Part 1: Lines and Angles

1.


The angles labeled (2a)° and (5a + 5)° are supplementary (add up to 180°) because together they form a line. We can solve for a as follows:

2a + (5a + 5) = 180
a = 25

The angles labeled (4b +10)° and (2b – 10)° are supplementary (add up to 180°) as well. We can solve for b as follows:

(4b +10) + (2b – 10) = 180
b = 30

Now that we know both a and b, we can find a + b:
a + b = 25 + 30 = 55.

Alternatively, you could solve this problem by using the fact that opposite angles are equal, which implies that 

5a + 5 = 4b + 10, and 2a = 2b - 10

It is possible to solve this system of two equations for a and b, though the algebra required is slightly more difficult than what we used earlier to find that a + b = 55.

The correct answer is C. 

2.

Because l1 is parallel to l2, the transversal that intersects these lines forms eight angles with related measurements. All of the acute angles are equal to one another, and all of the obtuse angles are equal to one another. Furthermore, each acute angle is the supplement of each obtuse angle (i.e., they add up to 180°).

Therefore, 2x + 4y = 180.
Dividing both sides of the equation by 2 yields: x + 2y = 90.

The correct answer is A.

3.


(1) INSUFFICIENT: We don't know any of the angle measurements.

(2) INSUFFICIENT: We don't know the relationship of x to y.

(1) AND (2) INSUFFICIENT: Because l1 is parallel to l2, we know the relationship of the four angles at the intersection of l2 and l3 (l3 is a transversal cutting two parallel lines) and the same four angles at the intersection of l1 and l3. We do not, however, know the relationship of y to those angles because we do not know if l3 is parallel to l4. 

The correct answer is E.

4. The figure is one triangle superimposed on a second triangle. Since the sum of the 3 angles inside each triangle is 180°, the sum of the 6 angles in the two triangles is 180° + 180° = 360°.

The correct answer is D.

5.
We are given two triangles and asked to determine the degree measure of z, an angle in one of them. 

The first step in this problem is to analyze the information provided in the question stem. We are told that x - q = s - y. We can rearrange this equation to yield x + y = s + q. Since x + y + z = 180 and since q + s + r = 180, it must be true that z = r. We can now look at the statements.

Statement (1) tells us that xq + sy + sx + yq = zr. In order to analyze this equation, we need to rearrange it to facilitate factorization by grouping like terms: xq + yq + sx + sy = zr. Now we can factor:
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Since x + y = q + s and z = r, we can substitute and simplify:
 


Is this sufficient to tell us the value of z? Yes. Why? Consider what happens when we substitute z for x + y:
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It is useful to remember that when the sum of two angles of a triangle is equal to the third angle, the triangle must be a right triangle. Statement (1) is sufficient.

Statement (2) tells us that zq - ry = rx - zs. In order to analyze this equation, we need to rearrange it:
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Is this sufficient to tell us the value of z? No. Why not? Even though we know the following:

z = r
x + y = q + s
x + y + z = 180 
q + r + s = 180

we can find different values that will satisfy the equation we derived from statement (2):
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or
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These are just two examples. We could find many more. Since we cannot determine the value of z, statement (2) is insufficient.

The correct answer is A: Statement (1) alone is sufficient, but statement (2) is not.

6.
As first, it appears that there is not enough information to compute the rest of the angles in the diagram. When faced with situations such as this, look for ways to draw in new lines to exploit any special properties of the given diagram. 

For example, note than the figure contains a 60° angle, and two lines with lengths in the ratio of 2 to 1. Recall that a 30-60-90 triangle also has a ratio of 2 to 1 for the ratio of its hypotenuse to its short leg. This suggests that drawing in a line from C to line AD and forming a right triangle may add to what we know about the figure. Let’s draw in a line from C to point E to form a right triangle, and then connect points E and B as follows:
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Triangle CED is a 30-60-90 triangle. Using the side ratios of this special triangle, we know that the hypotenuse is two times the smallest leg. Therefore, segment ED is equal to 1.

From this we see that triangle EDB is an isosceles triangle, since it has two equal sides (of length 1). We know that EDB = 120°; therefore angles DEB and DBE are both 30°. 

Now notice two other isosceles triangles:

(1) Triangle CEB is an isosceles triangle, since it has two equal angles (each 30 degrees). Therefore segment CE = segment EB.

(2) Triangle AEB is an isosceles triangle, since CEA is 90 degrees, angles ACE and EAC must be equal to 45 degrees each. Therefore angle x = 45 + 30 = 75 degrees. The correct answer is D.

7.
The question asks us to find the degree measure of angle a. Note that a and e are equal since they are vertical angles, so it's also sufficient to find e.

Likewise, you should notice that e + f + g = 180 degrees. Thus, to find e, it is sufficient to find f + g. The question can be rephrased to the following: "What is the value of f + g?"

(1) SUFFICIENT: Statement (1) tells us that b + c = 287 degrees. This information allows us to calculate f + g. More specifically:

b + c = 287
(b + f) + (c + g) = 180 + 180   Two pairs of supplementary angles.
b + c + f + g = 360
287 + f + g = 360
f + g = 73

(2) INSUFFICIENT: Statement (2) tells us that d + e = 269 degrees. Since e = a, this is equivalent to d + a = 269. There are many combinations of d and a that satisfy this constraint, so we cannot determine a unique value for a.

The correct answer is A.

Part 2: Triangles
1.


Because angles BAD and ACD are right angles, the figure above is composed of three similar right triangles:  BAD, ACD and BCA. [Any time a height is dropped from the right angle vertex of a right triangle to the opposite side of that right triangle, the three triangles that result have the same 3 angle measures. This means that they are similar triangles.] To solve for the length of side CD, we can set up a proportion, based on the relationship between the similar triangles ACD and BCA: BC/AC = CA/CD or ¾ = 4/CD or CD = 16/3. The correct answer is D. 

2.

If the triangle marked T has sides of 5, 12, and 13, it must be a right triangle. That's because 5, 12, and 13 can be recognized as a special triple that satisfies the Pythagorean theorem: a2 + b2 = c2  (52 +122 = 132).  Any triangle that satisfies the Pythagorean Theorem must be a right triangle.  

The area of triangle T  = 1/2 × base × height
                                  = 1/2(5)(12) 
                                  = 30

The correct answer is B.

3.

(1) INSUFFICIENT: This tells us that AC is the height of triangle BAD to base BD.  This does not help us find the length of BD.

(2) INSUFFICIENT: This tells us that C is the midpoint of segment BD.  This does not help us find the length of BD. 

(1) AND (2) SUFFICIENT: Using statements 1 and 2, we know that AC is the perpendicular bisector of BD.  This means that triangle BAD is an isosceles triangle so side AB must have a length of 5 (the same length as side AD). We also know that angle BAD is a right angle, so side BD is the hypotenuse of right isosceles triangle BAD.  If each leg of the triangle is 5, the hypotenuse (using the Pythagorean theorem) must be 5[image: image7.png]


.

The correct answer is C.

4.

(1) SUFFICIENT: If we know that ABC is a right angle, then triangle ABC is a right triangle and we can find the length of BC using the Pythagorean theorem.  In this case, we can recognize the common triple 5, 12, 13 - so BC must have a length of 12.

(2) INSUFFICIENT: If the area of triangle ABC is 30, the height from point C to line AB must be 12 (We know that the base is 5 and area of a triangle = 0.5 × base × height).  There are only two possibilities for such such a triangle. Either angle CBA is a right triangle, and CB is 12, or angle BAC is an obtuse angle and the height from point C to length AB would lie outside of the triangle.  In this latter possibility, the length of segment BC would be greater than 12.   

The correct answer is A.

4.


If the hypotenuse of isosceles right triangle ABC has the same length as the height of equilateral triangle DEF, what is the ratio of a leg of triangle ABC to a side of triangle DEF? 

Top of Form

One approach is to use real values for the unspecified values in the problem. Let's say the hypotenuse of isosceles right triangle ABC is 5. The ratio of the sides on an isosceles right triangle (a 45-45-90 triangle) is 1:1:[image: image8.png]


. Therefore, each leg of triangle ABC has a length of 5 /[image: image9.png]


.

We are told that the hypotenuse of triangle ABC (which we chose as 5) is equal to the height of equilateral triangle DEF. Thus, the height of DEF is 5. Drawing in the height of an equilateral triangle effectively cuts that triangle into two 30-60-90 triangles. 

The ratio of the sides of a 30-60-90 triangle is 1: [image: image10.png]


: 2 (short leg: long leg: hypotenuse). 

The long leg of the 30-60-90 is equal to the height of DEF. In this case we chose this as 5.
They hypotenuse of the 30-60-90 is equal to a side of DEF. Using the side ratios, we can calculate this as 10/[image: image11.png]


.

Thus, the ratio of a leg of ABC to a side of DEF is:

	5
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	 = 
	5
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5.

The perimeter of a triangle is equal to the sum of the three sides.  

(1) INSUFFICIENT: Knowing the length of one side of the triangle is not enough to find the sum of all three sides.

(2) INSUFFICIENT: Knowing the length of one side of the triangle is not enough to find the sum of all three sides.

Together, the two statements are SUFFICIENT.  Triangle ABC is an isosceles triangle which means that there are theoretically 2 possible scenarios for the lengths of the three sides of the triangle:  (1) AB = 9, BC = 4 and the third side, AC = 9 OR (1) AB = 9, BC = 4 and the third side AC = 4.  

These two scenarios lead to two different perimeters for triangle ABC, HOWEVER, upon careful observation we see that the second scenario is an IMPOSSIBILITY.  A triangle with three sides of 4, 4, and 9 is not a triangle.  Recall that any two sides of a triangle must sum up to be greater than the third side. 4 + 4 < 9 so these are not valid lengths for the side of a triangle. 

Therefore the actual sides of the triangle must be AB = 9, BC = 4, and AC = 9.  The perimeter is 22. 

The correct answer is C. 

6.

Let’s begin by looking at the largest triangle (the border of the figure) and the first inscribed triangle, a mostly white triangle.  We are told that all of the triangles in the figure are equilateral.  To inscribe an equilateral triangle in another equilateral triangle, the inscribed triangle must touch the midpoints of each of the sides of the larger triangle.

Using similar triangles, we could show that each side of the inscribed equilateral triangle must be 1/2 that of the larger triangle. It also follows that the area of the inscribed triangle must be equal to 1/4 that of the larger triangle. This is true because area is comprised of two linear components, base and height, which for the inscribed triangle would each have a value of 1/2 the base and height of the larger triangle.

To see how this works, think of the big triangle’s area as 1/2(bh); the inscribed triangle’s area would then be 1/2(1/2b)(1/2h) = (1/8)bh, which is 1/4 of the area of the big triangle.

The mathematical proof notwithstanding, you could probably have guessed that the inscribed triangle’s area is 1/4 that of the larger triangle by “eyeing it.” On the GMAT, unless a figure is explicitly marked as “not drawn to scale,” estimation can be a very valuable tool.
 
Thus, if we consider only the first equilateral triangle (the entire figure) and the white inscribed triangle, we can see that the figure is 3/4 shaded. This, however, is not the end of the story. We are told that this inscribed triangle and shading pattern continues until the smallest triangle has a side that is 1/128 or 1/27 that of the largest triangle.  

We already established that the white second triangle (the first inscribed triangle) has a side 1/2 that of the largest triangle (the entire figure). The third triangle would have a side 1/2 that of the second triangle or 1/4 that of the largest. The triangle with a side 1/27 that of the largest would be the 8th triangle.    

