution MUST be even.

The problem asks us which of the answer choices could NOT be a solution to the given addition problem, so we simply need to find an answer choice that does NOT have an even number in the hundredths place.

The only answer choice that qualifies is 8581. The correct answer is C.

Question
Given that both x and y are positive integers, and that y = 3(x – 1) – x, is y divisible by 6?

(1) x is a multiple of 3

(2) x is a multiple of 4

(A) Statement (1) alone is sufficient, but statement (2) alone is not sufficient.
(B) Statement (2) alone is sufficient, but statement (1) alone is not sufficient. 
(C) BOTH statements TOGETHER are sufficient, but NEITHER statement ALONE is sufficient.
(D) Each statement ALONE is sufficient.
(E) Statements (1) and (2) TOGETHER are NOT sufficient. 

Answer
In order for any number to be divisible by 6, it must be divisible by both 2 and 3. Thus, in order for y to be divisible by 6, y must be even (which is the same as being divisible by 2) and y must be a multiple of 3.

We can analyze each statement more effectively by breaking y into its 2 components: [3(x – 1)] and [x].

Statement (1) tells us that x is a multiple of 3.

Since x is a positive integer, 3(x – 1) is simply 3 raised to some integer power. This component of y will always be a multiple of 3.

From statement (1) we also know that the second component of y, which is simply x, is also a multiple of 3.

Subtracting one multiple of 3 from another multiple of 3 will yield a multiple of 3. Therefore, statement (1) tells us that y must be divisible by 3. However, this does not tell us whether y is even or not. Therefore, this is not enough information to tell us whether y is divisible by 6.

Statement (2) tells us that x is a multiple of 4. This means that x must be even.

Since x is a positive integer, 3(x – 1) is simply 3 raised to some integer power. This component of y will always be odd.

From statement (2) we also know that the second component of y, which is simply x, is even.

Subtracting an even number from an odd number yields an odd number. Therefore, statement (2) tells us that y must be odd. Since y is odd, it cannot be divisible by 2, which means y is NOT divisible by 6. This is sufficient information to answer the question.

The correct answer is B: Statement (2) alone is sufficient, but statement (1) alone is not sufficient. 

1.
If q, r, and s are consecutive even integers and q < r < s, which of the following CANNOT be the value of  s2 – r2 – q2?

(A) -20
(B) 0

(C)* 8

(D) 12

(E) 16

Sol.
If q, r, and s are consecutive even integers and q < r < s, then r = s – 2 and q = s – 4. The expression  s2– r2– q2 can be written as s2– (s –2)2 – (s – 4)2. If we multiply this out, we get: 
s2– (s –2)2 – (s – 4)2 = s2– (s2 – 4s + 4) – (s2 – 8s + 16) = s2– s2 + 4s – 4 – s2 + 8s – 16 =
-s2 + 12s – 20
The question asks which of the choices CANNOT be the value of the expression -s2 + 12s – 20 so we can test each answer choice to see which one violates what we know to be true about s, namely that s is an even integer. 

Testing (E) we get:

-s2 + 12s – 20 =16

-s2 + 12s – 36 = 0

s2+ 12s – 36 = 0

(s – 6)(s – 6) = 0
s = 6. This is an even integer so this works.
Testing (D) we get:
-s2 + 12s – 20 =12 

-s2 + 12s – 32 = 0

s2+ 12s – 32 = 0

(s – 4)(s – 8) = 0
s = 4 or 8. These are even integers so this works.

Testing (C) we get:
-s2 + 12s – 20 = 8 

-s2 + 12s – 28 = 0

s2+ 12s – 28 = 0

Since there are no integer solutions to this quadratic (meaning there are no solutions where s is an integer), 8 is not a possible value for the expression.

Alternately, we could choose values for q, r, and s and then look for a pattern with our results. Since the answer choices are all within twenty units of zero, choosing integer values close to zero is logical. For example, if q = 0, r = 2, and s = 4, we get 42 – 22 – 02 which equals 
16 – 4 – 0 = 12. Eliminate answer choice D. 

Since there is only one value greater than 12 in our answer choices, it makes sense to next test q = 2, r = 4, s = 6. With these values, we get 62 – 42 – 22 which equals 36 – 16 – 4 = 16. Eliminate answer choice E. 

