Mutually Exclusive Events:

	Experiment 1:   
	A single card is chosen at random from a standard deck of 52 playing cards. What is the probability of choosing a 5 or a king? 
	[image:   ][image: [IMAGE]]

	Possibilities:   
		1. 
	The card chosen can be a 5.

	2. 
	The card chosen can be a king.



	



	Experiment 2:   
	A single card is chosen at random from a standard deck of 52 playing cards. What is the probability of choosing a club or a king? 
	[image:   ][image: [IMAGE]]

	Possibilities:   
		1. 
	The card chosen can be a club.

	2. 
	The card chosen can be a king.

	3. 
	The card chosen can be a king and a club (i.e., the king of clubs).



	



	In Experiment 1, the card chosen can be a five or a king, but not both at the same time. These events are mutually exclusive. In Experiment 2, the card chosen can be a club, or a king, or both at the same time. These events are not mutually exclusive. 



	Definition:   
	Two events are mutually exclusive if they cannot occur at the same time (i.e., they have no outcomes in common). 



	Experiment 3:   
	A single 6-sided die is rolled. What is the probability of rolling an odd number or an even number? 
	[image:   ][image: dice]
Top of Form
Bottom of Form

	Possibilities:   
		1. 
	The number rolled can be an odd number.

	2. 
	The number rolled can be an even number.



	

	Events:   
	These events are mutually exclusive since they cannot occur at the same time. 
	



	Experiment 4:   
	A single 6-sided die is rolled. What is the probability of rolling a 5 or an odd number? 
	[image:   ][image: single die]

	Possibilities:   
		1. 
	The number rolled can be a 5.

	2. 
	The number rolled can be an odd number (1, 3 or 5).

	3. 
	The number rolled can be a 5 and odd.



	

	Events:   
	These events are not mutually exclusive since they can occur at the same time. 



	Experiment 5:   
	A single letter is chosen at random from the word SCHOOL. What is the probability of choosing an S or an O? 

	Possibilities:   
		1. 
	The letter chosen can be an S

	2. 
	The letter chosen can be an O.




	Events:   
	These events are mutually exclusive since they cannot occur at the same time. 



	Experiment 6:   
	A single letter is chosen at random from the word SCHOOL. What is the probability of choosing an O or a vowel? 

	Possibilities:   
		1. 
	The letter chosen can be an O

	2. 
	The letter chosen can be a vowel.

	3. 
	The letter chosen can be an O and a vowel.




	Events:   
	These events are not mutually exclusive since they can occur at the same time. 



	Summary:  
	In this lesson, we have learned the difference between mutually exclusive and non-mutually exclusive events. We can use set theory and Venn Diagrams to illustrate this difference.

	
		Mutually Exclusive Events
	 
	 
	 
	Non-Mutually Exclusive Events

	Two events are mutually exclusive if they cannot occur at the same time (i.e., they have no outcomes in common).
	
	
	
	Two events are non-mutually exclusive if they have one or more outcomes in common.

	[image: [IMAGE]]
	
	
	
	[image: [IMAGE]]

	In the Venn Diagram above, the probabilities of events A and B are represented by two disjoint sets (i.e., they have no elements in common).
	
	
	
	In the Venn Diagram above, the probabilities of events A and B are represented by two intersecting sets (i.e., they have some elements in common). 

	






For mutually exclusive events “A” , “B” and “C” ( or if [image: p( A \cap B) = 0]and [image:  p(A \cap B \cap C)= 0]) :

[image:  p(A \cup B) = p(A) + p(B)]

and

[image:  p(A \cup B \cup C) = p(A) + p(B) + p(C)]


Dependent Events:

	Experiment 1:   
	A card is chosen at random from a standard deck of 52 playing cards. Without replacing it, a second card is chosen. What is the probability that the first card chosen is a queen and the second card chosen is a jack? 
	[image:   ][image: [IMAGE]]

	Analysis:   
	The probability that the first card is a queen is 4 out of 52. However, if the first card is not replaced, then the second card is chosen from only 51 cards. Accordingly, the probability that the second card is a jack given that the first card is a queen is 4 out of 51. 
	

	Conclusion:   
	The outcome of choosing the first card has affected the outcome of choosing the second card, making these events dependent. 

	[image:  ]

	Definition:   
	Two events are dependent if the outcome or occurrence of the first affects the outcome or occurrence of the second so that the probability is changed. 



	Now that we have accounted for the fact that there is no replacement, we can find the probability of the dependent events in Experiment 1 by multiplying the probabilities of each event. 




	Experiment 1:   
	A card is chosen at random from a standard deck of 52 playing cards. Without replacing it, a second card is chosen. What is the probability that the first card chosen is a queen and the second card chosen is a jack? 
	[image:   ]
	[image: [IMAGE]]

	Probabilities:   
		P(queen on first pick) 
	 =  
	 4  

	
	
	52 

	 

	P(jack on 2nd pick given queen on 1st pick) 
	 =  
	 4  

	
	
	51 

	 

	P(queen and jack) 
	 =  
	 4  
	 ·  
	 4  
	 =  
	  16   
	 =  
	  4   

	
	
	52 
	
	51 
	
	2652 
	
	663 



	
	



	Experiment 1 involved two compound, dependent events. The probability of choosing a jack on the second pick given that a queen was chosen on the first pick is called a conditional probability.



	Definition:   
	The conditional probability of an event B in relationship to an event A is the probability that event B occurs given that event A has already occurred. The notation for conditional probability is P(B|A) [pronounced as The probability of event B given A]. 



	The notation used above does not mean that B is divided by A. It means the probability of event B given that event A has already occurred. 