Now that we know that there are 8 triangles, how do we deal with the shading pattern? Perhaps the easiest way to deal with the pattern is to look at the triangles in pairs, a shaded triangle with its inscribed white triangle. Let’s also assign a variable to the area of the whole figure, n. Looking at the first "pair" of triangles, we see (3/4)n of the total area is shaded.

The next area that we will analyze is the second pair of triangles, comprised of the 3rd (shaded) and 4th (white) triangles. Of course, this area is also 3/4 shaded. The total area of the third triangle is n/16 or n/24 so the area of the second “pair” is (3/4)(n/24). In this way the area of the third "pair" would be (3/4)(n/28), and the area of the fourth pair would be (3/4)(n/212). The sum of the area of the 4 pairs or 8 triangles is then:
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which can be factored to
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But remember that t

The question asks to find the fraction of the total figure that is shaded. We assigned the total figure an area of n; if we put the above expression of the shaded area over the total area n, the n’s cancel out and we get [image: image26.png]et o742



, or answer choice C.  

Notice that the 1 from the factored expression above was rewritten as 20 in the answer choice to emphasize the pattern of the sequence. 

Note that one could have used estimation in this problem to easily eliminate three of the five answer choices. After determining that the figure is more than 3/4 shaded, answer choices A, B and E are no longer viable. Answer choices A and B are slightly larger than 1/4. Answer choice E is completely illogical because it ludicrously suggests that more than 100% of the figure is shaded.

7.
The question stem tells us that ABCD is a rectangle, which means that triangle ABE is a right triangle.

The formula for the area of any triangle is: 1/2 (Base X Height).

In right triangle ABE, let's call the base AB and the height BE. Thus, we can rephrase the questions as follows: Is 1/2 ( AB X BE) greater than 25?

Let's begin by analyzing the first statement, taken by itself. Statement (1) tells us that the length of AB = 6. While this is helpful, it provides no information about the length of BE. Therefore there is no way to determine whether the area of the triangle is greater than 25 or not.

Now let's analyze the second statement, taken by itself. Statement (2) tells us that length of diagonal AE = 10. We may be tempted to conclude that, like the first statement, this does not give us the two pieces of information we need to know (that is, the lengths of AB and BE respectively). However, knowing the length of the diagonal of the right triangle actually does provide us with some very relevant information about the lengths of the base (AB) and the height (BE).

Consider this fact: Given the length of the diagonal of a right triangle, it IS possible to determine the maximum area of that triangle. 

How? The right triangle with the largest area will be an isosceles right triangle (where both the base and height are of equal length). 

If you don't quite believe this, see the end of this answer for a visual proof of this fact. (See "visual proof" below).

Therefore, given the length of diagonal AE = 10, we can determine the largest possible area of triangle ABE by making it an isosceles right triangle.

If you plan on scoring 700+ on the GMAT, you should know the side ratio for all isosceles right triangles (also known as 45-45-90 triangles because of their degree measurements). 

That important side ratio is [image: image27.png]1:1:2



where the two 1's represent the two legs (the base and the height) and[image: image28.png]


represents the diagonal. Thus if we are to construct an isosceles right triangle with a diagonal of 10, then, using the side ratios, we can determine that each leg will have a length of [image: image29.png]


.
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Now, we can calculate the area of this isosceles right triangle: 
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Since an isosceles right triangle will yield the maximum possible area, we know that 25 is the maximum possible area of a right triangle with a diagonal of length 10.

Of course, we don't really know if 25 is, in fact. the area of triangle ABE, but we do know that 25 is the maximum possible area of triangle ABE. Therefore we are able to answer our original question: Is the area of triangle ABE greater than 25? NO it is not greater than 25, because the maximum area is 25. 

Since we can answer the question using Statement (2) alone, the correct answer is B.


Visual Proof:

Given a right triangle with a fixed diagonal, why will an ISOSCELES triangle yield the triangle with the greatest area?

Study the diagram below to understand why this is always true:
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In the circle above, GH is the diameter and AG = AH. Triangles GAH and GXH are clearly both right triangles (any triangle inscribed in a semicircle is, by definition, a right triangle).

Let's begin by comparing triangles GAH and GXH, and thinking about the area of each triangle. To determine this area, we must know the base and height of each triangle. 

Notice that both these right triangles share the same diagonal (GH). In determining the area of both triangles, let's use this diagonal (GH) as the base. Thus, the bases of both triangles are equal.

Now let's analyze the height of each triangle by looking at the lines that are perpendicular to our base GH. In triangle GAH, the height is line AB. In triangle GXH, the height is line XY. 

Notice that the point A is HIGHER on the circle's perimeter than point X. This is because point A is directly above the center of the circle, it the highest point on the circle.

Thus, the perpendicular line extending from point A down to the base is LONGER than the perpendicular line extending from point X down to the base. Therefore, the height of triangle GAH (line AB) is greater than the height of triangle GXH (line XY).

Since both triangles share the same base, but triangle GAH has a greater height, then the area of triangle GAH must be greater than the area of triangle GXH. 

We can see that no right triangle inscribed in the circle with diameter GH will have a greater area than the isosceles right triangle GAH.

(Note: Another way to think about this is by considering a right triangle as half of a rectangle. Given a rectangle with a fixed perimeter, which dimensions will yield the greatest area? The rectangle where all sides are equal, otherwise known as a square! Test it out for yourself. Given a rectangle with a perimeter of 40, which dimensions will yield the greatest area? The one where all four sides have a length of 10.)

8.

Since BC is parallel to DE, we know that Angle ABC = Angle BDE, and Angle ACB = Angle CED. Therefore, since Triangle ABC and Trianlge ADE have two pairs of equal angles, they must be similar triangles. Similar triangles are those in which all corresponding angles are equal and the lengths of corresponding sides are in proportion. 

For Triangle ABC, let the base = b, and let the height = h.

Since Triangle ADE is similar to triangle ABC, apply multiplier "m" to b and h. Thus, for Triangle ADE, the base = mb and the height = mh.
Since the Area of a Triangle is defined by the equation [image: image34.png]hase x height
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, and since the problem tells us that the area of trianlge ABC is [image: image35.png]


 the area of Triangle ADE, we can write an equation comparing the areas of the two triangles:
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Simplifying this equation yields:
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Thus, we have determined that the multipier (m) is [image: image38.png]
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.

We are told in the problem that [image: image40.png]AC-3,50AE-3(2.8)-6.8



.

The problem asks us to solve for x, which is the difference between the length of AE and the length of AC. 

Therefore, [image: image41.png]


. 
9.


By simplifying the equation given in the question stem, we can solve for x  as follows: 
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Thus, we know that one side of Triangle A has a length of 3.

Statement (1) tells us that Triangle A has sides whose lengths are consecutive integers. Given that one of the sides of Triangle A has a length of 3, this gives us the following possibilities: (1, 2, 3) OR (2, 3, 4) OR (3, 4, 5). However, the first possibility is NOT a real triangle, since it does not meet the following condition, which is true for all triangles: The sum of the lengths of any two sides of a triangle must always be greater than the length of the third side. Since 1 + 2 is not greater than 3, it is impossible for a triangle to have side lengths of 1, 2 and 3. 

Thus, Statement (1) leaves us with two possibilities. Either Triangle A has side lengths 2, 3, 4 and a perimeter of 9 OR Triangle A has side lengths 3, 4, 5 and a perimeter of 12. Since there are two possible answers, Statement (1) is not sufficient to answer the question.

Statement (2) tells us that Triangle A is NOT a right triangle. On its own, this is clearly not sufficient to answer the question, since there are many non-right triangles that can be constructed with a side of length 3.

Taking both statements together, we can determine the perimeter of Triangle A. From Statement (1) we know that Triangle A must have side lengths of 2, 3, and 4 OR side lengths of 3, 4, and 5. Statement (2) tells us that Triangle A is not a right triangle; this eliminates the possibility that Triangle A has side lengths of 3, 4, and 5 since any triangle with these side lengths is a right triangle (this is one of the common Pythagorean triples). Thus, the only remaining possibility is that Triangle A has side lengths of 2, 3, and 4, which yields a perimeter of 9.

The correct answer is C: BOTH statements TOGETHER are sufficient, but NEITHER statement ALONE is sufficient. 

10.

The formula for the area of a triangle is 1/2(bh).  We know the height of ΔABC.  In order to solve for area, we need to find the length of the base.  We can rephrase the question:

What is BC? 

(1) INSUFFICIENT:  If angle ABD = 60°, ΔABD must be a 30-60-90 triangle.  Since the proportions of a 30-60-90 triangle are x: x[image: image43.png]


: 2x (shorter leg: longer leg: hypotenuse), and AD = 6[image: image44.png]


, BD must be 6.  We know nothing about DC.

(2) INSUFFICIENT: Knowing that AD = 6[image: image45.png]


, and AC = 12, we can solve for CD by recognizing that ΔACD must be a 30-60-90 triangle (since it is a right triangle and two of its sides fit the 30-60-90 ratio), or by using the Pythagorean theorem.  In either case, CD =  6, but we know nothing about BD.

(1) AND (2) SUFFICIENT: If BD = 6, and DC = 6, then BC = 12, and 
the area of ΔABC  = 1/2(bh) = 1/2(12)(6[image: image46.png]


) = 36[image: image47.png]


.

The correct answer is C

11.


Since BE [image: image48.png]


 CD, triangle ABE is similar to triangle ACD (parallel lines imply two sets of equal angles).  We can use this relationship to set up a ratio of the respective sides of the two triangles:

	AB
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So AD = 8.  

We can find the area of the trapezoid by finding the area of triangle CAD and subtracting the area of triangle ABE.  

Triangle CAD is a right triangle since it has side lengths of 6, 8 and 10, which means that triangle BAE is also a right triangle (they share the same right angle).

Area of trapezoid = area of triangle CAD – area of triangle BAE
                           = (1/2)bh – (1/2)bh
                           = 0.5(6)(8) – 0.5(3)(4)
                           = 24 – 6  
                           = 18

The correct answer is B

12.


According to the Pythagorean Theorem, in a right triangle a2 + b2 = c2. 

(1) INSUFFICIENT: With only two sides of the triangle, it is impossible to determine whether a2 + b2 = c2.

(2) INSUFFICIENT: With only two sides of the triangle, it is impossible to determine whether a2 + b2 = c2.

(1) AND (2) SUFFICIENT: With all three side lengths, we can determine if a2 + b2 = c2. It turns out that 172 + 1442 = 1452, so this is a right triangle. However, even if it were not a right triangle, this formula would still be sufficient, so it is unnecessary to finish the calculation. 

The correct answer is C

13.

For GMAT triangle problems, one useful tool is the similar triangle strategy. Triangles are defined as similar if all their corresponding angles are equal or if the lengths of their corresponding sides have the same ratios.

(1) INSUFFICIENT: Just knowing that x = 60° tells us nothing about triangle EDB. To illustrate, note that the exact location of point E is still unknown. Point E could be very close to the circle, making DE relatively short in length. However, point E could be quite far away from the circle, making DE relatively long in length. We cannot determine the length of DE with certainty. 

(2) SUFFICIENT: If DE is parallel to CA, then (angle EDB) = (angle ACB) = x. Triangles EBD and ABC also share the angle ABC, which of course has the same measurement in each triangle. Thus, triangles EBD and ABC have two angles with identical measurements. Once you find that triangles have 2 equal angles, you know that the third angle in the two triangles must also be equal, since the sum of the angles in a triangle is 180°.