We have now eliminated the two greatest answer choices, so we must test smaller values for q, r, and s. If q = -2, r = 0, and s = 2, we get 22 – 02 – 22 which equals 4 – 0 – 4 = 0. Eliminate answer choice B. 

At this point, you might notice that as you choose smaller (more negative) values for q, r, and s, the value of s2 < r2 < q2. Thus, any additional answers will yield a negative value. If not, simply choose the next logical values for q, r, and s: q = -4, r = -2, and s = 0. With these values we get 02 – (-2)2 – (-4)2 = 0 – 4 – 16 = -20. Eliminate answer choice A. 

The correct answer is C. 

2.
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The expression fits the known algebraic identity: (x + y)(x – y), where [image: image190.png]33



 and [image: image191.png]


.

Since (x + y)(x – y) = x2 – y2, we can rewrite the expression in the problem as x2 – y2 as follows:
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Alternately, if you did not notice the algebraic identity, solve this problem using FOIL. Using this process we get (3Squrt3)2 – (3Sqrt3)(Sqrt27) + (3Sqrt3)(Sqrt27) – (Sqrt 27)2. Since the two middle terms cancel, we are left with (3Squrt3)2 - (Sqrt 27)2 = 27 – 27 = 0. 

A final option is to recognize that Sqrt27 = 3Sqrt3.  Thus, the original question asks for the value (6Sqrt3)(0) = 0

The correct answer is A. 

When x is divided by 4, the quotient is y and the remainder is 1. When x is divided by 7, the quotient is z and the remainder is 6. Which of the following is the value of y in terms of z? 

(4z/7) + 5

(7z + 5)/6

(6z + 7)/4

(7z + 5)/4

(4z + 6)/7

Top of Form

If x is divided by 4 and has a quotient of y and a remainder of 1, then x = 4y + 1. 

And if x divided by 7 and has a quotient of z and a remainder of 6, then x = 7z + 6.

If we combine these two equations, we get:

4y + 1 = 7z + 6
4y = 7z + 5, so we have y = (7z + 5) / 4. 

You could also solve this problem by picking a value for x. The trick is to pick a value that works with the constraints given in the problem.

One such value is x = 13. This means that y is equal to the quotient of x ÷ 4, which is 3. The remainder would be 1, which meets the constraint given in the problem.

Given that x = 13, z is equal to the quotient of x ÷ 7, which is 1. The remainder would be 6, which meets the constraint given in the problem.

Thus x = 13, y = 3, and z = 1 meet the constraints given in the problem. Plug the value z = 1 into each answer choice to see which choice yields the correct value for y, which is 3. Only answer choice D works. 

The correct answer is D.

For any four digit number, abcd, *abcd*= (3a)(5b)(7c)(11d). What is the value of (n – m) if m and n are four-digit numbers for which *m* = (3r)(5s)(7t)(11u) and *n* = (25)(*m*)? 

2000

200

25

20

2 
According to the question, the “star function” is only applicable to four digit numbers. The function takes the thousands, hundreds, tens and units digits of a four-digit number and applies them as exponents for the bases 3, 5, 7 and 11, respectively, yielding a value which is the product of these exponential expressions.

 

Let’s illustrate with a few examples:

*2234* = (32)(52)(73)(114)  

*3487* = (33)(54)(78)(117)

 

According to the question, the four-digit number m must have the digits of rstu, since *m* = (3r)(5s)(7t)(11u).

 

If *n* = (25)(*m*)

   *n* = (52)(3r)(5s)(7t)(11u)

   *n* = (3r)(5s+2)(7t)(11u)

 

n is also a four digit number, so we can use the *n* value to identify the digits of n: 

thousands =  r, hundreds = s + 2, tens = t, units = u.

 

All of the digits of n and m are identical except for the hundreds digits. The hundreds digits of n is two more than that of m, so n – m = 200. 

 

The correct answer is B.

1727  has a units digit of: 

1

2

3

7

9 
When raising a number to a power, the units digit is influenced only by the units digit of that number.  For example 162 ends in a 6 because 62 ends in a 6.  

1727 will end in the same units digit as 727.
The units digit of consecutive powers of 7 follows a distinct pattern: 

	Power of 7
	Ends in a ...

	71
	7

	72
	9

	73
	3

	74
	1

	75
	7


The pattern repeats itself every four numbers so a power of 27 represents 6 full iterations of the pattern (6 × 4 = 24) with three left over.  The "leftover three" leaves us back on a "3," the third member of the pattern 7, 9, 3, 1.  

