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Objective of this article

Many of you must be aware of the inequalities and how to solve them algebraically.
In this article, we will discuss:
« How we can solve inequalities by the number line method.

+ And, we will also learn some key points that will help us to solve any polynomial inequality

easily.

Agenda of the Article

« We will start this article by taking a small example to give you an idea of number line method.

* Then, we will solve a few polynomial inequalities and see the application of number line

method in those questions.

So, let us start.
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e-GMAT example with explanation

@ Find the range of values of x such that (x - 4) (x - 8) > 0.

¥ Solution:

As we can see that there are two terms (x - 4) and (x - 8) and we are asked to find the range of x
such that their product is greater than zero.

So, let us first draw the number line for (x - 4) and (x - 8).

Now, to draw the number line for an expression, we first of all highlight the point at which the value

of expression is zero.
« And then, we draw a vertical line from those points.

+ At last, we assign the positive/negative sign in the left and the right region of the vertical line.
So,x-4iszeroatx=4and x - 8is zero at x = 8.

Hence, their number line representation is shown below:

Number Line representation

As we can see, for (x - 8):
« All the values of x lying in the positive region will give positive value of x - 8

« And, all the values of x lying in negative region will give negative values of x - 8

And, similarly for (x - 4):
« All the values of x lying in the positive region will give positive value of x - 4

« And, all the values of x lying in negative region will give negative values of x - 4

However, we need to find the range of x when we multiply both the terms.
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So, let us multiply the positive and negative sign of both the terms.
* Now, this is the tricky part.

o If we multiply the signs when x < 4 then both x - 4 and x - 8 is negative.
= Hence, forx<4,(x-4)(x-8)>0.

o If we multiply the signs when x>8 then both x - 4 and x - 8 is positive.
= Hence, forx>8, (x-4)(x-8)>0.

o However, if we multiply the signs when 4 < x < 8 then:
= X-4is positive
= and x - 8 is negative.

 Hence, for4<x<8,(x-4)(x-8)<0.

« So, we can draw the final number line as shown below .

- + + X-4
* * *
— — + X-8
+ - § +
= \* * O O A= * O O O
2 3 4 5 6 7 8 9 10 1
[ | >

So, with the help of the above number line, we can say that for all the values of x less than 4 and

greater than 8/(x - 4) (x - 8) > 0.

So, we found our answer.

However, observe that in the rightmost region there is no negative sign.
* In the middle region, there is 1 negative sign.

+ In the leftmost region, there are 2 negative signs.

So, in every region, starting from the rightmost one, one negative sign is increasing.
« And, we know that the multiplication of the even number of negative sign will give a positive
sign.
o Hence, if the sign in one region is positive then the sign of its adjacent left region will
be negative and vice-versa.
o So, the sign of regions will change alternately.

o Therefore, we have to find the sign the one region only.

* And, we can find the sign in all the regions.
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Now, don't you think that finding the sign of any one region will be a bit long process??
« As we first have to draw the number line for separate terms
* And, then merging both the number line to get the sign in one region

« Then the sign in all the other regions will change alternately from positive to negative or vice-
versa.

So, let us now make the signs for all the terms in one number line only.

+ And, then we will multiply them to get the final sign in the all the regions.

Keeping the above point in our mind, let us solve one polynomial inequality.

e-GMAT example with explanation

@ Find the range of values of x such that (x- 1) (x - 2) (x - 3) > 0.

¥ Solution:

As we can see that the value of polynomial will be zero for x =1, 2, and 3.

So, let us highlight these points on the number light and draw a vertical line.

Therefore, we now have 4 regions.

So, we will make now make the sign for the separate termsi.e. (x - 1), (x - 2) and (x - 3) in one
number line only.

Let us first assign the signs in all regions for (x - 1).
« Weknowforx<1,x-1<0
* Hence, inthe region x - 1, the sign of x - 1 is negative.

o And, in all other regions the sign of x - 1 will be positive.

Let us now assign the signs in all regions for (x - 2).
« X-2<0forall the values of x < 2.
* Hence, intheregionx <1 and 1<x<2,the sign of x - 2 is negative.

o And, in all other regions, the sign of x - 2 will be positive.

Similarly, for (x - 3):

« Thesignin x> 3 is positive.

« And, in all other regions, the sign of x - 3 will be negative.
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Now, let us multiply all the signs of the 4 regions.

So, the final sign of the polynomial will be as shown below :

- - — + x-3
X X X X
- - + +  x-2
X x ! * X
o + + x-1
S S S S P S
0 1 2 3 4

Therefore, (x - 1) (x - 2) (x - 3) will be greater than 0 in 2 regions:
e (1,2)and (3, +inf).

And, even if the question were to find the range of values of x such that (x - 1) (x - 2) (x - 3) <0, then
also, we can find the answer, right?

+ We just have to select the regions in which the final sign is negative.

« That's all.