So, triangles EBD and ABC are similar. This means that their corresponding sides must be in proportion: 

CB/DB = AC/DE 
radius/diameter = radius/DE 
3.5/7 = 3.5/DE

Therefore, DE = diameter = 7. 

The correct answer is B.

14.

First, recall that in a right triangle, the two shorter sides intersect at the right angle. Therefore, one of these sides can be viewed as the base, and the other as the height. Consequently, the area of a right triangle can be expressed as one half of the product of the two shorter sides (i.e., the same as one half of the product of the height times the base). Also, since AB is the hypotenuse of triangle ABC, we know that the two shorter sides are BC and AC and the area of triangle ABC = (BC × AC)/2. Following the same logic, the area of triangle KLM = (LM × KM)/2. 

Also, the area of ABC is 4 times greater than the area of KLM: 
(BC × AC)/2 = 4(LM × KM)/2 
BC × AC = 4(LM × KM) 

(1) SUFFICIENT: Since angle ABC is equal to angle KLM, and since both triangles have a right angle, we can conclude that the angles of triangle ABC are equal to the angles of triangle KLM, respectively (note that the third angle in each triangle will be equal to 35 degrees, i.e., 180 – 90 – 55 = 35). Therefore, we can conclude that triangles ABC and KLM are similar. Consequently, the respective sides of these triangles will be proportional, i.e. AB/KL = BC/LM = AC/KM = x, where x is the coefficient of proportionality (e.g., if AB is twice as long as KL, then AB/KL = 2 and for every side in triangle KLM, you could multiply that side by 2 to get the corresponding side in triangle ABC). 

We also know from the problem stem that the area of ABC is 4 times greater than the area of KLM, yielding BC × AC = 4(LM × KM), as discussed above. 

Knowing that BC/LM = AC/KM = x, we can solve the above expression for the coefficient of proportionality, x, by plugging in BC= x(LM) and AC = x(KM): 
BC × AC = 4(LM × KM) 
x(LM) × x(KM) = 4(LM × KM) 
x2 = 4 
x = 2 (since the coefficient of proportionality cannot be negative) 

Thus, we know that AB/KL = BC/LM = AC/KM = 2. Therefore, AB = 2KL = 2(10) = 20 

(2) INSUFFICIENT: This statement tells us the length of one of the shorter sides of the triangle KLM. We can compute all the sides of this triangle (note that this is a 6-8-10 triangle) and find its area (i.e., (0.5)(6)(8) = 24); finally, we can also calculate that the area of the triangle ABC is equal to 96 (four times the area of KLM).  We determined in the first paragraph of the explanation, above, that the area of ABC = (BC × AC)/2.  Therefore: 96 = (BC × AC)/2 and 192 = BC × AC.  We also know the Pythagorean theorem: (BC)2 + (AC)2= (AB)2.  But there is no way to convert BC × AC into (BC)2 + (AC)2 so we cannot determine the hypotenuse of triangle ABC.

 The correct answer is A. 

15.

We are given a right triangle PQR with perimeter 60 and a height to the hypotenuse QS of length 12. We're asked to find the ratio of the area of the larger internal triangle PQS to the area of the smaller internal triangle RQS.

First let's find the side lengths of the original triangle. Let c equal the length of the hypotenuse PR, and let a and b equal the lengths of the sides PQ and QR respectively. First of all we know that:

(1) a2 + b2 = c2     Pythagorean Theorem for right triangle PQR

(2) ab/2 = 12c/2     Triangle PQR's area computed using the standard formula (1/2*b*h) but using a different base-height combination:

 - We can use base = leg a and height = leg b to get Area of PQR = ab/2 
 - We can also use base = hypotenuse c and height = 12 (given) to get Area of PQR = 12c/2 
 - The area of PQR is the same in both cases, so I can set the two equal to each other: ab/2 = 12c/2. 


(3) a + b + c = 60    The problem states that triangle PQR's perimeter is 60

 

(4) a > b                 PQ > QR is given

(5) (a + b)2 = (a2 + b2) + 2ab     Expansion of (a + b)2
(6) (a + b)2 = c2 + 24c                Substitute (1) and (2) into right side of (5)

(7) (60 – c)2 = c2 + 24c                Substitute (a + b) = 60 – c from (3)

(8) 3600 – 120c + c2 = c2 + 24c
(9) 3600 = 144c
(10) 25 = c

Substituting c = 25 into equations (2) and (3) gives us:

(11) ab = 300

(12) a + b = 35

which can be combined into a quadratic equation and solved to yield a = 20 and b = 15. The other possible solution of the quadratic is a = 15 and b = 20, which does not fit the requirement that a > b.

Remembering that a height to the hypotenuse always divides a right triangle into two smaller triangles that are similar to the original one (since they all have a right angle and they share another of the included angles), therefore all three triangles are similar to each other. Therefore their areas will be in the ratio of the square of their respective side lengths. The larger internal triangle has a hypotenuse of 20 (= a) and the smaller has a hypotenuse of 15 (= b), so the side lengths are in the ratio of 20/15 = 4/3. You must square this to get the ratio of their areas, which is (4/3)2 = 16/9.

The correct answer is D.

16.

Triangle DBC is inscribed in a semicircle (that is, the hypotenuse CD is a diameter of the circle).  Therefore, angle DBC must be a right angle and triangle DBC must be a right triangle.  

(1) SUFFICIENT: If the length of CD is twice that of BD, then the ratio of the length of BD to the length of the hypotenuse CD is 1 : 2. Knowing that the side ratios of a 30-60-90 triangle are 1 : [image: image53.png]


 : 2, where 1 represents the short leg, [image: image54.png]


represents the long leg, and 2 represents the hypotenuse, we can conclude that triangle DBC is a 30-60-90 triangle.  Since side BD is the short leg, angle x, the angle opposite the short leg, must be the smallest angle (30 degrees).  

(2) SUFFICIENT: If triangle DBC is inscribed in a semicircle, it must be a right triangle.  So, angle DBC is 90 degrees.  If y = 60, x = 180 – 90 – 60 = 30.  

The correct answer is D. 

17.

We are given a right triangle that is cut into four smaller right triangles. Each smaller triangle was formed by drawing a perpendicular from the right angle of a larger triangle to that larger triangle's hypotenuse. When a right triangle is divided in this way, two similar triangles are created. And each one of these smaller similar triangles is also similar to the larger triangle from which it was formed. 

Thus, for example, triangle ABD is similar to triangle BDC, and both of these are similar to triangle ABC. Moreover, triangle BDE is similar to triangle DEC, and each of these is similar to triangle BDC, from which they were formed. If BDE is similar to BDC and BDC is similar to ABD, then BDE must be similar to ABD as well.

Remember that similar triangles have the same interior angles and the ratio of their side lengths are the same. So the ratio of the side lengths of BDE must be the same as the ratio of the side lengths of ABD. We are given the hypotenuse of BDE, which is also a leg of triangle ABD. If we had even one more side of BDE, we would be able to find the side lengths of BDE and thus know the ratios, which we could use to determine the sides of ABD.

(1) SUFFICIENT: If BE = 3, then BDE is a 3-4-5 right triangle.  BDE and ABD are similar triangles, as discussed above, so their side measurements have the same proportion.  Knowing the three side measurements of BDE and one of the side measurements of ABD is enough to allow us to calculate AB.

To illustrate:
BD = 5 is the hypotenuse of BDE, while AB is the hypotenuse of ABD.
The longer leg of right triangle BDE is DE = 4, and the corresponding leg in ABD is BD = 5.

Since they are similar triangles, the ratio of the longer leg to the hypotenuse should be the same in both BDE and ABD.
For BDE, the ratio of the longer leg to the hypotenuse = 4/5.
For ABD, the ratio of the longer leg to the hypotenuse = 5/AB.

Thus, 4/5 = 5/AB, or AB = 25/4 = 6.25

(2) SUFFICIENT: If DE = 4, then BDE is a 3-4-5 right triangle. This statement provides identical information to that given in statement (1) and is sufficient for the reasons given above.

The correct answer is D.

18.

The third side of a triangle must be less than the sum of the other two sides and greater than their difference (i.e.  |y - z| < x < y + z). 

In this question:

|BC - AC| < AB < BC + AC  
9 - 6 < AB < 9 + 6
3 < AB < 15

Only 13.5 is in this range.  9[image: image55.png]


 is approximately equal to 9(1.7) or 15.3. 

The correct answer is C.

19.
In order to find the area of the triangle, we need to find the lengths of a base and its associated height. Our strategy will be to prove that ABC is a right triangle, so that CB will be the base and AC will be its associated height.

(1) INSUFFICIENT: We now know one of the angles of triangle ABC, but this does not provide sufficient information to solve for the missing side lengths.

(2) INSUFFICIENT: Statement (2) says that the circumference of the circle is 18[image: image56.png]


. Since the circumference of a circle equals [image: image57.png]


 times the diameter, the diameter of the circle is 18. Therefore AB is a diameter. However, point C is still free to "slide" around the circumference of the circle giving different areas for the triangle, so this is still insufficient to solve for the area of the triangle.

(1) AND (2) SUFFICIENT: Note that inscribed triangles with one side on the diameter of the circle must be right triangles.  Because the length of the diameter indicated by Statement (2) indicates that segment AB equals the diameter, triangle ABC must be a right triangle.  Now, given Statement (1) we recognize that this is a 30-60-90 degree triangle.  Such triangles always have side length ratios of

1:[image: image58.png]


:2

Given a hypotenuse of 18, the other two segments AC and CB must equal 9 and 9[image: image59.png]


 respectively. This gives us the base and height lengths needed to calculate the area of the triangle, so this is sufficient to solve the problem.
 
The correct answer is C.

20.

Let the hypotenuse be x, then the length of the leg is x/root2. 

x+2x/root2=16+16*root2
x+root*x=16+16*root2
So, x=16

Topic 3: Quadrilaterals
1.


(1) INSUFFICIENT: The diagonals of a parallelogram bisect one another.  Knowing that the diagonals of quadrilateral ABCD (i.e. AC and BD) bisect one another establishes that ABCD is a parallelogram, but not necessarily a rectangle. 

(2) INSUFFICIENT: Having one right right angle is not enough to establish a quadrilateral as a rectangle.  

(1) AND (2) SUFFICIENT: According to statement (1), quadrilateral ABCD is a parallelogram. If a parallelogram has one right angle, all of its angles are right angles (in a parallelogram opposite angles are equal and adjacent angles add up to 180), therefore the parallelogram is a rectangle.

The correct answer is C.

2.


(1) SUFFICIENT: The diagonals of a rhombus are perpendicular bisectors of one another.  This is in fact enough information to prove that a quadrilateral is a rhombus.

(2) SUFFICIENT:  A quadrilateral with four equal sides is by definition a rhombus. 

The correct answer is D.

3.


(1) INSUFFICIENT: Not all rectangles are squares.

(2) INSUFFICIENT: Not every quadrilateral with two adjacent sides that are equal is a square. (For example, you can easily draw a quadrilateral with two adjacent sides of length 5, but with the third and fourth sides not being of length 5.)

(1) AND (2) SUFFICIENT: ABCD is a rectangle with two adjacent sides that are equal. This implies that all four sides of ABCD are equal, since opposite sides of a rectangle are always equal. Saying that ABCD is a rectangle with four equal sides is the same as saying that ABCD is a square.

The correct answer is C.

4.


Consider one of the diagonals of ABCD. It doesn’t matter which one you pick, because the diagonals of a rectangle are equal to each other. So let’s focus on BD. 