	Multiplication Rule 2:   
	When two events, A and B, are dependent, the probability of both occurring is: 

	 
	P(A and B)  =  P(A) · P(B|A) 



Let's look at some experiments in which we can apply this rule.
	Experiment 2:  
	Mr. Parietti needs two students to help him with a science demonstration for his class of 18 girls and 12 boys. He randomly chooses one student who comes to the front of the room. He then chooses a second student from those still seated. What is the probability that both students chosen are girls? 
	[image: [IMAGE]]

	Probabilities:   
		P(Girl 1 and Girl 2)
	 = 
	P(Girl 1)
	 and 
	P(Girl 2|Girl 1)

	[image:   ]

	 
	 = 
	18
	 · 
	17

	
	
	30
	
	29

	
	[image:   ]

	
	 = 
	306
	
	
	

	
	
	870
	
	
	

	
	[image:   ]

	
	 = 
	 51 
	
	
	

	
	
	145
	
	
	



	



	Experiment 3:   
	In a shipment of 20 computers, 3 are defective. Three computers are randomly selected and tested. What is the probability that all three are defective if the first and second ones are not replaced after being tested? 
	[image:   ]
	[image: [IMAGE]]

	Probabilities:   
	P(3 defectives)  =  
	
	

	
		 3  
	 ·  
	 2  
	 ·  
	 1  
	 =  
	    6     
	 =  
	    1     

	20 
	
	19 
	
	18 
	
	6840 
	
	1140 



	
	



	Experiment 4:   
	Four cards are chosen at random from a deck of 52 cards without replacement. What is the probability of choosing a ten, a nine, an eight and a seven in order? 
	[image:   ]
	[image: [IMAGE]]

	Probabilities:   
	P(10 and 9 and 8 and 7)  =  
	
	

	
		 4  
	 ·  
	 4  
	 ·  
	 4  
	 ·  
	 4  
	 =  
	     256      
	 =  
	    32     

	52 
	
	51 
	
	50 
	
	49 
	
	6,497,400 
	
	812,175 



	



	Experiment 5:   
	Three cards are chosen at random from a deck of 52 cards without replacement. What is the probability of choosing 3 aces? 
	[image:   ]
	[image: [IMAGE]]

	Probabilities:   
	P(3 aces)  =  
	
	

	
		 4  
	 ·  
	 3  
	 ·  
	 2  
	 =  
	    24     
	 =  
	    1     

	52 
	
	51 
	
	50 
	
	132,600 
	
	5,525 



	



	Summary:  
	Two events are dependent if the outcome or occurrence of the first affects the outcome or occurrence of the second so that the probability is changed. The conditional probability of an event B in relationship to an event A is the probability that event B occurs given that event A has already occurred. The notation for conditional probability is P(B|A). 

When two events, A and B, are dependent, the probability of both occurring is: P(A and B)  =  P(A) · P(B|A) 




Independent Events:
	Experiment 1:  
	A dresser drawer contains one pair of socks with each of the following colors: blue, brown, red, white and black. Each pair is folded together in a matching set. You reach into the sock drawer and choose a pair of socks without looking. You replace this pair and then choose another pair of socks. What is the probability that you will choose the red pair of socks both times? 
	[image: http://www.mathgoodies.com/lessons/vol6/images/tab.gif][image: [IMAGE]]



	There are a couple of things to note about this experiment. Choosing a pairs of socks from the drawer, replacing it, and then choosing a pair again from the same drawer is a compound event. Since the first pair was replaced, choosing a red pair on the first try has no effect on the probability of choosing a red pair on the second try. Therefore, these events are independent. 



	Definition:  
	Two events, A and B, are independent if the fact that A occurs does not affect the probability of B occurring. 


Some other examples of independent events are: 
· Landing on heads after tossing a coin AND rolling a 5 on a single 6-sided die. 
· Choosing a marble from a jar AND landing on heads after tossing a coin. 
· Choosing a 3 from a deck of cards, replacing it, AND then choosing an ace as the second card. 
· Rolling a 4 on a single 6-sided die, AND then rolling a 1 on a second roll of the die. 

	To find the probability of two independent events that occur in sequence, find the probability of each event occurring separately, and then multiply the probabilities. This multiplication rule is defined symbolically below. Note that multiplication is represented by AND. 



	Multiplication Rule 1:   
	When two events, A and B, are independent, the probability of both occurring is: 

	 
	P(A and B) = P(A) · P(B) 



	(Note: Another multiplication rule will be introduced in the next lesson.) Now we can apply this rule to find the probability for Experiment 1. 



	Experiment 1:   
	A dresser drawer contains one pair of socks with each of the following colors: blue, brown, red, white and black. Each pair is folded together in a matching set. You reach into the sock drawer and choose a pair of socks without looking. You replace this pair and then choose another pair of socks. What is the probability that you will choose the red pair of socks both times? 
	[image: http://www.mathgoodies.com/lessons/vol6/images/tab.gif][image: [IMAGE]]

	Probabilities:   
		P(red)
	 = 
	1

	
	
	5

	[image:   ]

	P(red and red)
	 = 
	P(red)
	 · 
	P(red)

	[image:   ]

	 
	 = 
	1
	 · 
	1

	
	
	5
	
	5

	
	[image:   ]

	
	 = 
	 1 
	
	
	

	
	
	25
	
	
	



	



	Experiment 2:   
	A coin is tossed and a single 6-sided die is rolled. Find the probability of landing on the head side of the coin and rolling a 3 on the die. 
	[image: http://www.mathgoodies.com/lessons/vol6/images/tab.gif][image: [IMAGE]][image: http://www.mathgoodies.com/lessons/vol6/images/tab.gif][image: [IMAGE]]

	Probabilities:   
		P(head)
	 = 
	1

	
	
	2

	[image:   ]

	P(3)
	 = 
	1
	
	