The correct answer is C.

D is the set of all the multiples of 3 between 20 and 100. E is the set of all the factors of 400. Set D and Set E have how many numbers in common? 

0

1

3

5

12
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One way to approach this problem is to list the members of each set and see which numbers appear in both. Another approach is to consider patterns in each set.

All the members of set D are multiples of 3 between 20 and 100. This means that they are integers that can be broken down into some prime factorization that includes the number 3. For example one of the multiples of 3 between 20 and 100 is 24. The prime factorization of 24 = 2 × 2 × 2 × 3. 

Notice that the prime factorization includes the prime number 3. This is true for all the members of set D.

On the other hand, in analyzing the member of set E, we can consider the prime factorization of 400, which is 2 × 2 × 2 × 2 × 5 × 5. All the members of set E will consist of some combination of these prime factors. For example, 10 is a member of set E because it is a factor of 400. 10 is the product of 2 × 5. 

Notice that the prime factorization of any member of set E will NOT include the prime number 3.

Thus, Set D and Set E share 0 common members. 

The correct answer is A.

12/22/03
Question
If x, y, and z are positive integers, where x > y  and [image: image194.png]


 , are x and y consecutive perfect squares? (A perfect square is defined as the square of an integer. For example, 36 is a perfect square since it equals 6 squared, while 38 is not a perfect square since it is not equal to the square of any integer.)

(1) x + y = 8z +1

(2) x – y = 2z – 1

(A) Statement (1) alone is sufficient, but statement (2) alone is not sufficient.
(B) Statement (2) alone is sufficient, but statement (1) alone is not sufficient. 
(C) BOTH statements TOGETHER are sufficient, but NEITHER statement ALONE is sufficient.
(D) Each statement ALONE is sufficient.
(E) Statements (1) and (2) TOGETHER are NOT sufficient.

Answer
The question stem tells us that [image: image195.png]


, which is simply another way of stating that [image: image196.png]


. We are also told that x, y, and z are positive integers and that x > y. Then we are asked whether x and y are consecutive perfect squares. For example, if y = 9 and x = 16, then y and x are consecutive perfect squares. In order for x and y to be consecutive perfect squares, given that x is greater than y, it would have to be true that [image: image197.png]=y +1



.  For example, [image: image198.png]JIB =T +1



.  [Another way of thinking about this: If y is the square of 3, then x must be the square of 4, or the square of (3 + 1).] 

Statement (1) says that x + y = 8z +1. Using the fact that [image: image199.png]


, we get z2 = x. We can substitute for x into the given equation as follows: z2 + y = 8z + 1.  We can rearrange this into z2 – 8z – 1 = –y and other similar equations. Unfortunately, these equations are not useful as no factoring is possible. So instead, let’s try to prove insufficiency by picking values that demonstrate that statement (1) can go either way.

Let’s begin by picking a value for x. We know that x must be a perfect square (since the square root of x is the integer z) so it makes sense to simply start picking small perfect squares for x.

If x is 4, then z = 2. Substituting these values into the equation in statement (1) yields the following: y = 8z + 1 – x = 8(2) + 1 – 4 = 13. This does not meet the constraint given in the question that x > y,  so we cannot use this value for x.

If x is 9, then z = 3 and y is 16. Again, this does not meet the constraint given in the question that x > y so we cannot use this value for x.

If x is 25 then z = 5 and y is 16. In this case the answer to the question is YES: y and x (16 and 25) are consecutive perfect squares.

If x is 36 then z = 6, which means that y is 13. In this case the answer to the question is NO: y and x (13 and 36) are not consecutive perfect squares.

Therefore Statement (1) alone is not sufficient to answer the question.

Statement (2) says that x – y = 2z – 1. Again, using the fact that [image: image200.png]


, we get z2 = x. We can substitute for x into the given equation as follows: z2 – y = 2z – 1. We can rearrange this to get z2 – 2z + 1 = y, which we can factor into (z – 1)(z – 1) = y.  Therefore, [image: image201.png]


.  We can replace z with [image: image202.png]
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 .  Thus, x and y are always consecutive perfect squares. Statement (2) alone is sufficient to answer the question.

The correct answer is B: Statement (2) alone is sufficient, but statement (1) alone is not sufficient. 