BD is part of triangle ABD. Since ABCD is a rectangle, we know that angle A is a right angle, so BD is the hypotenuse of right triangle ABD. Whenever a right triangle is inscribed in a circle, its hypotenuse is a diameter of that circle. Therefore, BD is a diameter of the circle P. 

Knowing the length of a circle's diameter is enough to find the area of the circle. Thus, we can rephrase this question as "How long is BD?"

(1)  INSUFFICIENT:  With an area of 100, rectangle ABCD could have an infinite number of diagonal lengths.  The rectangle could be a square with sides 10 and 10, so that the diagonal is 10[image: image60.png]


. Alternatively, if the sides of the rectangle were 5 and 20, the diagonal would have a length of 5[image: image61.png]


.  

(2) INSUFFICIENT: This does not tell us the actual length of any line in the diagram, so we don’t have enough information to say how long BD is.

(1) AND (2) SUFFICIENT: If we know that ABCD is a square and we know the area of the square, we can find the diagonal of the square - in this case 10[image: image62.png]


.

The correct answer is C.

5.
In order to find the fraction of the figure that is shaded, we need to know both the size of the shaded region (triangle ABD) and the size of the whole trapezoid. The key to finding these areas will be finding the height of triangle ABD, which also happens to be the height of the trapezoid.


Let us draw the height of triangle ABD as a line segment from D to a point F on side AB. Because the height of any equilateral triangle divides it into two 30-60-90 triangles, we know that the sides of triangle DFB are in the ratio 1:[image: image63] :2. In particular, the ratio DF / DB = [image: image64]/2. 

Since ABD is an equilateral triangle with AB = 6, DB equals 6. Therefore, DF / 6 =[image: image65] / 2, which is to say that height DF = 3[image: image66].

The area of triangle ABD = (1/2)bh = (1/2)(6)(3[image: image67.png]


) = 9[image: image68.png]



The area of trapezoid BACE = (1/2)(b1+ b2)h = (1/2)(6 + 18)(3[image: image69.png]


) = 36[image: image70.png]


 

	The fraction of the figure that is shaded is:  
	9[image: image71.png]
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36[image: image73.png]



	 =  
	1
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6.

At first, it looks as if there is not enough information to solve this problem. Whenever you have a geometry problem that does not look solvable, one strategy is to look for a construction line that will add more information. 

Let’s draw a line from point E to point C as shown in the picture below:

[image: image75.png]




Now look at triangle DEC. Note that triangle DEC and parallelogram ABCD share the same base (line DC). They also necessarily share the same height (the line perpendicular to base DC that passes through the point E). Thus, the area of triangle DEC is exactly one-half that of parallelogram ABCD.

We can also look at triangle DEC another way, by thinking of line ED as its base. Notice that ED is also a side of rectangle DEFG. This means that triangle DEC is exactly one-half the area of rectangle DEFG. 

We can conclude that parallelogram ABCD and DEFG have the same area! 

Thus, since statement (1) gives us the area of the rectangle, it is clearly sufficient, on its own, to determine the area of the parallelogram.

Statement (2) gives us the length of line AH, the height of parallelogram ABCD. However, since we do not know the length of either of the bases, AB or DC, we cannot determine the area of ABCD. Note also that if the length of AH is all we know, we can rescale the above figure horizontally, which would change the area of ABCD while keeping AH constant. (Think about stretching the right side of parallelogram ABCD.) Hence, statement (2) is not sufficient on its own.

The correct answer is A: Statement (1) ALONE is sufficient to answer the question, but statement (2) alone is not.
7.


The area of a trapezoid is equal to the average of the bases multiplied by the height. In this problem, you are given the top base (AB = 6), but not the bottom base (CD) or the height. (Note: 8 is NOT the height!) In order to find the area, you will need a way to figure out this missing data. 

Drop 2 perpendicular lines from points A and B to the horizontal base CD, and label the points at which the lines meet the base E and F, as shown.

[image: image76.png]




EF = AB = 6 cm. The congruent symbols in the drawing tell you that Angle A and Angle B are congruent, and that Angle C and Angle D are congruent. This tells you that AC = BD and CE = FD. 

Statement (1) tells us that Angle A = 120. Therefore, since the sum of all 4 angles must yield 360 (which is the total number of degrees in any four-sided polygon), we know that Angle B = 120, Angle C = 60, and Angle D = 60. This means that triangle ACE and triangle BDF are both 30-60-90 triangles. The relationship among the sides of a 30-60-90 triangle is in the ratio of [image: image77.png]


, where x is the shortest side. For triangle ACE, since the longest side AC = 8 , CE = 4 and AE = [image: image78.png]


. The same measurements hold for triangle BFD. Thus we have the length of the bottom base (4 + 6 + 4) and the height and we can calculate the area of the trapezoid.

[image: image79.png]




Statement (2) tells us that the perimeter of trapezoid ABCD is 36. We already know that the lengths of sides AB (6), AC (8), and BD (8) sum to 22. We can deduce that CD = 14. Further, since EF = 6, we can determine that CE = FD = 4. From this information, we can work with either Triangle ACE or Triangle BDF, and use the Pythagorean theorem to figure out the height of the trapezoid. Now, knowing the lengths of both bases, and the height, we can calculate the area of the trapezoid.

The correct answer is D: EACH statement ALONE is sufficient.

8.

[image: image80.png]




By sketching a drawing of trapezoid ABDC with the height and diagonal drawn in, we can use the Pythagorean theorem to see the ED = 9. We also know that ABDC is an isosceles trapezoid, meaning that AC = BD; from this we can deduce that CE = FD, a value we will call x. The area of a trapezoid is equal to the average of the two bases multiplied by the height.

The bottom base, CD, is the same as CE + ED, or x + 9. The top base, AB, is the same as ED – FD, or 9 – x.

Thus the average of the two bases is [image: image81.png]


. 

Multiplying this average by the height yields the area of the trapezoid: [image: image82.png]


.

The correct answer is D.

9.

Assume the larger red square has a side of length x + 4 units and the smaller red square has a side of length x - 4 units. This satisfies the condition that the side length of the larger square is 8 more than that of the smaller square.

Therefore, the area of the larger square is (x + 4)2 or x2 + 8x + 16. Likewise, the area of the smaller square is (x - 4)2 or x2 _ 8x + 16. Set up the following equation to represent the combined area:

(x2 + 8x +16) + (x2 _ 8x +16) = 1000
2x2 + 32 = 1000
2x2 = 968

It is possible, but not necessary, to solve for the variable x here.

The two white rectangles, which are congruent to each other, are each x + 4 units long and x - 4 units high. Therefore, the area of either rectangle is (x + 4)(x - 4), or x2 - 16. Their combined area is 2(x2 - 16), or 2x2 _ 32.

Since we know that 2x2 = 968, the combined area of the two white rectangles is 968 - 32, or 936 square units. The correct answer is B.

10.
This question is simply asking if the two areas--the area of the circle and the area of quadrilateral ABCD--are equal.
We know that the area of a circle is equal to [image: image83.png]


, which in this case is equal to [image: image84.png]Axv)?



. If ABCD is a square or a rectangle, then its area is equal to the length times the width. Thus in order to answer this question, we will need to be given (1) the exact shape of quadrilateral ABCD (just because it appears visually to be a square or a rectangle does not mean that it is) and (2) some relationship between the radius of the circle and the side(s) of the quadrilateral that allows us to relate their respective areas.
 
Statement 1 appears to give us exactly what we need. Using the information given, one might deduce that since all of its sides are equal, quadrilateral ABCD is a square. Therefore, its area is equal to one of its sides squared or [image: image85.png](A8)?



. Substituting for the value of AB given in this statement, we can calculate that the area of ABCD equals [image: image86.png]


. This suggests that the area of quadrilateral ABCD is in fact equal to the area of the circle. However this reasoning is INCORRECT.

A common trap on difficult GMAT problems is to seduce the test-taker into making assumptions that are not verifiable; this is particularly true when unspecified figures are involved.  Despite the appearance of the drawing and the fact that all sides of ABCD are equal, ABCD does not HAVE to be a square.  It could, for example, also be a rhombus, which is a quadrilateral with equal sides, but one that is not necessarily composed of four right angles. The area of a rhombus is not determined by squaring a side, but rather by taking half the product of the diagonals, which do not have to be of equal length. Thus, the information in Statement 1 is NOT sufficient to determine the shape of ABCD. Therefore, it does not allow us to solve for its area and relate this area to the area of the circle.

Statement 2 tells us that the diagonals are equal--thus telling us that ABCD has right angle corners (The only way for a quadrilateral to have equal diagonals is if its corners are 90 degrees.) Statement 2 also gives us a numerical relationship between the diagonal of ABCD and the radius of the circle. If we assume that ABCD is a square, this relationship would allow us to determine that the area of the square and the area of the circle are equal. However, once again, we cannot assume that ABCD is a square.

Statement 2 tells us that ABCD has 90 degree angle corners but it does not tell us that all of its sides are equal; thus, ABCD could also be a rectangle.  If ABCD is a rectangle then its length is not necessarily equal to its width which means we are unable to determine its exact area (and thereby relate its area to that of the circle). Statement 2 alone is insufficient.
 
Given BOTH statements 1 and 2, we are assured that ABCD is a square since only squares have both equal sides AND equal length diagonals.  Knowing that ABCD must be a square, we can use either numerical relationship given in the statements to confirm that the area of the quadrilateral is equal to the area of the circle. The correct answer is C: Both statements TOGETHER are sufficient, but NEITHER statement ALONE is sufficient.

11.


A parallelogram is a quadrilateral in which both pairs of opposite sides are parallel. The opposite sides of a parallelogram also have equal length. 

(1) SUFFICIENT: We know from the question stem that opposite sides PS and QR are parallel, while this statement tells us that they also have equal lengths. The opposite sides PQ and RS must also be parallel and equal in length. This is the definition of a parallelogram, so the answer to the question is “Yes.” 

(2) INSUFFICIENT: We know from the question stem that opposite sides PS and QR are parallel, but have no information about their respective lengths. This statement tells us that the opposite sides PQ and RS are equal in length, but we don’t know their respective angles; they might be parallel, or they might not be. According to the information given, PQRS could be a trapezoid with PS not equal to QR.  On the other hand, PQRS could be a parallelogram with PS = QR. The answer to the question is uncertain. 

The correct answer is A.

12.

To prove that a quadrilateral is a square, you must prove that it is both a rhombus (all sides are equal) and a rectangle (all angles are equal).

 

(1) INSUFFICIENT: Not all parallelograms are squares (however all squares are parallelograms).

 

(2) INSUFFICIENT: If a quadrilateral has diagonals that are perpendicular bisectors of one another, that quadrilateral is a rhombus. Not all rhombuses are squares (however all squares are rhombuses).

 

If we look at the two statements together, they are still insufficient. Statement (2) tells us that ABCD is a rhombus, so statement one adds no more information (all rhombuses are parallelograms). To prove that a rhombus is a square, you need to know that one of its angles is a right angle or that its diagonals are equal (i.e. that it is also a rectangle). 

 

The correct answer is E

13.
Because we do not know the type of quadrilateral, this question cannot be rephrased in a useful manner.

(1) INSUFFICIENT: We do not have enough information about the shape of the quadrilateral to solve the problem using Statement (1).  For example, ABCD could be a rectangle with side lengths 3 and 5, resulting in an area of 15, or it could be a square with side length 4, resulting in an area of 16.  

(2) INSUFFICIENT: This statement gives no information about the size of the quadrilateral.