	
	
	6
	
	

	[image:   ]

	P(head and 3)
	 = 
	P(head)
	 · 
	P(3)

	[image:   ]

	 
	 = 
	1
	 · 
	1

	
	
	2
	
	6

	
	[image:   ]

	
	 = 
	 1 
	
	
	

	
	
	12
	
	
	



	



	Experiment 3:  
	A card is chosen at random from a deck of 52 cards. It is then replaced and a second card is chosen. What is the probability of choosing a jack and an eight? 
	[image:   ]
	[image: [IMAGE]]

	Probabilities:  
		P(jack)
	 = 
	 4 

	
	
	52

	[image:   ]

	P(8)
	 = 
	 4 
	
	

	
	
	52
	
	

	[image:   ]

	P(jack and 8)
	 = 
	P(jack)
	 · 
	P(8)

	[image:   ]

	 
	 = 
	 4 
	 · 
	 4 

	
	
	52
	
	52

	
	[image:   ]

	
	 = 
	  16  
	
	
	

	
	
	2704
	
	
	

	
	[image:   ]

	
	 = 
	  1  
	
	
	

	
	
	169
	
	
	





	
	


For two independent events “A” and “B”:

[image:  p(A \cup B) = p(A) \times p(B)]

and

[image:  p(A \cup B \cup C) = p(A) \times p(B) \times p(c)]


Complement of an Event:

	Experiment 1:   
	A spinner has 4 equal sectors colored yellow, blue, green and red. What is the probability of landing on a sector that is not red after spinning this spinner? 
	[image:   ]
	[image: spinner]

	Sample Space:   
	{yellow, blue, green, red} 
	
	

	Probability:   
		P(not red)
	 =  
	1 
	 -  
	P(red) 

	 

	
	 =  
	1 
	 -  
	1 

	
	
	
	
	4 

	 

	
	 =  
	3 
	
	

	
	
	4 
	
	



	
	



	Experiment 2:   
	A single card is chosen at random from a standard deck of 52 playing cards. What is the probability of choosing a card that is not a king? 
	[image:   ]
	[image: [IMAGE]]

	Probability:   
		P(not king)
	 =  
	1 
	 -  
	P(king) 

	 

	
	 =  
	1 
	 -  
	 4  

	
	
	
	
	52 

	 

	
	 =  
	48 
	
	

	
	
	52 
	
	

	 

	
	 =  
	12 
	
	

	
	
	13 
	
	



	
	



	Experiment 3:   
	A single 6-sided die is rolled. What is the probability of rolling a number that is not 4? 
	[image:   ]
	[image: dice]
Top of Form
Bottom of Form

	Probability:   
		P(not 4)
	 =  
	1 
	 -  
	P(4) 

	 

	
	 =  
	1 
	 -  
	1 

	
	
	
	
	6 

	 

	
	 =  
	5 
	
	

	
	
	6 
	
	



	
	



	Experiment 4:   
	A single card is chosen at random from a standard deck of 52 playing cards. What is the probability of choosing a card that is not a club? 
	[image:   ]
	[image: [IMAGE]]

	Probability:   
		P(not club)
	 =  
	1 
	 -  
	P(club) 

	 

	
	 =  
	1 
	 -  
	13 

	
	
	
	
	52 

	 

	
	 =  
	39 
	
	

	
	
	52 
	
	

	 

	
	 =  
	3 
	
	

	
	
	4 
	
	



	
	



	Experiment 5:   
	A glass jar contains 20 red marbles. If a marble is chosen at random from the jar, what is the probability that it is not red? 
	[image:   ]
	[image: [IMAGE]]

	Probability:   
		P(not red)
	 =  
	1 
	 -  
	P(red) 

	 

	
	 =  
	1 
	 -  
	1 

	 

	
	 =  
	0 
	
	

	 

	Note: This is an impossible event.



	
	



	Summary:  
	The probability of an event is the measure of the chance that the event will occur as a result of the experiment. The probability of an event A, symbolized by P(A), is a number between 0 and 1, inclusive, that measures the likelihood of an event in the following way: 
· If P(A) > P(B) then event A is more likely to occur than event B. 
· If P(A) = P(B) then events A and B are equally likely to occur. 
· If event A is impossible, then P(A) = 0. 
· If event A is certain, then P(A) = 1. 
· The complement of event A is [image: http://www.mathgoodies.com/lessons/vol6/images/a_bar_black.gif].    P([image: http://www.mathgoodies.com/lessons/vol6/images/a_bar_black.gif]) = 1 - P(A) 



Conditional Probability:

	When two events, A and B, are dependent, the probability of both occurring is: 

	 
	[image: IMAGE]


The formula for the Conditional Probability of an event can be derived from Multiplication Rule 2 as follows: 
	[image:   ]
	[image:   ]
	Start with Multiplication Rule 2. 

	[image:   ]
	

	[image:   ]
	[image:   ]
	Divide both sides of equation by P(A). 

	[image:   ]
	

	[image:   ]
	[image:   ]
	Cancel P(A)s on right-hand side of equation. 

	[image:   ]
	

	[image:   ]
	[image:   ]
	Commute the equation. 

	[image:   ]
	[image:   ]
	We have derived the formula for conditional probability. 


Now we can use this formula to solve the problem at the top of the page.
	Problem:   
	A math teacher gave her class two tests. 25% of the class passed both tests and 42% of the class passed the first test. What percent of those who passed the first test also passed the second test? 
	[image:   ][image: [IMAGE]]

	Solution:   
		P(Second|First) 
	  =   
	P(First and Second) 
	  =   
	0.25 
	  =   
	0.60 
	  =   
	60% 

	
	
	P(First) 
	
	0.42 
	
	
	
	



	


Let's look at some other problems in which we are asked to find a conditional probability.
	Example 1:   
	A jar contains black and white marbles. Two marbles are chosen without replacement. The probability of selecting a black marble and then a white marble is 0.34, and the probability of selecting a black marble on the first draw is 0.47. What is the probability of selecting a white marble on the second draw, given that the first marble drawn was black? 