10/28/02
Question
The function f(n) = the number of factors of n. If f(pq) = 4, what is the value of the integer p? 

(1) p + q is an odd integer

(2) q < p
(A) Statement (1) alone is sufficient, but statement (2) alone is not sufficient.
(B) Statement (2) alone is sufficient, but statement (1) alone is not sufficient. 
(C) BOTH statements TOGETHER are sufficient, but NEITHER statement ALONE is sufficient.
(D) Each statement ALONE is sufficient.
(E) Statements (1) and (2) TOGETHER are NOT sufficient.

Answer
Any product pq must have the following factors: {1, p, q, and pq}. If the product pq has no additional factors, the p and q must be prime. 

Statement (1) tells us that the sum of p and q is an odd integer. Therefore either p or q must be even, while the other is odd. Since we know p and q are prime, either p or q must be equal to 2 (the only even prime number). However, statement (1) does not provide enough information for us to know which of the variables, p and q, is equal to 2.

Statement (2) tells us that q < p, which does not give us any information about the value of p. 

From both statements taken together, we know that, since 2 is the smallest prime number, q must equal 2. However, we cannot determine the value of p.

The correct answer is E.

07/12/04
Question
Given that both x and y are positive integers, and that y = 3(x – 1) – x, is y divisible by 6?

(1) x is a multiple of 3

(2) x is a multiple of 4

(A) Statement (1) alone is sufficient, but statement (2) alone is not sufficient.
(B) Statement (2) alone is sufficient, but statement (1) alone is not sufficient. 
(C) BOTH statements TOGETHER are sufficient, but NEITHER statement ALONE is sufficient.
(D) Each statement ALONE is sufficient.
(E) Statements (1) and (2) TOGETHER are NOT sufficient. 

Answer
In order for any number to be divisible by 6, it must be divisible by both 2 and 3. Thus, in order for y to be divisible by 6, y must be even (which is the same as being divisible by 2) and y must be a multiple of 3.

We can analyze each statement more effectively by breaking y into its 2 components: [3(x – 1)] and [x].

Statement (1) tells us that x is a multiple of 3.

Since x is a positive integer, 3(x – 1) is simply 3 raised to some integer power. This component of y will always be a multiple of 3.

From statement (1) we also know that the second component of y, which is simply x, is also a multiple of 3.

Subtracting one multiple of 3 from another multiple of 3 will yield a multiple of 3. Therefore, statement (1) tells us that y must be divisible by 3. However, this does not tell us whether y is even or not. Therefore, this is not enough information to tell us whether y is divisible by 6.

Statement (2) tells us that x is a multiple of 4. This means that x must be even.

Since x is a positive integer, 3(x – 1) is simply 3 raised to some integer power. This component of y will always be odd.

From statement (2) we also know that the second component of y, which is simply x, is even.

Subtracting an even number from an odd number yields an odd number. Therefore, statement (2) tells us that y must be odd. Since y is odd, it cannot be divisible by 2, which means y is NOT divisible by 6. This is sufficient information to answer the question.

The correct answer is B: Statement (2) alone is sufficient, but statement (1) alone is not sufficient. 

10/25/04
Question
x is a positive number.  If 9x + 9x+1 + 9x+2 + 9x+3 + 9x+4 + 9x+5 = y, is y divisible by 5?

1) 5 is a factor of x.

2) x is an integer.

(A) Statement (1) ALONE is sufficient to answer the question, but statement (2) alone is not.
(B) Statement (2) ALONE is sufficient to answer the question, but statement (1) alone is not.
(C) Statements (1) and (2) TAKEN TOGETHER are sufficient to answer the question, but NEITHER statement ALONE is sufficient.
(D) EACH statement ALONE is sufficient to answer the question.
(E) Statements (1) and (2) TAKEN TOGETHER are NOT sufficient to answer the question.

Answer
The key to this problem is to recognize that in order for any integer to be divisible by 5, it must end in 0 or 5.  Since we are adding a string of powers of 9, the question becomes "Does the sum of these powers of 9 end in 0 or 5?"  If we knew the units digits of each power of nine, we'd be able to figure out the units digit of their sum. 