(1) AND (2) SUFFICIENT: The four sides of a square are equal, so the length of one side of a square could be determined by dividing the perimeter by 4.  Therefore, each side has a length of 16/4 = 4 and the area equals 4(4) = 16.

The correct answer is C

14.

The rectangular yard has a perimeter of 40 meters (since the fence surrounds the perimeter of the yard). Let’s use l for the length of the fence and w for the width. 

[image: image87.jpg]Yard





Perimeter = 2l +2w 
40 = 2l + 2w 
20 = l + w 

The area of the yard = lw 
64 = lw 

If we solve the perimeter equation for w, we get w = 20 – l.
Plug this into the area equation: 
64 = l(20 – l) 
64 = 20l – l2 
l2 – 20l + 64 = 0 
(l – 16)(l – 4) = 0 
l = 4 or 16 

This means the width is either 16 or 4 (w = 20 – l). 
By convention, the length is the longer of the two sides so the length is 16. 

We could also solve this question by backsolving the answer choices. 

Let’s start with C, the middle value. If the length of the yard is 12 and the perimeter is 40, the width would be 8 (perimeter – 2l = 2w). With a length of 12 and a width of 8, the area would be 96. This is too big of an area. 

It may not be intuitive whether we need the length to be longer or shorter, based on the above outcome. Consider the following geometric principle: for a fixed perimeter, the maximum area will be achieved when the values for the length and width are closest to one another. A 10 × 10 rectangle has a much bigger area than an 18 × 2 rectangle. Put differently, when dealing with a fixed perimeter, the greater the disparity between the length and the width, the smaller the area. 

Since we need the area to be smaller than 96, it makes sense to choose a longer length so that the disparity between the length and width will be greater. 

When we get to answer choice E, we see that a length of 16 gives us a width of 4 (perimeter – 2l = 2w). Now the area is in fact 16 × 4 = 64. 

The correct answer is E

15.

If the square has an area of 9 square inches, it must have sides of 3 inches each. Therefore, sides AD and BC have lengths of 3 inches each.  These sides are lengthened to x inches, while the other two remain at 3 inches. This gives us a rectangle with two opposite sides of length x and two opposite sides of length 3. Then we are asked by how much the two lengthened sides were extended. In other words, what is the value of x – 3? In order to answer this, we need to find the value of x itself.

(1) SUFFICIENT: If the resulting rectangle has a diagonal of 5 inches, we end up with the following:

[image: image88.jpg]



We can now see that we have a 3-4-5 right triangle, since we have a leg of 3 and a hypotenuse (the diagonal) of 5. The missing leg (in this case, x) must equal 4. Therefore, the two sides were each extended by 4 – 3 = 1 inch.

(2) INSUFFICIENT: It will be possible, no matter what the value of x, to divide the resulting rectangle into three smaller rectangles of equal size. For example, if x = 4, then the area of the rectangle is 12 and we can have three rectangles with an area of 4 each. If x = 5, then the area of the rectangle is 15 and we can have three rectangles with an area of 5 each.  So it is not possible to know the value of x from this statement.

The correct answer is A.

16.
A rhombus is a parallelogram with four sides of equal length. Thus, AB = BC = CD = DA. 

The diagonals of a parallelogram bisect each other, meaning that AC and BD intersect at their midpoints, which we will call E. Thus, AE = EC = 4 and BE = ED = 3. Since ABCD is a rhombus, diagonals AC and BD are also perpendicular to each other. 

Labeling the figure with the lengths above, we can see that the rhombus is divided by the diagonals into four right triangles, each of which has one side of length 3 and another side of length 4. 

Remembering the common right triangle with side ratio = 3: 4: 5, we can infer that the unlabeled hypotenuse of each of the four triangles has length 5. 

Thus, AB = BC = CD = DA = 5, and the perimeter of ABCD is 5 × 4 = 20. 

The correct answer is C. 

17.
[image: image89.jpg]



The figure can fulfill the entire requirement, but there is no any angle that equal to 60.

Answer is E

18.


Sum of 4 angles = (n - 2) * 180 = 360

From 1: sum of the remaining angles are 360 - 2*90 = 180

From 2: either x + 2x = 180 => x = 60

Or x = 90/2 = 45 and y = 180 - 45 = 135.

Answer is E

Topic 4: Circles
Let us say that line segment RT has a length of 1. RT is the radius of circle R, so circle R has a radius of 1. Line segment QT is the diameter of circle R, so it has a length of 2 (twice the radius of circle R). Segment QT also happens to be the radius of circle Q, which therefore has a radius of 2. Line segment PT, being the diameter of circle Q, has a length of 4. Segment PT also happens to be the radius of circle P, which therefore has a radius of 4. The question is asking us what fraction of circle P is shaded. The answer will be (shaded area) ÷ (area of circle P). The area of circle P is ((4)2, which equals 16(. The shaded area is just the area of circle Q (i.e. ( (2)2, which equals 4() minus the area of circle R (i.e. ( (1)2, which equals (). Therefore, the answer to our question is (4( –() / 16( = 3/16

2.
Let’s first consider the relationship between [image: image90.png]s



  and [image: image91.png]


. If we square [image: image92.png]s



, we get:

[image: image93.png]




We can use this information to manipulate the equation ([image: image94.png]


) provided in the question. If we square both sides of the given equation, we arrive at the following:

[image: image95.png]



The question asks for the approximate circumference of a circle with a diameter of [image: image96.png]


,  which we have determined is equal to 7.

Circumference = diameter × [image: image97.png]


 = 7[image: image98.png]



 ≈ 22.

The correct answer is B.

3.


Consider the RT = D formula (rate × time = distance).

D, the total distance traveled by the car, will be equal to C, the circumference of each tire, times N, the number of 360° rotations made by each tire. Thus, we can rewrite our formula as RT = CN.

The question is asking us how many 360° rotations each tire makes in 10 minutes. In other words, it is asking us for the value of N when T = 10. We can rewrite our equation thus:

R(10) = CN

N = R(10)/C

Clearly, in order to answer the question “what is N” we need to know both R and C. 

(1) INSUFFICIENT: This only gives us R, the speed of the car.

(2) INSUFFICIENT: This gives us the radius of the tire, which enables us to find C, the circumference of the tire. Knowing C is not, however, sufficient to figure out N.

(1) AND (2) SUFFICIENT: Now that we know both R and C, we can figure out what N is from the equation N = R(10)/C.

The correct answer is C.

4.


If we know the ratio of the radii of two circles, we know the ratio of their areas. Area is based on the square of the radius [A = ( (radius)2]. If the ratio of the radii of two circles is 2:1, the ratio of their areas is 22: 12 or 4:1. 

In this question, the radius of the larger circular sign is twice that of the smaller circular sign; therefore the larger sign's area is four times that of the smaller sign and would require 4 times as much paint.

The correct answer is D. 

5.
It would be exceedingly difficult to find the area of each shaded band directly, so we will use alternate methods to find their combined area indirectly.

The simplest approach is to use actual values in place of the unknown x. Let's assume that the radius x of the outermost quarter-circle has a value of 10. The radii of the other quarter-circles would then be 9, 8, 7, and 6, respectively. If we were dealing with whole circles, we would have five circles with respective areas of [image: image99.png]1007



, [image: image100.png]8lx



, [image: image101.png]647



, [image: image102.png]497



, and [image: image103.png]367



.

To find the area of the innermost quarter-circle, we just need [image: image104.png]367



. 

To find the area of the middle band, we need to subtract the area of the second-smallest quarter-circle from that of the middle circle: [image: image105.png]647 - 497 = 157



. 

To find the area of the outermost band, we need to subtract the area of the second-largest quarter-circle from that of the largest: [image: image106.png]1007 - 817




.

So the combined area of the shaded bands (as whole circles) is [image: image107.png]367 + 157 + 197 = 707



. Since we are dealing with quarter-circles, we need to divide this by 4: [image: image108.png]


. Now we need to substitute 10 for x in the answer choices. The choice that yields [image: image109.png]


 is the correct answer. The only one to do so is choice A:
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We can also solve the problem algebraically:

First, we need the area of the smallest quarter-circle. The smallest quarter-circle will have a radius of (x - 4) and thus an area of [image: image111.png]


 (we must divide by 4 because it is a quarter-circle).

Now, we need the area of the middle band. We can find this by subtracting the area of the second quarter-circle from that of the third: [image: image112.png]


.

Now, we need the area of the outer band. We can find this by subtracting the area of the second-largest quarter-circle from that of the largest: [image: image113.png]


.

Finally, we need to add all these areas:

[image: image114.png][in (x-1)? ] [x 2)? X—azn]‘(x—‘.)%%
B

([ -2 )« [ - 4+ ) [x2 -v - 5] 27+ 16)
R

B
R R R L e
B

i

[2 - v+ 10)r
AL





Note that we factored pi out of every term and that you must remember to distribute the minus signs as if they were -1.

The correct answer is A.

6.

Since sector PQ is a quarter-circle, line segments QB and PB must be radii of the circle. Let r be the radius of the circle. So the question is, What is the value of r? Since QB and PB are radii of the circle, QB = r and PB = r.  

If AC = 100, and triangle ABC is a right triangle, it must be true that [image: image115.png]AB?
+CcB2=
= Ac?



. We can use this to solve for r.

CQ + QB = CB. Since CQ = 2/7QB and QB = r, we can construct the following equation: [image: image116.png]


. Therefore, [image: image117.png]


.

AP + PB = AB. Since AP = 1/2PB and PB = r, we can construct the following equation: [image: image118.png]


.  Therefore, [image: image119.png]


.  

Since [image: image120.png]AB?
+CcB2=
= Ac?



, it must be true that [image: image121.png]


.  

We can find a common denominator:
 
[image: image122.png]


. 

Therefore,

[image: image123.png]


.

Now we can solve for r:
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The correct answer is A.

7.

Since the notches start in the same position and move in opposite directions towards each other, they will trace a circle together when they pass for the first time, having covered a joint total of [image: image125.png]3600



. When the notches meet for the second time, they will have traced two full circles together for a total of [image: image126.png]7200



. 

Since the circumference of the large gear is 4 times greater than that of the small gear, the large notch will cover only 1/4 of the number of degrees that the small notch does.  We can represent this as an equation (where x is the number of degrees covered by the large notch):

[image: image127.png]4x +x =720 -
Sx =720 -
X =144





So the large notch will have covered [image: image128.png]144"



 when the notches pass for the second time.  Since the circumference of the large gear is [image: image129.png]67



, we can set up the following proportion to solve for the linear distance (call it d) covered by the large notch:

[image: image130.png]144 _ d
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The correct answer is C.

8.


Since the question asks for a ratio, it will be simplest to define the radius of the circle as 1.

Inscribed angle AXY (given as 105 intercepts arc ACY. By definition, the measure of an inscribed angle is equal to half the measure of its intercepted arc. Thus arc ACY = 2 x 105 = 210

We are given that points A, B and C are all on the diameter of the circle. Using this information, we can think of arc ACY in two chunks: arc AC plus arc CY. Since arc AC defines a semicircle, it is equal to 180. Therefore arc CY = 210 – 180 = 30

We can now use a proportion to determine the area of sector CBY. Since arc CY represents 30/360 or 1/12 the measure of the entire circle, the area of sector CBY = 1/12 the area of the entire circle. Given that we have defined the circle as having a radius of 1, the area of sector CBY = (1/12)[image: image131.png]


r2 = (1/12)[image: image132.png]


(1)2 = [image: image133.png]


/12.