	Solution:   
		P(White|Black) 
	  =   
	P(Black and White) 
	  =   
	0.34 
	  =   
	0.72 
	  =   
	72% 

	
	
	P(Black) 
	
	0.47 
	
	
	
	






	Example 2:   
	The probability that it is Friday and that a student is absent is 0.03. Since there are 5 school days in a week, the probability that it is Friday is 0.2. What is the probability that a student is absent given that today is Friday? 

	Solution:   
		P(Absent|Friday) 
	  =   
	P(Friday and Absent) 
	  =   
	0.03 
	  =   
	0.15 
	  =   
	15% 

	
	
	P(Friday) 
	
	0.2 
	
	
	
	






	Example 3:   
	At Kennedy Middle School, the probability that a student takes Technology and Spanish is 0.087. The probability that a student takes Technology is 0.68. What is the probability that a student takes Spanish given that the student is taking Technology? 

	Solution:
		P(Spanish|Technology) 
	  =   
	P(Technology and Spanish) 
	  =   
	0.087 
	  =   
	0.13 
	  =   
	13% 

	
	
	P(Technology) 
	
	0.68 
	
	
	
	






	Summary:   
	The conditional probability of an event B in relationship to an event A is the probability that event B occurs given that event A has already occurred. The notation for conditional probability is P(B|A), read as the probability of B given A. The formula for conditional probability is: 

	 
	[image:   ]

	[image:   ]

	 
	The Venn Diagram below illustrates P(A), P(B), and P(A and B). What two sections would have to be divided to find P(B|A)?

	[image:   ]

	 
	[image: [IMAGE]]



STATISTICS
What is CLASS BOUNDRIES?
Because of rounding, the stated class limits do not correspond to the actual ranges of data falling in them. For example, if the class limits are 1.00 and 2.00, then all values between 0.95 and 2.05 would actually fall in the given class, so the class boundaries are 0.95 and 2.05 (Reference: Kenney and Keeping 1962, p. 17).

CLASS LIMITS?
The end values which specify a class interval.
	

The Range:

Range is defined as the difference between the maximum and the minimum observation of the given data. If [image: http://www.emathzone.com/basic-stat/range/clip_image002.gif] denotes the maximum observation [image: http://www.emathzone.com/basic-stat/range/clip_image004.gif] denotes the minimum observation then the range is defined as
            Range [image: http://www.emathzone.com/basic-stat/range/clip_image006.gif] 
            
In case of grouped data, the range is the difference between the upper boundary of the highest class and the lower boundary of the lowest class     . It is also calculated by using the difference between the mid points of the highest class and the lowest class. It is the simplest measure of dispersion. It gives a general idea about the total spread of the observations. It does not enjoy any prominent place in statistical theory. But it has its application and utility in quality control methods which are used to maintain the quality of the products produced in factories. The quality of products is to be kept within certain range of values.
           
 The range is based on the two extreme observations. It gives no weight to the central values of the data. It is a poor measure of dispersion and does not give a good picture of the overall spread of the observations with respect to the center of the observations. Let us consider three groups of the data which have the same range:
Group A:   30, 40, 40, 40, 40, 40, 50 
Group B:   30, 30, 30, 40, 50, 50, 50
Group C:   30, 35, 40, 40, 40, 45, 50
            In all the three groups the range is 50 – 30 = 20. In group A there is concentration of observations in the center. In group B the observations are friendly with the extreme corner and in group C the observations are almost equally distributed in the interval from 30 to 50. The range fails to explain these differences in the three groups of data. This defect in range cannot be removed even if we calculate the coefficient of range which is a relative measure of dispersion. If we calculate the range of a sample, we cannot draw any inferences about the range of the population.

Coefficient of Range:
            It is relative measure of dispersion and is based on the value of range. It is also called range coefficient of dispersion. It is defined as:
            Coefficient of Range [image: http://www.emathzone.com/basic-stat/range/clip_image008.gif]
The range [image: http://www.emathzone.com/basic-stat/range/clip_image010.gif] is standardized by the total [image: http://www.emathzone.com/basic-stat/range/clip_image012.gif]
            Let us take two sets of observations. Set A contains marks of five students in Mathematics out of 25 marks and group B contains marks of the same student in English out of 100 marks.
Set A:   10, 15, 18, 20, 20 
Set B:   30, 35, 40, 45, 50
The values of range and coefficient of range are calculated as:
	 
	Range
	Coefficient of Range

	Set A: (Mathematics)
	[image: http://www.emathzone.com/basic-stat/range/clip_image014.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image016.gif]

	Set B: (English)
	[image: http://www.emathzone.com/basic-stat/range/clip_image018.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image020.gif]


            In set A the range is 10 and in set B the range is 20. Apparently it seems as if there is greater dispersion in set B. But this is not true. The range of 20 in set B is for large observations and the range of 10 in set A is for small observations. Thus 20 and 10 cannot be compared directly. Their base is not the same. Marks in Mathematics are out of 25 and marks of English are out of 100. Thus, it makes no sense to compare 10 with 20. When we convert these two values into coefficient of range, we see that coefficient of range for set A is greater than that of set B. Thus there is greater dispersion or variation in set A. The marks of students in English are more stable than their marks in Mathematics.
Example:
            Following are the wages of 8 workers of a factory. Find the range and the coefficient of range. Wages in ($) 1400, 1450, 1520, 1380, 1485, 1495, 1575, 1440.
Solution:
            Here Largest value [image: http://www.emathzone.com/basic-stat/range/clip_image022.gif] and Smallest Value [image: http://www.emathzone.com/basic-stat/range/clip_image024.gif]
            Range [image: http://www.emathzone.com/basic-stat/range/clip_image026.gif]
            Coefficient of Range [image: http://www.emathzone.com/basic-stat/range/clip_image028.gif]
 Example:
            The following distribution gives the numbers of houses and the number of persons per house.
	Number of Persons 
	[image: http://www.emathzone.com/basic-stat/range/clip_image030.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image032.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image034.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image036.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image038.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image040.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image042.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image044.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image046.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image048.gif]