9 raised to an even exponent will result in a number whose units digit is 1 (e.g., 92 = 81, 94 = 6561, etc.).  If 9 raised to an even exponent always gives 1 as the units digit, then 9 raised to an odd exponent will therefore result in a number whose units digit is 9 (think about this: 92 = 81, so 93 will be 81 x 9 and the units digit will be 1 x 9).  

Since our exponents in this case are x, x+1, x+2, x+3, x+4, and x+5, we need to know whether x is an integer in order to be sure the pattern holds. (NEVER assume that an unknown is an integer unless expressly informed).  If x is in fact an integer, we will have 6 consecutive integers, of which 3 will necessarily be even and 3 odd.  The 3 even exponents will result in 1's and the 3 odd exponents will result in 9's.  Since the three 1's can be paired with the three 9's (for a sum of 30), the units digit of y will be 0 and y will thus be divisible by 5.  But we don't know whether x is an integer.  For that, we need to check the statements.

Statement (1) tells us that 5 is a factor of x, which means that x must be an integer.  Sufficient.  

Statement (2) tells us that x is an integer.  Sufficient.

The correct answer is D: EACH statement ALONE is sufficient to answer the question.

04/03/06
Question
What is the positive integer n? 

(1) For every positive integer m, the product m(m + 1)(m + 2) ... (m + n) is divisible by 16 

(2) n2 - 9n + 20 = 0 

(A) Statement (1) ALONE is sufficient to answer the question, but statement (2) alone is not.
(B) Statement (2) ALONE is sufficient to answer the question, but statement (1) alone is not.
(C) Statements (1) and (2) TAKEN TOGETHER are sufficient to answer the question, but NEITHER statement ALONE is sufficient.
(D) EACH statement ALONE is sufficient to answer the question.
(E) Statements (1) and (2) TAKEN TOGETHER are NOT sufficient to answer the question.

Answer
(1) INSUFFICIENT: For a number to be divisible by 16, it must be divisible by 2 four times. The expression m(m + 1)(m + 2) ... (m + n) represents the product of n + 1 consecutive integers. For example if n = 5, the expression represents the product of 6 consecutive integers. 

To find values of n for which the product will be divisible by 16 let's first consider n = 3. This implies a product of four consecutive integers. In any set of four consecutive integers, two of the integers will be even and two will be odd. In addition one of the two even integers will be a multiple of 4, since every other even integer on the number line is a multiple of 4 (4 yes, 6 no, 8 yes, etc...).  This accounts for a total of three 2's that can definitely divide into the product of 4 consecutive integers. This however is not enough.

With five integers (i.e. n = 4), there may or may not be an additional 2: there could be two or three even integers. Six integers (i.e. n = 5) will guarantee three even integers and a product that is divisible by four 2's. Anything above six integers will naturally be divisible by 16 as well, so we can conclude that n is greatern than or equal to 5.

(2) INSUFFICIENT: This expression factors to (n - 4)(n - 5) = 0. There are two solutions for n, 4 or 5.

(1) AND (2) TOGETHER SUFFICIENT: If n must be greater than or equal to 5 and either 4 or 5, then n must be equal to 5.

The correct answer is C. 

12/16/02
Question
What is the value of the integer n? 

(1) [image: image205.png]
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 is divisible by 3

(A) Statement (1) alone is sufficient, but statement (2) alone is not sufficient.
(B) Statement (2) alone is sufficient, but statement (1) alone is not sufficient. 
(C) BOTH statements TOGETHER are sufficient, but NEITHER statement ALONE is sufficient.
(D) Each statement ALONE is sufficient.
(E) Statements (1) and (2) TOGETHER are NOT sufficient


Answer
Factorial notation is a shorthand notation. Write out statement (1) in its expanded form:
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This does not provide any useful information about the value of n. 

Statement (2) can be rearranged and factored as follows:
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This is a set of three consecutive integers. Any set of three consecutive integers must contain one multiple of three. Therefore, it must be divisible by three. This does not provide any useful information about the value of n either.

Both statements are true for all integers; therefore, they do not provide sufficient information to figure out the value of n.

The correct answer is E: Statements (1) and (2) TOGETHER are NOT sufficient.

Given that p is a positive even integer with a positive units digit, if the units digit of p3 minus the units digit of p2 is equal to 0, what is the units digit of p + 3? 

3

6

7

9

It cannot be determined from the given information.

Top of Form

The easiest way to approach this problem is to chart the possible units digits of the integer p. Since we know p is even, and that the units digit of p is positive, the only options are 2, 4, 6, or 8.