Next, we must determine the area of the small gray semi-circle with diameter BC. Since BC = 1, the radius of this semi-circle is .5. The area of this semi-circle is 1/2[image: image134.png]


r2 = (1/2)[image: image135.png]


(.5)2 = [image: image136.png]


/8.

Thus, the area of the shaded region below the red line is [image: image137.png]


/12 + [image: image138.png]


/8 = 5[image: image139.png]


/24.

Now we must determine the area of the shaded region above the red line. Using the same logic as above, angle YBA is 180 – 30 = 150. We can now use a proportion to determine the area of sector YBA.

Since arc YA represents 150/360 or 5/12 the measure of the entire circle, the area of sector YBA = 5/12 the area of the entire circle. Given that we have defined the circle as having a radius of 1, the area of sector YBA = (5/12)[image: image140.png]


r2 = (5/12)[image: image141.png]


(1)2 = 5[image: image142.png]


/12.

We must now determine the area of the small white semi-circle with diameter AB. Since AB = 1, the radius of this semi-circle is .5. The area of this semi-circle is 1/2[image: image143.png]


r2 = (1/2)[image: image144.png]


(.5)2 = [image: image145.png]


/8.

Thus, the area of the shaded region above the red line is 5[image: image146.png]


/12 – [image: image147.png]


/8 = 7[image: image148.png]


/24. 

Finally, then, the ratio of the two areas is (7[image: image149.png]


/24) / (5[image: image150.png]


/24) = 7/5. The correct answer is D.

9.
Since no picture is given in the problem, draw it. Below, find the given circle with center P and cord XY bisecting radius AP.

[image: image151.png]




Although, the picture above is helpful, drawing in an additional radius is often an important step towards seeing the solution. Thus, we will add to the picture by drawing in radius XP as shown below.

[image: image152.png]



Since XY bisects radius AP at point B, segment BP is half the length of any radius. 

Since BP is half the length of radius XP, right triangle XBP must be a 30-60-90 triangle with sides in the ratio of [image: image153.png]132



. 

Therefore, finding the length of any side of the triangle, will give us the lengths of the other two sides.

Finding the length of radius XP will give us the length of XB, which is half the length of cord XY. Thus, in order to answer the question--what is the length of cord XY?--we need to know only one piece of information: 

The length of the radius of the circle.

Statement (1) alone tells us that the circumference of the circle is twice the area of the circle. Using this information, we can set up an equation and solve for the radius as follows:

[image: image154.png]Circum =2 x Area
2rr=2(nr’)





Therefore Statement (1) alone is sufficient to answer the question.

Statement (2) alone tells us that the length of Arc XAY = [image: image155.png]


. 

Arc XAY is made up of arc XA + arc AY.

Given that triangle XBP is a 30:60: 90 triangle, we know that <XPA = 60 degrees and can deduce that <APY = 60 degrees as well. Therefore Arc XAY =120 degrees or 1/3 of the circumference of the circle. Using this information, we can solve for the radius of the circle by setting up an equation as follows:

[image: image156.png]Arc XAY = %C\r:um
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Therefore, Statement (2) alone is also sufficient to answer the question. The correct answer is D, each statement ALONE is sufficient.
10.

The probability of the dart landing outside the square can be expressed as follows:

[image: image157.png]rcle - area of square
“area of circle

p areaof




To find the area of the circle, we need to first determine the radius. Since arc ADC has a length of [image: image158.png]


, we know that the circumference of the circle must be double this length or [image: image159.png]


. Using the formula for circumference, we can solve for the radius:

[image: image160.png]



Therefore, the area of the circle [image: image161.png]


.

To find the area of the square, we can use the fact that the diagonal of the square is equal to twice the radius of the circle. Thus, the diagonal of the square is [image: image162.png]


. Since the diagonal of the square represents the hypotenuse of a 45-45-90 triangle, we use the side ratios of this special triangle [image: image163.png](1:1:42)



 to determine that each side of the square measures [image: image164.png]


. Thus, the area of the square [image: image165.png]


.

Now we can calculate the total probability that the dart will land inside the circle but outside the square:

[image: image166.png]area of circle - area of square _ (X}~ 2x
area of circle x(x)





Interestingly, the probability does not depend on x at all, meaning that this probability holds true for any square inscribed in a circle (regardless of size).

11.


Instead of trying to find the area of the red shaded region directly by somehow measuring the area of the “cloverleaf,” it is easier to find the area of the un-shaded portions and subtract that from the area of the square as a whole.

Let’s call the four uncolored portions e, f, g, and h, respectively. 
 

[image: image167.png]




To find the combined area of h and f, we need to take the area of the square and subtract the combined area of the semicircles formed by arcs AB and DC.  

To make the problem less abstract, it helps to pick a number for the variable x. Let’s say each side of the square has a length of 8. Therefore, the area of the square is 64.

Since the square has a side of length 8, the diameter of each semicircle is 8, which means that the radius is 4.  So the area of each semicircle is  [image: image168.png]art_ 16r
T 7



 .

If we take the area of the square and subtract the combined area of the two semicircles formed by arcs AB and DC, we get [image: image169.png]64-2(87) = 64 - 167




. This represents the combined area of h and f.  The combined area of e and g is the same as that of h and f, so altogether the four uncolored portions have an area of [image: image170.png]2(64-167) =128-327



. 

If we take the area of the square and subtract out the area of the uncolored regions, we are left with the area of the colored red region:

[image: image171.png]64~ (128 -327) - 64- 128+ 327 - -64+327 — 327 - 64



  

Now we need to plug in 8 for x in each answer choice.  The one that produces the expression [image: image172.png]327 - 64



 is the correct answer.  The only one to do so is choice (B).

(Note: One other way to think about the problem is to recognize that the combined area of the 4 semicircles (AB, AD, BC, BD) minus the area of the square is equal to the area of the red shaded region. Then one can logically proceed from this by picking a value for x in a manner similar to the procedure explained above.)

12.


One way to begin this problem is to assign the overlapping section an area of x. Therefore, the area of the non-overlapping section of circle R is equal to (R2 – x) and the area of the non-overlapping section of circle r is equal to (r2 – x).

The difference in the non-overlapping areas is (R2 – x)  – (r2 – x). Hence, the question stem restated is: What is R2 – r2?

Statement (1) states that [image: image173.png]R=r+3k



. This is equivalent to saying that R – r = 3k, but it is not sufficient to answer the question stem. 

Statement (2) states that [image: image174.png]


. This can be rewritten as follows: [image: image175.png]



This is not sufficient to answer the question.

By combining statements (1) and (2) we have, R – r = 3k and R + r = 6/k. 

Therefore, (R – r)(R + r) = R2 – r2 = 3k(6/k) = 18. This answers the restated question stem. The correct answer is C: BOTH statements TOGETHER are sufficient, but NEITHER statement ALONE is sufficient.

13.


Triangle DBC is inscribed in a semicircle (that is, the hypotenuse CD is a diameter of the circle).  Therefore, angle DBC must be a right angle and triangle DBC must be a right triangle.  

(1) SUFFICIENT: If the length of CD is twice that of BD, then the ratio of the length of BD to the length of the hypotenuse CD is 1 : 2. Knowing that the side ratios of a 30-60-90 triangle are 1 : [image: image176.png]


 : 2, where 1 represents the short leg, [image: image177.png]


represents the long leg, and 2 represents the hypotenuse, we can conclude that triangle DBC is a 30-60-90 triangle.  Since side BD is the short leg, angle x, the angle opposite the short leg, must be the smallest angle (30 degrees).  

(2) SUFFICIENT: If triangle DBC is inscribed in a semicircle, it must be a right triangle.  So, angle DBC is 90 degrees.  If y = 60, x = 180 – 90 – 60 = 30.  

The correct answer is D

14.


The radius of the small circle is 2.  Calculating the area gives:

Area = [image: image178.png]


r2
Area small circle = [image: image179.png]


(2)2 = 4[image: image180.png]




The radius of the large circle is 5.  Calculating the area gives:

Area = [image: image181.png]


r2
Area large circle = [image: image182.png]


(5)2 = 25[image: image183.png]




So, the ratio of the area of the large circle to the area of the small circle is:

25[image: image184.png]


/4[image: image185.png]


 = 25/4

The correct answer is A

15.

According to the question, the ratio of the lengths of arc AC to arc AB to arc BC is 6: 2: 1. An inscribed angle cuts off an arc that is twice its measure in degrees. For example, if angle ACB is 30°, minor arc AB is 60° (or 60/360 = 1/6 of the circumference of the circle). 

The angles of triangle ABC are all inscribed angles of the circle, so we can deduce the ratio of the angles of triangle ABC from the ratio of the lengths of minor arcs AC, AB and BC. The ratio of the angles will be the same as the ratios of the arcs. 

The ratio of angle ABC to angle BCA to angle BAC is also 6: 2: 1.  Using the unknown multiplier strategy, whereby a variable can be multiplied by each segment of a ratio to define the actual values described by that ratio, we might say that the interior angles equal 6x: 2x: x. 
The sum of the angles in a triangle is 180, so x + 2x + 6x = 180. 
9x = 180
x = 20
Angle BCA = 2x or 40

The correct answer is B

16.

We are given a diagram of a circle with point O in the interior and points P and Q on the circle, but are not given any additional information.  We are asked to find the value of the radius.

(1) INSUFFICIENT: This statement tells us the length of arc PQ but we are not told what portion of the overall circumference this represents.  Although angle POQ looks like it is 90 degrees, we are not given this information and we cannot assume anything on data sufficiency; the angle could just as easily be 89 degrees.  (And, in fact, we're not even told that O is in the center of the circle; if it is not, then we cannot use the degree measure to calculate anything.)

(2) INSUFFICIENT: Although we now know that O is the center of the circle, we have no information about any actual values for the circle.

(1) AND (2) INSUFFICIENT: Statement 2 corrected one of the problems we discovered while examining statement 1: we know that O is the center of the circle.  However, we still do not know the measure of angle POQ. Without it, we cannot determine what portion of the overall circumference is represented by arc PQ.

The correct answer is E

17.

The circumference of the circle is [image: image186.png]


. 
We can use this information to find the area of the circular base. 

[image: image187.png]Circumnference = 2ar
o = 2ar

[+ ”ﬁ)z - (2rr)?
16743 = 4252
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Because the probability of the grain of sand landing outside the triangle is 3/4 , the triangle must comprise 1/4 of the area of the circular base. 

The height of an equilateral triangle splits the triangle into two 30-60-90 triangles (Each 30-60-90 triangle has sides in the ratio of 1: [image: image188.png]


: 2). Because of this, the area for an equilateral triangle can be expressed in terms of one side. If we call the side of the equilateral triangle, s, the height must be (s[image: image189.png]


) / 2 (using the 30-60-90 relationships). 

The area of a triangle = 1/2 × base × height, so the area of an equilateral triangle can be expressed as: 1/2 × s × (s[image: image190.png]


) / 2 .

Here the triangle has an area of [image: image191.png]


, so:
[image: image192.png]


 = 1/2 × s × (s[image: image193.png]


) / 2
s = 2

The correct answer is E.

18.

Given that line CD is parallel to the diameter, we know that angle DCB and angle CBA are equal. Thus x = 30°. 

First, let's calculate the length of arc CAE. Since arc CAE corresponds to an inscribed angle of 60° (2x = 2×30° = 60°), it must correspond to a central angle of 120° which is 1/3 of the 360° of the circle. Thus we can take 1/3 of the circumference to give us the arc length CAE. The circumference is given as 2[image: image194.png]


r, where r is the radius. Thus the circumference equals 10[image: image195.png]


 and arc length CAE equals (10/3)[image: image196.png]


. 