	Number of Houses
	[image: http://www.emathzone.com/basic-stat/range/clip_image050.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image052.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image054.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image056.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image058.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image060.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image062.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image064.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image038_0000.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image036_0000.gif]


Calculate the range and coefficient of range.
Solution:
            Here Largest value [image: http://www.emathzone.com/basic-stat/range/clip_image068.gif] and Smallest Value [image: http://www.emathzone.com/basic-stat/range/clip_image070.gif]
            Range [image: http://www.emathzone.com/basic-stat/range/clip_image072.gif]
            Coefficient of Range [image: http://www.emathzone.com/basic-stat/range/clip_image074.gif]
Example:
            Find the range of the weight of the students of a university.
	Weights (Kg) 
	[image: http://www.emathzone.com/basic-stat/range/clip_image076.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image078.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image080.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image082.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image084.gif]

	Number of Students
	[image: http://www.emathzone.com/basic-stat/range/clip_image038_0001.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image087.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image060_0000.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image090.gif]
	[image: http://www.emathzone.com/basic-stat/range/clip_image044_0000.gif]


Calculate the range and coefficient of range.
Solution:
            
	Weights (Kg) 
	Class Boundaries
	Mid Value
	No. of Students

	[image: http://www.emathzone.com/basic-stat/range/clip_image076_0000.gif]
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Method 1:
            Here   [image: http://www.emathzone.com/basic-stat/range/clip_image114.gif] Upper class boundary of the highest class [image: http://www.emathzone.com/basic-stat/range/clip_image116.gif]
                       [image: http://www.emathzone.com/basic-stat/range/clip_image118.gif] Lower class boundary of the lowest class [image: http://www.emathzone.com/basic-stat/range/clip_image120.gif]
            Range [image: http://www.emathzone.com/basic-stat/range/clip_image122.gif] Kilogram
            Coefficient of Range [image: http://www.emathzone.com/basic-stat/range/clip_image124.gif]
Method 2:
            Here   [image: http://www.emathzone.com/basic-stat/range/clip_image114_0000.gif] Mid value of the highest class [image: http://www.emathzone.com/basic-stat/range/clip_image126.gif]
                       [image: http://www.emathzone.com/basic-stat/range/clip_image118_0000.gif] Mid value of the lowest class [image: http://www.emathzone.com/basic-stat/range/clip_image128.gif]
            Range [image: http://www.emathzone.com/basic-stat/range/clip_image130.gif] Kilogram
            Coefficient of Range [image: http://www.emathzone.com/basic-stat/range/clip_image132.gif]



Frequency Distribution of Discrete Data
[image: http://www.emathzone.com/imgs/mainul.jpg]
	            Discrete data is generated by counting; each and every observation is exact. When an observation is repeated. It is counted the number for which the observation is repeated is called frequency of that observation. The class limits in discrete data are true class limit; there are no class boundaries in discrete data.


Example:
          The following are the number of female employees in different branches of commercial banks. Make a frequency distribution.
2, 4, 6, 1, 3, 5, 3, 7, 8, 6, 4, 7, 4, 4, 2, 1, 3, 6, 4, 2, 5, 7, 9, 1, 2, 10, 1, 8, 9, 2, 3, 1, 2, 3, 4, 4, 4, 6, 6, 5, 5, 4, 5, 8, 5, 4, 3, 3, 2, 5, 0, 5, 9, 9, 8, 10, 0, 4, 10, 10, 1, 1, 2, 2, 1, 8, 6, 9, 10
Solution:
          The involved variable is “the number of female employees” which is a discrete variable. The largest and smallest values of the given data are 10 and 0 respectively.
	Number of Employees
(Classes)
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	Tally 
Marks
	Branches
(Frequency) 
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Frequency Distribution
[image: http://www.emathzone.com/imgs/mainul.jpg]
	          A frequency distribution is a tabular arrangement of data into classes according to the size or magnitude along with corresponding class frequencies (the number of values fall in each class).
Ungrouped Data or Raw Data:
          Data which have not been arranged in a systemic order is called ungrouped or raw data.
Grouped Data:
          Data presented in the form of frequency distribution is called grouped data.
Array:
          The numerical raw data is arranged in ascending or descending order is called an array.
Example:
            Array the following data in ascending or descending order 6, 4, 13, 7, 10, 16, 19.
Solution:
            Array in ascending order is 4, 6, 7, 10, 13, 16, and 19
            Array in descending order id 19, 16, 13, 10, 7, 6, and 4
Class Limits:
          The variant values of the classes or groups are called the class limits. The smaller value of the class is called lower class limit and larger value of the class is called upper class limit. Class limits are also called inclusive classes.
For Example: Let us take the class 10 – 19, the smaller value 10 is lower class limit and larger value 19 is called upper class limit. 
Class Boundaries:
          The true values, which describe the actual class limits of a class, are called class boundaries. The smaller true value is called the lower class boundary and the larger true value is called the upper class boundary of the class. It is important to note that the upper class boundary of a class coincides with the lower class boundary of the next class. Class boundaries are also known as exclusive classes.
For Example:
	Weights in Kg
	No of Students

	60 – 65 
	8

	65 – 70 
	12

	70 – 75
	5

	 
	25


A student whose weights are between 60kg and 64.5kg would be included in the 60 – 65 class. A student whose weight is 65kg would be included in next class 65 – 70.