	 UNITS DIGIT OF 
p
	 Units Digit of
p3
	Units Digit of 
p2
	Units Digits of 
p3 – p2

	2
	8
	4
	4

	4
	4
	6
	8

	6
	6
	6
	0

	8
	2
	4
	8


Only when the units digit of p is 6, is the units digit of  p3 – p2 equal to 0.

The question asks for the units digit of p + 3. This is equal to 6 + 3, or 9.

The correct answer is D.

Which of the following is between 13/17 and 17/21?

1/3

3/8

1/2

5/8

7/9
Ans. E

Since 13/17 is greater than 1/2, we can eliminate answer choices A, B, and C which are each 1/2 or less. Now, we can simply test one of the remaining two answer choices. Let's test 5/8 (choice D) using cross multiplication to see if it is greater than 13/17. We can see that 13/17 is greater than 5/8. This eliminates answer choice D. Only 7/9 remains. We can verify that this is the correct answer using cross multiplication: We can see that 7/9 is greater than 13/17 and less than 17/21. The correct answer is E.

Each digit in the two-digit number G is halved to form a new two-digit number H. Which of the following could be the sum of G and H? 

153

150

137

129

89

Top of Form

Since the digits of G are halved to derive those of H, the digits of G must both be even. Therefore, there are only 16 possible values for G and H and we can quickly calculate the possible sums of G and H: 

	G
	H
	G + H

	88
	44
	132

	86
	43
	129

	84
	42
	126

	82
	41
	123

	68
	34
	102

	66
	33
	99

	64
	32
	96

	62
	31
	93

	48
	24
	72

	46
	23
	69

	44
	22
	66

	42
	21
	63

	28
	14
	42

	26
	13
	39

	24
	12
	36

	22
	11
	33


Alternately, we can approach this problem algebraically.  Let's call x and y the tens digit and the units digit of G.  Thus H can be expressed as 5x + .5y.  And the sum of G and H can be written as 15x + 1.5y.  

Since we know that x and y must be even, we can substitute 2a for x and 2b for y and can rewrite the expression for the sum of G and H as: 15(2a) + 1.5(2b) = 30a + 3b. This means that the sum of G and H must be divisible by 3, so we can eliminate C and E. 

Additionally, since we know that the maximum value of G is less than 100, then the maximum value of H must be less than 50. Therefore the maximum value of G + H must be less than 150. This eliminates answer choices A and B. This leaves answer choice D, 129. This can be written as 86 + 43. 

The correct answer is D. 

What is the units digit of (71)5(46)3(103)4 + (57)(1088)3 ? 

0

1

2

3

4
Since the question only asks about the units digit of the final solution, focus only on computing the units digit for each term. Thus, the question can be rewritten as follows: 

(1)5(6)3(3)4 + (7)(8)3.

The units digit of 15 is 1.
The units digit of 63 is 6.
The units digit of 34 is 1.
The units digit of (1 × 6 × 1) is 6.

The units digit of 7 is 7.
The units digit of 83 is 2.
The units digit of (7 × 2) is 4. 

The solution is equal to the units digit of (6 + 4), which is 0.

The correct answer is A.

Which of the following is between 4 and 4000? 

0.4 × 10-3
40000(0.00004)

0.04 ÷ 10-6
4 × 103
10-5 ÷ 10-7
Rewrite each answer choice as a complete decimal.

A:  0.4 × 10-3 = .0004
B:  40000(0.00004) = 1.6
C:  0.04 ÷ 10-6 = 40000
D:   4 × 103 = 4000
E:  10-5 ÷ 10-7 = 100 

Only 100 is between 4 and 4000. The correct answer is E. 
If the fraction d were converted into a decimal, would there be more than 3 nonzero digits to the right of the decimal point? 

(1) The denominator of d is exactly 8 times the numerator of d.

(2) If d were converted into a decimal, d would be a non-repeating decimal.

(1) SUFFICIENT: If the denominator of d is exactly 8 times the numerator, then d can be simplified to 1/8. Rewritten as a decimal, this is 0.125. Thus, there are not more than 3 nonzero digits to the right of the decimal. 

(2) INSUFFICIENT: Knowing that d is equal to a non-repeating decimal does not provide any information about how many nonzero digits are to the right of the decimal point in the decimal representation of d.