Now we need to calculate the length of CB and BE. Since they have the same angle measure, these lengths are equal so we can just find one length and double it. Let us find the length of CB. If we draw a line from A to C we have a right traingle because any inscribed triangle that includes the diameter is a right triangle. Also, we know that x = 30° so we have a 30-60-90 triangle. The proportions of the length of the sides of a 30-60-90 triangle are 1-[image: image197.png]


-2 for the side opposite each respective angle. We know the hypotenuse is the diameter which is 2*r = 10. So length AC must equal 5 and length CB must equal 5[image: image198.png]


.

Putting this all together gives us (10/3)[image: image199.png]


 + 2 × 5[image: image200.png]


 = (10/3)[image: image201.png]


 + 10[image: image202.png]



The correct answer is D. 

19.

The area of the large circle is (r2
The area of the large circle is ((r-s)2
Then the area of the shade region: (r2-((r2-2(rs+(s2) = 2(rs-(s2
20.
The area of the circle is (r2
The wire for the square is 40-2(r, so, the side length of the square is (40-2(r)/4=(10- 1/2 (r), area of the square is (10- 1/2 (r )2
Total area is (r2+(10- 1/2 ( r )2
Topic 5: Polygons
1.

The formula for the sum of the interior angles of a non-convex polygon is (n – 2)(180), where n represents the number of sides.  To find the sum of the interior angles of the polygon then, we need to know the number of sides. We can therefore rephrase the question:

How many sides does the game board have?

(1) INSUFFICIENT:  It tells us nothing about the number of sides.  The sum of the exterior angles for any non-convex polygon is 360. 

(2) SUFFICIENT:  The sum of the exterior angles = 5 × length of each spoke × number of spokes.  

360 = 5(8)(x)
360 = 40x
9 = x

The game board has nine sides.  The sum of its interior angles is (9 – 2)(180) = 1260. 

The correct answer is B.

2.

We are told that the smallest angle measures 136 degrees--this is the first term in the consecutive set. If the polygon has S sides, then the largest angle--the last term in the consecutive set--will be (S - 1) more than 136 degrees.

The sum of consecutive integers = [image: image203.png]First +Last

(Average Ter) x (#of Terms)= ———

x (# of Terms)



. 

Given that there are S terms in the set, we can plug in for the first and last term as follows: 

[image: image204.png](136)+(1326+(5—1)) «(5)



 = sum of the angles in the polygon.

We also know that the sum of the angles in a polygon = [image: image205.png]180(S-2)



where S represents the number of sides.

Therefore:  [image: image206.png]180(5-2)=

(136+136+(S-1)
7



.   We can solve 
for S by cross-multiplying and simplifying as follows:

 [image: image207.png]2(180)(S-2) = (272 +(S-1))xS

271+ 8)xS
3605-720-2715+ 5

2898+ T2




 

A look at the answer choices tells you to try (S - 8), (S - 9), or (S - 10) in factoring. 

As it turns out [image: image208.png]($-9)(s-80)




, which means S can be 9 or 80. However S cannot be 80 because this creates a polygon with angles greater than 180. 

Therefore S equals 9; there are 9 sides in the polygon. 

3.


Recall that the sum of the interior angles of a polygon is computed according to the following formula: 180(n – 2), where n represents the number of sides in the polygon. Let's use this formula to find the values of x and y: 

x = the sum of interior angles of a regular hexagon = 180(6 – 2) = 720 
y = the sum of interior angles of a regular pentagon = 180(5 – 2) = 540 
x – y = 720 – 540 = 180 

Thus, the value of (x – y), i.e.180, is equal to the sum of interior angles of a triangle. 

The correct answer is A. 

4.
The relationship between the number of sides in a polygon and the sum of the interior angles is given by 180(n – 2) = (sum of interior angles), where n is the number of sides.  Thus, if we know the sum of the interior angles, we can determine the number of sides.  We can rephrase the question as follows:  "What is the sum of the interior angles of Polygon X?"

(1) SUFFICIENT: Using the relationship 180(n – 2) = (sum of interior angles), we could calculate the sum of the interior angles for all the polygons that have fewer than 9 sides.  Just the first two are shown below; it would take too long to calculate all of the possibilities:

polygon with 3 sides:  180(3 – 2) or 180 × 1 = 180 
polygon with 4 sides:  180(4 – 2) or 180 × 2 = 360 

Notice that each interior angle sum is a multiple of 180. Statement 1 tells us that the sum of the interior angles is divisible by 16.  We can see from the above that each possible sum will consist of 180 multiplied by some integer.

The prime factorization of 180 is (2 × 2 × 3 × 3 × 5).  The prime factorization of 16 is (2 × 2 × 2 × 2).  Therefore, two of the 2's that make up 16 can come from the 180, but the other two 2's will have to come from the integer that is multiplied by 180.  Therefore, the difference (n – 2) must be a multiple of 2 × 2, or 4.  Our possibilities for (n – 2) are:

3 sides: 180(3 – 2) or 180 × 1
4 sides: 180(4 – 2) or 180 × 2
5 sides: 180(5 – 2) or 180 × 3
6 sides: 180(6 – 2) or 180 × 4
7 sides: 180(7 – 2) or 180 × 5
8 sides: 180(8 – 2) or 180 × 6

Only the polygon with 6 sides has a difference (n – 2) that is a multiple of 4.

(2) INSUFFICIENT: Statement (2) tells us that the sum of the interior angles of Polygon X is divisible by 15.  Therefore, the prime factorization of the sum of the interior angles will include 3 × 5.  Following the same procedure as above, we realize that both 3 and 5 are included in the prime factorization of 180.  As a result, every one of the possibilities can be divided by 15 regardless of the number of sides.

The correct answer is A. 

5.
Shaded area = Area of the hexagon – (area of circle O) – (portion of circles A, B, C, D, E, F that is in the hexagon) 

With a perimeter of 36, the hexagon has a side that measures 6. The regular hexagon is comprised of six identical equilateral triangles, each with a side measuring 6. We can find the area of the hexagon by finding the area of the equilateral triangles. 

The height of an equilateral triangle splits the triangle into two 30-60-90 triangles (Each 30-60-90 triangle has sides in the ratio of 1: [image: image209.png]


: 2). Because of this, the area for an equilateral triangle can be expressed in terms of one side. If we call the side of the equilateral triangle, s, the height must be (s[image: image210.png]


) / 2 (using the 30-60-90 relationships). 

The area of a triangle = 1/2 × base × height, so the area of an equilateral triangle can be expressed as: 1/2 × s × (s[image: image211.png]


) / 2 = 1/2 × 6 × (3[image: image212.png]


) = 9[image: image213.png]


. 

Area of hexagon ABCDEF = 6 × 9[image: image214.png]


 = 54[image: image215.png]


.

For circles A, B, C, D, E, and F to have centers on the vertices of the hexagon and to be tangent to one another, the circles must be the same size. Their radii must be equal to half of the side of the hexagon, 3. For circle O to be tangent to the other six circles, it too must have a radius of 3. 

Area of circle O = [image: image216.png]


r2  = 9[image: image217.png]


. To find the portion of circles A, B, C, D, E, and F that is inside the hexagon, we must consider the angles of the regular hexagon. A regular hexagon has external angles of 360/6 = 60°, so it has internal angles of 180 – 60 = 120°. This means that each circle has 120/360 or 1/3 of its area inside the hexagon. 

The area of circles A, B, C, D, E, and F inside the hexagon = 1/3(9[image: image218.png]


) × 6 circles = 18[image: image219.png]


.

Thus, the shaded area = 54[image: image220.png]


 – 9[image: image221.png]


 – 18[image: image222.png]


 = 54[image: image223.png]


 – 27[image: image224.png]


 . The correct answer is E.

Topic 6: General Solids (Cube, Box, Sphere)

1.

The question stem tells us that the four spheres and three cubes are arranged in order of increasing volume, with no two solids of the same type adjacent in the lineup. This allows only one possible arrangement: sphere, cube, sphere, cube, sphere, cube, sphere. 

Then we are told that the ratio of one solid to the next in line is constant. This means that to find the volume of any solid after the first, one must multiply the volume of the previous solid by a constant value.  If, for example, the volume of the smallest sphere were 2, the volume of the first cube (the next solid in line) would be 2x, where x is the constant. The volume of the second sphere (the third solid in line) would be 2(x)(x) and the volume of the second cube (the fourth solid in line) would then be 2(x)(x)(x), and so on.  By the time we got to the largest sphere, the volume would be [image: image225.png]


. 

We are not given the value of the constant, but are told that the radius of the smallest sphere is 1/4 that of the largest. We can use this information to determine the value of the constant. First, if the radius of the smallest sphere is r, then the radius of the largest sphere must be 4r.  So if the volume of the smallest sphere is [image: image226.png]


, then the volume of the largest sphere must be [image: image227.png]


 or [image: image228.png]64r?



. So the volume of the largest sphere is 64 times larger than that of the smallest.  

Using the information about the constant from the question stem, we can set up and simplify the following equation:

[image: image229.png]




Therefore, the value of the constant is 2. This means that the volume of each successive solid is twice that of the preceding solid. We are ready to look at the statements.

Statement (1) tells us that the volume of the smallest cube is [image: image230.png]727



. This means that the volume of the smallest sphere (the immediately preceding solid) must be half, or [image: image231.png]367



. If we have the volume of the smallest sphere, we can find the radius of the smallest sphere:

[image: image232.png]7= 2o
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Therefore, the radius of the smallest sphere is 3. Statement (1) is sufficient.

Statement (2) tells us that the volume of the second largest sphere is [image: image233.png]5767



. Applying the same logic that we used to evaluate statement (1), we can find the radius of the smallest sphere by dividing [image: image234.png]5767



 by 2 four times (because there are four solids smaller than the second largest sphere) until we get to the volume of the smallest sphere: [image: image235.png]367



. At this point we can solve for the radius of the smallest sphere as we did in our analysis of statement (1) above. Statement (2) is sufficient.

The correct answer is D: either statement alone is sufficient to answer the question.

2.

The diagram represents the situation described in the problem. 

[image: image236.png]A

]
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The plane (P) is at an altitude of 6 miles and is flying due north towards The Airport (M). Notice that if the plane flies in a straight line toward The Airport it would be flying along the diagonal of a right triangle with sides of length 6 and 8. Thus, taking a direct approach, the plane would fly exactly 10 miles towards The Airport (a 6-8-10 right triangle).

However, the control tower instructs the plane to fly toward a new airport (N), which lies 15 miles due east of The Airport. If the plane flies in a straight line towards the new airport, it will be flying along the diagonal (the dotted black line) of the rectangular solid. To determine this length, we first need to determine the diagonal of the bottom face of the solid. Using the Pythagorean theorem, we can determine that the bottom face right triangle with sides of lengths 8 and 15 must have a diagonal of 17 miles (an 8-15-17 right triangle).

Now the dotted line diagonal of the solid can be calculated as follows:

[image: image237.png]x2=62+172
x2-325

x =513





In order to arrive at the new airport at 8:00 am, the pilot’s flying time must remain 3 minutes, or 1/20 of an hour. The flight distance, however, has increased from 10 miles to [image: image238.png]


 miles. The plane’s rate must increase accordingly. Using the formula that rate = distance ÷ time, we can calculate the rate increase as follows:
[image: image239.png]Distance _ (5413 -10) miles

Rati
2~ ime 1720 hr

0073 - 200 milesfhr




3.


The question asks for the ratio between a cube and a rectangular solid identical to the cube except that its length has been doubled. Since the original cube is smaller the ratio of their surface areas will be less than 1.