Open-end Classes:
          A class has either no lower class limit or no upper class limit in a frequency table is called an open-end class. We do not like to use open-end classes in practice, because they create problems in calculation.
For Example:
	Weights (Pounds)
	No of Persons

	Below – 110 
	6

	110 – 120  
	12

	120 – 130 
	20

	130 – 140
	10

	140 – Above 
	2


Class Mark or Mid Point:
          The class marks or mid point is the mean of lower and upper class limits or boundaries. So it divides the class into two equal parts. It is obtained by dividing the sum of lower and upper class limit or class boundaries of a class by 2.
For Example: The class mark or mid point of the class 60 – 69 is 60+69/2 = 64.5
Size of Class Interval:
          The difference between the upper and lower class boundaries (not between class limits) of a class or the difference between two successive mid points is called size of class interval. 









Cumulative Frequency Distribution
[image: http://www.emathzone.com/imgs/mainul.jpg]
	          The total frequency of all classes less than the upper class boundary of a given class is called the cumulative frequency of that class. “A table showing the cumulative frequencies is called a cumulative frequency distribution”. There are two types of cumulative frequency distributions.
Less than cumulative frequency distribution:
            It is obtained by adding successively the frequencies of all the previous classes including the class against which it is written. The cumulate is started from the lowest to the highest size.   
More than cumulative frequency distribution:
            It is obtained by finding the cumulate total of frequencies starting from the highest to the lowest class. The less than cumulative frequency distribution and more than cumulative frequency distribution for the frequency distribution given below are:
	 
	Less than C.F
	More than C.F

	Class Limit
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Arithmetic Mean:
Example (1):
          The one-sided train fare of five selected BS students is recorded as follows[image: http://www.emathzone.com/basic-stat/arithmetic-mean/clip_image044.gif] [image: http://www.emathzone.com/basic-stat/arithmetic-mean/clip_image046.gif], [image: http://www.emathzone.com/basic-stat/arithmetic-mean/clip_image048.gif], [image: http://www.emathzone.com/basic-stat/arithmetic-mean/clip_image050.gif], [image: http://www.emathzone.com/basic-stat/arithmetic-mean/clip_image052.gif] and [image: http://www.emathzone.com/basic-stat/arithmetic-mean/clip_image054.gif]. Calculate arithmetic mean of the following data.
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Arithmetic mean of[image: http://www.emathzone.com/basic-stat/arithmetic-mean/clip_image067.gif], we decide to use above-mentioned formula. Form the given data, we have [image: http://www.emathzone.com/basic-stat/arithmetic-mean/clip_image065_0000.gif] and [image: http://www.emathzone.com/basic-stat/arithmetic-mean/clip_image069.gif]. Placing these two quantities in above formula, we get the arithmetic mean for given data.
[image: http://www.emathzone.com/basic-stat/arithmetic-mean/clip_image071.gif]    

Example (2):
          Given the following frequency distribution of first year students of a particular college.
	Age (Years) 
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	Number of Students
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Solution:
          The given distribution belongs to a grouped data and the variable involved is ages of first year students. While the number of students Represent frequencies.
	Ages (Years)
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Now we will find the Arithmetic Mean as  [image: http://www.emathzone.com/basic-stat/arithmetic-mean/clip_image109.gif] years.

Example (3):
          The following data shows distance covered by [image: http://www.emathzone.com/basic-stat/arithmetic-mean/clip_image111.gif] persons to perform their routine jobs.
	Distance (Km) 
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Solution:
          The given distribution belongs to a grouped data and the variable involved is ages of “distance covered”. While the “number of persons” Represent frequencies.
	Distance (Km)
	Number of Persons
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Now we will find the Arithmetic Mean as  [image: http://www.emathzone.com/basic-stat/arithmetic-mean/clip_image147.gif] Km.
Weighted Arithmetic Mean:
arithmetic mean computed by considering relative importance of each items is called weighted arithmetic mean. To give due importance to each item under consideration, we assign number called weight to each item in proportion to its relative importance.
Weighted Arithmetic Mean is computed by using following formula:
            [image: http://www.emathzone.com/basic-stat/weighted-arithmetic-mean/clip_image002.gif]
Where:
            [image: http://www.emathzone.com/basic-stat/weighted-arithmetic-mean/clip_image004.gif] Stands for weighted arithmetic mean.
            [image: http://www.emathzone.com/basic-stat/weighted-arithmetic-mean/clip_image006.gif]    Stands for values of the items and
            [image: http://www.emathzone.com/basic-stat/weighted-arithmetic-mean/clip_image008.gif]   Stands for weight of the item 
Example:
          A student obtained 40, 50, 60, 80, and 45 marks in the subjects of Math, Statistics, Physics, Chemistry and Biology respectively. Assuming weights 5, 2, 4, 3, and 1 respectively for the above mentioned subjects. Find Weighted Arithmetic Mean per subject.
Solution:
          
	
Subjects 
	Marks Obtained
[image: http://www.emathzone.com/basic-stat/weighted-arithmetic-mean/clip_image006_0000.gif]
	Weight
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	Math
	[image: http://www.emathzone.com/basic-stat/weighted-arithmetic-mean/clip_image014.gif]
	[image: http://www.emathzone.com/basic-stat/weighted-arithmetic-mean/clip_image016.gif]
	[image: http://www.emathzone.com/basic-stat/weighted-arithmetic-mean/clip_image018.gif]
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	Physics
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	Chemistry
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Now we will find weighted arithmetic mean as:
            [image: http://www.emathzone.com/basic-stat/weighted-arithmetic-mean/clip_image046.gif] marks/subject.