The correct answer is A.

Question
a is the sum of x consecutive positive integers. b is the sum of y consecutive positive integers. For which of the following values of x and y is it impossible that a = b? 

(A) x = 2; y = 6 
(B) x = 3; y = 6 
(C) x = 7; y = 9 
(D) x = 10; y = 4 
(E) x = 10; y = 7 

Answer
We can express the sum of consecutive integers algebraically. For example, the sum of three consecutive integers can be expressed as n + (n + 1) + (n + 2) = 3n + 3. So we need to see which values of x and y cannot be equated algebraically. 

(A) Can the sum of two consecutive integers be equal to the sum of 6 consecutive integers? 
We can express this as r + (r + 1) = s + (s + 1) + (s + 2) + (s + 3) + (s + 4) + (s + 5) --> 2r + 1 = 6s + 15. 
Subtract 1 from both sides: 2r = 6s + 14. 
Divide both sides by 2: r = 3s + 7. So if s = 2, for example, then r = 13. 
Is it true that 13 + 14 = 2 + 3 + 4 + 5 + 6 + 7? Yes, 27 = 27. So this pair of values can work.

(B) We can express this as 3r + 3 = 6s + 15. 
Divide through by 3: r + 1 = 2s + 5, subtract 1 from both sides: r = 2s + 4. 
Whatever the value of s, we will find an integer value of r. This can work. 

(C) We can express this as 7r + 21 = 9s + 36. 
Subtract 21 from both sides: 7r = 9s + 15. 
If s = 3, then 7r = 27 + 15 = 42, and r = 6. This can work.

(D) We can express this as 10r + 45 = 4s + 6. 
We can see here that the left side will be odd (10r is even and 45 is odd --> even + odd = odd). 
But the right side will be even (4s is even and 6 is even --> even + even = even). 
Since an odd sum can never equal an even sum, these cannot be equal. 
This cannot work and is therefore the correct answer. 

(E) We can express this as 10r + 45 = 7s + 21. 
Subtract 21 from both sides: 10r + 24 = 7s. 
If r = 6, then 10(6) + 24 = 7s --> 60 + 24 = 7s --> 84 = 7s and s therefore is equal to 12. This can work. 

The correct answer is D. 

12/02/02
Question
If x represents the sum of all the positive three-digit numbers that can be constructed using each of the distinct nonzero digits a, b, and c exactly once, what is the largest integer by which x must be divisible?

(A) 3
(B) 6
(C) 11
(D) 22
(E) 222

Answer
There are 3!, or 6, different three-digit numbers that can be constructed using the digits a, b, and c: 
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The value of any one of these numbers can be represented using place values. For example, the value of abc is 100a + 10b + c.

Therefore, you can represent the sum of the 6 numbers as:
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x is equal to 222(a + b + c). Therefore, x must be divisible by 222. 

The correct answer is E.

05/12/03
Question
What is the three-digit number abc, given that a, b, and c are the positive single digits that make up the number? 

(1) a = 1.5b and b = 1.5c

(2) a = 1.5x + b and b = x + c, where x represents a positive single digit 

Answer
The question states that a, b, and c are each positive single digits. Statement (1) says that a = 1.5b and b = 1.5c. This means that a = 1.5(1.5c) = 2.25c. Nine is the only positive single digit that is a multiple of 2.25. Therefore a = 9, b = 6, and c = 4. Statement (1) is sufficient to determine that abc is 964. 

Statement (2) says that a = 1.5x + b and b = x + c, where x represents a positive single digit. There are several three digit numbers for which these equations would hold true:

631: If x = 2 and c = 1, then b = 2 + 1 = 3 and a = 1.5(2) + 3 = 6. 
Thus abc could be 631.

742 : If x = 2 and c = 2, then b = 2 + 2 = 4 and a = 1.5(2) + 4 = 7. 
Thus abc could be 742.

853 : If x = 2 and c = 3, then b = 2 + 3 = 5 and a = 1.5(2) + 5 = 8. 
Thus abc could be 853.

964: If x = 2 and c = 4, then b = 2 + 4 = 6 and a = 1.5(2) + 6 = 9. 
Thus abc could be 964.

Therefore, Statement (2) is not sufficient to answer the question.

The correct answer is A: Statement (1) alone is sufficient, but statement (2) alone is not sufficient.
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