First let's calculate the surface area of the original cube. Since lengths were not specified, it's easiest to assign the cube a side length of 1. Each side then has a surface area of 1 square unit, and there are 6 sides giving a total surface area of 6 square units.

Now picture a rectangular solid with the length stretched out to 2 units. The two end caps will still be 1 × 1 squares having a combined surface area of 2 square units. In addition, there will be 4 side rectangles each having dimensions of 1 × 2, having a combined surface area of 4 × 2 = 8. Therefore the total surface area of the rectangular solid is 2 + 8 = 10 square units.

The ratio will therefore be 6/10 which reduces to 3/5.

4.
The shortest distance from a vertex of the cube to the sphere would be ½ the length of the diagonal of the cube minus the radius of the sphere. To understand why, think of the parallel situation in two dimensions. In the diagram of the circle inscribed in the square to the right, the shortest possible distance from one of the vertices of the square to the circle would be ½ the diagonal of the square minus the radius of the circle. 

[image: image240.jpg]



The diagonal of a cube of side x is x[image: image241.png]


. This can be found by applying the Pythagorean Theorem twice (first to find the diagonal of a face of the cube, x[image: image242.png]


, and then to find the diagonal through the center, x[image: image243.png]


). Like the sides of the circle in the diagram above, the sides of a sphere inscribed in a cube will touch the sides of the cube. Therefore, a sphere inscribed in a cube will have a radius equal to half the length of the side of that cube. 

Diagonal of the cube = x[image: image244.png]


 = 10[image: image245.png]



Radius of the sphere = 5 
½ diagonal of the cube – radius of the sphere = 5[image: image246.png]


 – 5 = 5([image: image247.png]


 – 1) 

The correct answer is D. 

5.


[image: image248.png]




Let x be the length of an edge of the cube. We can find the length of BC by first finding the length of CD. CD must be x[image: image249.png]


 since it is the hypotenuse of a 45-45-90 triangle with legs of length x. 

Using the Pythagorean theorem, BC can be calculated:  [image: image250.png]BC = Jx 2+ (x42)°






AB = CD = x[image: image251.png]


, so BC – AB = x[image: image252.png]


 – x[image: image253.png]


. 
If we factor this expression and simplify, x([image: image254.png]


 – [image: image255.png]


) ≈ x(1.7 – 1.4) ≈ 0.3x.

Since BC – AB ≈ 0.3x and AC = x, the difference between BC and AB is equal to approximately 30% of AC. 

The correct answer is C. 

Topic 7: Cylinder
1.


The old volume is (R2H. Let's look at each answer choice to see which one is farthest away from twice this volume: 

(A) a 100% increase to R and a 50% decrease to H:
The new volume = ( (2R)2(.5H) = 2(R2H = exactly twice the original volume.

(B) a 30% decrease to R and a 300% increase to H:
The new volume = ( (.7R)2(4H) = (.49)(4) (R2H ≈ 2(R2H = approximately twice the original volume.

(C) a 10% decrease to R and a 150% increase to H:
The new volume = [image: image256.png]


(.9R)2(2.5H) = (.81)(2.5)[image: image257.png]


R2H ≈ 2[image: image258.png]


R2H = approximately twice the original volume.

(D) a 40% increase to R and no change to H:
The new volume = [image: image259.png]


(1.4R)2(H) = (1.96)[image: image260.png]


R2H ≈ 2[image: image261.png]


R2H = approximately twice the original volume.

(E) a 50% increase to R and a 20% decrease to H:
The new volume = [image: image262.png]


(1.5R)2(.8H) = (2.25)(.8)[image: image263.png]


R2H = 1.8[image: image264.png]


R2H. This is the farthest away from twice the original volume.

The correct answer is E.

2.

The surface area of a cylinder = 2[image: image265.png]


r2 + 2[image: image266.png]


rh , where r = the radius and h = the height.

Surface area of Cylinder A = 2[image: image267.png]


x2 + 2[image: image268.png]


xy 

Surface area of Cylinder B = 2[image: image269.png]


y2 + 2[image: image270.png]


xy 

Surface area of Cylinder A – surface area of Cylinder B = 

2[image: image271.png]


x2 + 2[image: image272.png]


xy – (2[image: image273.png]


y2 + 2[image: image274.png]


xy) = 2[image: image275.png]


(x2 – y2) 



3.


The surface of a right circular cylinder can be broken into three pieces as follows:

[image: image276.jpg]o |o




 

To understand why the curved side of the cylinder can be represented as a rectangle, imagine taking a sheet of 8.5x11 paper and rolling the sides forward until the edges meet in the front:

[image: image277.jpg]>—{7]




 

The resulting shape is the curved side of a cylinder without the top or bottom. Unrolling this side gives the rectangular surface that becomes one piece of the cylinder’s surface area.

 

So, the total surface area can be determined by:

 

SA = Area of circular top + Area of rectangular side + Area of circular bottom

 

Inserting mathematical expressions for these areas yields

 

SA = [image: image278.png]


r2 + lw + [image: image279.png]


r2
 

where r is the radius of the top and bottom circles, l is the length of the rectangle and w is the width. Notice that l (in red) can be expressed as the circumference of the circle and w (dotted line) can be expressed as the height of the cylinder: 

[image: image280.jpg]





Now the equation becomes:

 

SA = [image: image281.png]


r2 + 2[image: image282.png]


rh + [image: image283.png]


r2 = 2[image: image284.png]


r2 + 2[image: image285.png]


rh
 

Now that we have an expression for the surface area, we can begin to analyze the question. It might be tempting at this point to decide that, in order to calculate the SA, we would need to know the values of r and h explicitly. However, after some manipulation of the equation (factoring out 2[image: image286.png]


r)…

 

SA = 2[image: image287.png]


r2 + 2[image: image288.png]


rh
SA = 2[image: image289.png]


r(r + h)
 

…we can see that knowing the value of r(r + h) will be enough to determine the SA. In this case, we DON’T need to know the values of r and h explicitly. Rather, determining the value of a combination of r and h will be sufficient. So, the rephrased question becomes:

 

What is the value of r(r + h)?

 

Statement (1), r = 2h – 2/h, cannot be manipulated to isolate r(r +h). We can also see that different values of h we yield different surface areas. For example:

If h = 2, then r = 3 and the surface area is 30[image: image290.png]


.

But if h = 4, then r = 7.5 and the surface area is (172.5)[image: image291.png]


.

 

So statement (1) does not give one and only one value for the surface area. Statement (1) is therefore NOT sufficient.

 

Statement (2), however can be manipulated as follows:

 

h = 15/r – r    

(multiply through by r)

hr = 15 – r2   

(add r2  to both sides)

r2 + hr = 15    

(factor out an r)

r(r + h) = 15

 

Statement (2) is sufficient, and the correct answer is B. 
4.

Let’s start by calculating the volume of the original cylinder.
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The new conical tank must have a volume of twice that of the cylinder, i.e. [image: image293.png]200057



.

How does this relate to the radius and the height of the new cone?

 

We are given the formula for the volume of a cone [image: image294.png]


. 

Let’s set this equal to the known volume of the new conical tank to find an equation relating the height and radius of the new cone. 
 

[image: image295.png]20007 = 2ar%h
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In scenario 1, the radius of the cone must remain 10, with only the height changing:


(10)2h = 6000
h = 60

 

 

In scenario 2, the height of the cone must remain 10, with only the radius changing:

 

[image: image296.png]r3(10) = 6000
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The difference between the height of the cone in scenario 1 and the radius of the cone in scenario 2 is 60 – 25 = 35. 


The correct answer is D. 

5.

To solve this problem we need to (a) find the volume of the tire and then (b) solve a rate problem to determine how long it will take to inflate the tire.

To find the volume of just the tire, we can find the volume of the entire object and then subtract out the volume of the hub. In order to do this, we will first need to determine the radius of the hub.

If the radius of the hub is r, then its area equals [image: image297.png]


.

The area of the entire object is then [image: image298.png]a(r+6)°



.

This means that the area of just the tire equals [image: image299.png](r+6)
ar?



.

The problem also tells us that the ratio of the area of the tire to the area of the entire object is 1/3. We can use this information to set up the following equation:

[image: image300.png]ar?
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Now, we can solve for r as follows:

[image: image301.png]2 (212 436) -1
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Thus, r is either 6 or –2. Since the radius must be positive, we know that r = 6.

To calculate volume, we simply multiply the area by a third dimension. This third dimension is the thickness of the tire (we'll call this h), which is defined in the problem as 3 inches when the tire is fully inflated. Now, we can determine the volume of the tire using the following:

Volume of Entire Object – Volume of Hub = Volume of Tire
[image: image302.png]ha(r +6)° - har? = Volume of Tire





This can be simplified as followed:

[image: image303.png]=ha(6+6)% -ha6?
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Thus, the volume of the tire is [image: image304.png]324x



 cubic inches. Using the formula work = rate × time,  we can set the volume of the tire as the total work to be done and use the rate given in the problem to determine the total time required to inflate the tire.

[image: image305.png]Work = Rate x Time
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The correct answer is D.

6.


The volume for a cylinder can be calculated by multiplying the area of the base times the height. The base is a circle with an area of [image: image306]r2, where r is the radius of the circle. Thus the volume of a cylinder is [image: image307]r2 × h, where h represents the height of the figure.

(1) SUFFICIENT:  If we call the radius of the smaller cylinder r, and the height of the smaller cylinder h, the volume of the smaller cylinder would be [image: image308]r2h. If the radius of the larger cylinder is twice that of the smaller one, as is the height, the volume of the larger cylinder would be [image: image309](2r)2(2h) = 8[image: image310]r2h. The volume of the larger cylinder is eight times larger than that of the smaller one.  If the contents of the smaller silo, which is full, are poured into the larger one, the larger one will be 1/8 full.

(2) INSUFFICENT: This question is about proportions, and this statement tells us nothing about volume of the smaller silo relative to the larger one.

The correct answer is A

7.

Since water is filling the tank at a rate of 22 cubic meters per hour, after one hour there will be a “cylinder of water” in the tank (smaller than the tank itself) with a volume of 22 m3. Since the water level rises at 0.7 meters/hour, this “cylinder of water” will have a height of 0.7 meters.  The radius of this “cylinder of water” will be the same as the radius of the cylindrical tank.

 

Volumecylinder = [image: image311.png]


r2h
 

22 = [image: image312.png]


r2(0.7) (use [image: image313.png]


 ≈ 22/7 )

 

22 ≈ 22/7 (7/10) r2
 

r2 ≈ 10

r ≈[image: image314.png]


 

The correct answer is B.

8.
One of the cylinders has a height of 6 and a base circumference of 10; the other has a height of 10 and a base circumference of 6. 

 

The cylinder with a height of 6 and a base circumference of 10 has a radius of (5/[image: image315.png]


). Its volume is equal to [image: image316.png]


r2h, or [image: image317.png]


(5/[image: image318.png]


)2(6) or 150/[image: image319.png]


.

 

The cylinder with a height of 10 and a base circumference of 6, however, has a radius of (3/[image: image320.png]


). Its volume is equal to [image: image321.png]


r2h, or [image: image322.png]


(3/[image: image323.png]


)2(10) or 90/[image: image324.png]


.

 

We can see that the volume of the cylinder with a height of 6 is 60/[image: image325.png]


 inches greater than that of the cylinder with a height of 10. It makes sense in this case that the cylinder with the greater radius will have the greater volume since the radius is squared in the volume formula. The correct answer is B.