Geometric Mean
[image: http://www.emathzone.com/imgs/mainul.jpg]
	            It is another measure of central tendency based on mathematical footing like arithmetic mean. Geometric mean can be defined in the following terms:
“Geometric mean is the nth positive root of the product of “n” positive given values”
            Hence, geometric mean for a value [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image002.gif]containing [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image004.gif] values such as [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image006.gif] is denoted by [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image008.gif] of  [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image002_0000.gif] and given as under:
            [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image010.gif]       (For Ungrouped Data)
            If we have a series of [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image004_0000.gif] positive values with repeated values such as [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image012.gif] are repeated [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image014.gif] times respectively then geometric mean will becomes:
            [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image016.gif]       (For Grouped Data)
            Where [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image018.gif]
Example:
            Find the Geometric Mean of the values 10, 5, 15, 8, 12
Solution:
            Here[image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image020.gif], [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image022.gif][image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image024.gif][image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image026.gif][image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image028.gif] and [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image030.gif]
            [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image032.gif]
                                    [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image034.gif]
Example:
            Find the Geometric Mean of the following Data
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Solution:
            We may write it as given below:
            Here[image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image058.gif], [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image060.gif][image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image024_0000.gif][image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image062.gif][image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image064.gif]
                   [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image066.gif], [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image068.gif], [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image070.gif], [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image072.gif], [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image074.gif]
                  [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image076.gif]
            Using the formula of geometric mean for grouped data, geometric mean in this case will become:
            [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image078.gif]
                                    [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image080.gif]
                                    [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image082.gif]
                                    [image: http://www.emathzone.com/basic-stat/geometric-mean/clip_image084.gif]


The geometric mean is less than arithmetic mean, G.M<A.M      PROPERTRY
Harmonic Mean: (Could be ignored for GMAT)
Harmonic mean is quotient of “number of the given values” and “sum of the reciprocals of the given values”.
Harmonic mean in mathematical terms is defined as follows: 
	For Ungrouped Data
	For Grouped Data

	[image: http://www.emathzone.com/basic-stat/harmonic-mean/clip_image002.gif]
	[image: http://www.emathzone.com/basic-stat/harmonic-mean/clip_image004.gif]


Example:
            Calculate the harmonic mean of the numbers: 13.5, 14.5, 14.8, 15.2 and 16.1
Solution:
            The harmonic mean is calculated as below:
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Example:
          Given the following frequency distribution of first year students of a particular college. Calculate the Harmonic Mean. 
	Age (Years) 
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	Number of Students
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Solution:
          The given distribution belongs to a grouped data and the variable involved is ages of first year students. While the number of students Represent frequencies.
	Ages (Years)
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	Number of Students
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Now we will find the Harmonic Mean as 
            [image: http://www.emathzone.com/basic-stat/harmonic-mean/clip_image071.gif] years.
Example:
            Calculate the harmonic mean for the given below:          
	Marks 
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Solution:
            The necessary calculations are given below:
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Now we will find the Harmonic Mean as 
            [image: http://www.emathzone.com/basic-stat/harmonic-mean/clip_image149.gif].

MODE:
Mode is the value which occurs the greatest number of times in the data. When each value occur the same numbers of times in the data, there is no mode. If two or more values occur the same numbers of time, then there are two or more modes and distribution is said to be multi-mode. If the data having only one mode the distribution is said to be uni-model and data having two modes, the distribution is said to be bi-mode
Mode is calculated from ungrouped data by inspecting the given data. We pick out that value which occur the greatest numbers of times in the data.
Example:
            Find the mode of the values 5, 7, 2, 9, 7, 10, 8, 5, 7
Solution:
            Mode is 7 because it occur the greatest number of times in the data.

Example:
            The weights of 50 college students are given in the following table. Find the mode of the distribution.
            
	Weights (Kg) 
	60 – 64
	65 – 69
	70 – 74
	75 – 79
	80 – 84

	No of Students
	5
	9
	16
	12
	8


Solution:
            
	Weights (Kg) 
	No of Students
f
	Class Boundary

	60 – 64
	5
	59.5 – 64.5

	65 – 69
	9
	64.5 – 69.5

	70 – 74
	16
	69.5 – 74.5

	75 – 79
	12
	74.5 – 79.5

	80 – 84
	8
	79.5 – 84.5


Maximum Freq. = 16 , therefore mode = 69.5+74.5/2 =72
Example:
            The following frequency distribution shows the numbers of children in each family in a locality. Find the mode.
	No of Children
	0
	1
	2
	3
	4
	5
	6

	No of Families
	6
	30
	42
	55
	25
	18
	5


Solution:
            The data follows discrete set of values
            So, Mode = 3 (corresponding to the maximum frequency)

MEDIAN:
Median is the most middle value in the arrayed data. It means that when the data are arranged, median is the middle value if the number of values is odd and the mean of the two middle values, if the numbers of values is even.
Example:
            Find the median of the values 4, 1, 8, 13, 11
Solution:
            Arrange the data 1, 4, 8, 11, 13
            Median = Value of [image: http://www.emathzone.com/basic-stat/median/clip_image004_0000.gif] item
            Median = Value of [image: http://www.emathzone.com/basic-stat/median/clip_image004_0001.gif] item = [image: http://www.emathzone.com/basic-stat/median/clip_image006.gif] item
            Median = 8
Example:
            Find the median of the values 5, 7, 10, 20, 16, 12
Solution:
            Arrange the data 5, 7, 10, 12, 16, 20
        
            Median = [image: http://www.emathzone.com/basic-stat/median/clip_image010.gif]

Example:
            Calculate median from the following data.
	Group
	60 – 64
	65 – 69
	70 – 74
	75 – 79
	80 – 84
	85 – 89 

	Frequency
	1
	5
	9
	12
	7
	2


Solution:
            
	Group 
	f
	Class Boundary
	Cumulative Frequency

	60 – 64
	1
	59.5 – 64.5
	1

	65 – 69
	5
	64.5 – 69.5
	6

	70 – 74
	9
	69.5 – 74.5
	15

	75 – 79
	12
	74.5 – 79.5
	27

	80 – 84
	7
	79.5 – 84.5
	34

	85 – 89
	2
	84.5 – 89.5
	36


Total groups= 36, therefore median avg. of 18 and 19th values.
Here both 18th and 19th lie in 74.5-79.5 class boundary –
Therefore, median = 77
Example:
            The following frequency distribution is classified according to the number of leaves on different branches. Calculate the median number of leaves per branch.
	No of Leaves 
	1
	2
	3
	4
	5
	6
	7

	No of Branches
	2
	11
	15
	20
	25
	18
	10


Solution:
            
	
No of Leaves
X 
	No of Branches
f
	Cumulative Frequency C.F

	1
	2
	2

	2
	11
	13

	3
	15
	28

	4
	20
	48

	5
	25
	73

	6
	18
	91

	7
	10
	101

	Total
	101
	 


                        Median = Size of [image: http://www.emathzone.com/basic-stat/median/clip_image004_0006.gif] item [image: http://www.emathzone.com/basic-stat/median/clip_image036.gif]item
                        Median = 5      because [image: http://www.emathzone.com/basic-stat/median/clip_image038.gif] item lies corresponding to 5

Standard Deviation:
The standard deviation is defined as the positive square root of the mean of the square deviations taken from arithmetic mean of the data.
            For the sample data the standard deviation is denoted by [image: http://www.emathzone.com/basic-stat/standard-deviation/clip_image002.gif]and is defined as:
                        [image: http://www.emathzone.com/basic-stat/standard-deviation/clip_image004.gif]
            For a population data the standard deviation is denoted by [image: http://www.emathzone.com/basic-stat/standard-deviation/clip_image006.gif](sigma) and is defined as:
                        [image: http://www.emathzone.com/basic-stat/standard-deviation/clip_image008.gif]
            For frequency distribution the formulas becomes
                        [image: http://www.emathzone.com/basic-stat/standard-deviation/clip_image010.gif] or [image: http://www.emathzone.com/basic-stat/standard-deviation/clip_image012.gif]
            The standard deviation is in the same units as the units of the original observations. If the original observations are in grams, the value of the standard deviation will also be in grams.
            The standard deviation plays a dominating role for the study of variation in the data. It is a very widely used measure of dispersion. It stands like a tower among measure of dispersion. As far as the important statistical tools are concerned, the first important tool is the mean [image: http://www.emathzone.com/basic-stat/standard-deviation/clip_image014.gif]and the second important tool is the standard deviation[image: http://www.emathzone.com/basic-stat/standard-deviation/clip_image002_0000.gif]. It is based on all the observations and is subject to mathematical treatment. It is of great importance for the analysis of data and for the various statistical inferences.
In applying this method first of all we compute arithmetic mean of the given data either ungroup or grouped data. Then take the deviation from the actual mean. This method is already defined above. The following formulas are applied:
            
	For Ungrouped Data 
	For Grouped Data

	[image: http://www.emathzone.com/basic-stat/standard-deviation/clip_image004_0000.gif]
	[image: http://www.emathzone.com/basic-stat/standard-deviation/clip_image010_0000.gif]


  This method is also known as direct method

Example:
            Calculate the standard deviation for the following sample data using all methods: 2, 4, 8, 6, 10, and 12.
Solution:
            Method-I: Actual Mean Method
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Examples of Standard Deviation
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	          This tutorial is about some examples of standard deviation using all methods which are discussed in the pervious tutorial.
Example:
            Calculate the standard deviation for the following sample data using all methods: 2, 4, 8, 6, 10, and 12.
Solution:
            Method-I: Actual Mean Method
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            Method-III: Taking Assume Mean as Zero
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Example:
            Calculate standard deviation from the following distribution of marks by using all the methods.
	Marks 
	No. of Students
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Solution:
            Method-I: Actual Mean Method
	Marks
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Coefficient of Standard Deviation and Variation:
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	Coefficient of Standard Deviation:
          The standard deviation is the absolute measure of dispersion. Its relative measure is called standard coefficient of dispersion or coefficient of standard deviation. It is defined as:
            Coefficient of Standard Deviation [image: http://www.emathzone.com/basic-stat/coefficient-sd-cv/clip_image002.gif] 


Where S=Standard deviation and X is the mean.
Coefficient of Variation:
          The most important of all the relative measure of dispersion is the coefficient of variation. This word is variation not variance. There is no such thing as coefficient of variance. The coefficient of variation [image: http://www.emathzone.com/basic-stat/coefficient-sd-cv/clip_image004.gif]is defined as:
            Coefficient of Variation [image: http://www.emathzone.com/basic-stat/coefficient-sd-cv/clip_image006.gif] 

Example:
            Calculate the coefficient of standard deviation and coefficient of variation for the following sample data: 2, 4, 8, 6, 10, and 12.
Solution:
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Example:
            Calculate coefficient of standard deviation and coefficient of variation from the following distribution of marks:
	Marks 
	No. of Students
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Solution:
	Marks
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VARIANCE:
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For s frequency distribution the population variance [image: http://www.emathzone.com/basic-stat/variance/clip_image004_0002.gif]is defined as:
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            In simple words we can say that variance is the square of standard deviation.
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