Now, again, in this example can you notice that:
* The negative sign in the rightmost region is 0 and then it is increasing by 1 in every other

region.

Similarly, even if the equation were (x - 1) (x - 2) (X - 3) (x - 4), we can say that for x > 4, all the terms
(x=1), (x-2), (x-3), and (x - 4) will be positive.
+ So, their multiplication will give us the positive sign only.

* Hence, we can say in every equation of the form (x £ a) (x £ b)....... > =<0, the sign of the

rightmost region will always be positive.

Now, we have found the sign in one region.
+ So, we can now easily determine the signs in all the other regions.
« We know that the sign in the consecutive regions will change alternately due to the presence

of negative signs in them.

So, let us quickly jot down our learning from the above 2 questions. Show this in the above image
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Key Takeaways

In both the examples, we learnt to solve the inequality of the form (xt a) (x t b) (x £ ¢)... > =<0 by
using the number line method.
1. We first have to highlight all the points where the value of the polynomial is O.
a. Then, we have to draw a vertical line from all those points.
2. Then, we can assign the sign to every region by first assigning the positive sign to the
rightmost region.
a. And, then changing the signs alternately in consecutive regions from positive to

negative and vice-versa.

With this learning, let us solve 3 more questions.

e-GMAT example with explanation

@ Find the range of values of x such that (x-4) (x-8) (6 - x) (x + 1) (x + 2) > 0.
£2 Solution:

Now, is this inequality of the type (x £ a) (X £ b) (x £ ¢)... >=<0?

« No, right?

+ If (6 - x) would be written as (x - 6) then our inequality would be of the above type.

+ So, how should we solve this inequality?
o Letus write the expressionas-(x-4)(x-8)(x-6)(x+1)(x+2)>0
o Now, let's multiply by a negative sign on both the sides of the inequality.
o And, per our conceptual understanding, we know that multiplying by the negative sign

changes the sign of the inequality.

o So, let's doit.

« Multiplying by the negative sign will give the inequality as (x -4) (x - 8) (x - 6) (x + 1) (x + 2) < 0.

* Now, we know how to solve this inequality.

(x+2),(x+1),(x-4),(x-6),and (x-8)isOatx=-2,-1,4,6 and 8.

So, let us draw the lines going through these points and assign the positive sign to the rightmost

region and then change the signs alternately.
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Thus, the number line representation of (x - 4) (x - 8) (x - 6) (x + 1) (x + 2) is as shown below and it
will negative:

+ For all the values of x less than -2

 And, between -1 and 4

* And, between 6 and 8

(x—4) (x—8)(x—6) (x+1)(x+2)<0

We can also represent the range of all the values of x mathematically as (-inf, -2) U (-1, 4) U (6, 8).

Let us now move to the next example.

e-GMAT example with explanation

@ Find the range of values of a such that (a- 2)? (10 - 2a) (7 + a)>> 0.

¥ Solution:

Now, is (a - 2)2 (10 - 2a) (7 + a)3 written in the form of (x £ a) (x £ b) (X £ €)... >=<0?
* No, right?
o We have (10 - 2a) and (7 + a) in the expression.
o However, (7 + a) is same as (a + 7).
+ So, to get the above form, we can multiply by a negative sign and write the above inequality as:
o (@a-2)Ra-10)(@a+7)*<0
o Or,2(@a-22@-5(@+7)3<0
o Now, can 2 change the sign of the inequality?
* No, right?
+ As we already discussed that change in the number of negative sign only
changes the sign of the inequality.
* And, 2 is a positive number.
« Therefore, we can discard 2.
+ So, the range of values of a for (a - 2)?(a-5) (a + 7)>< 0 and for (a - 2)? (2a-10) (a + 7)*> < 0 will

be same.

e-gmat.com
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« So, letus find therange of afor(a-2)?(@a-5)(a+7)*<0
o Now, again, can (a - 2)? change the sign of the inequality?
* No, right.
» As (a-2)?can either be 0 or greater than 0.
» So, we can ignore (a - 2)%.
o Similarly, we can write (a + 7)3as (a + 7) (a + 7)> and discard (a + 7).
+ Hence, the range of (a - 5) (a + 7) < 0 will be same as the range of (a - 2)>(a-5)(a + 7)3 < 0.

* So, we can find the find the sign of (a - 5) (a + 7) by the number line method as shown.

(a—5)(a+7) <0

- - +
® *
7 5

o Hence, (a - 5)(a +7) is negative for (-7, 5).
o Therefore, the range of (a - 2)? (10 - 2a) (7 + a)®> < 0'is (-7, 5), right?
= No, it's not correct.
* And, itis not correct because when we take the range as (-7, 5), then we also
include a = 2.
 However,ata=2,(a-2)2(10-2a)(7 +a)*=0.
+ So, the range of a is all the values of a belonging to (-7, 5) except 2.
o Which can be mathematically written as (-7, 5) - {2}.
o Here, minus 2 i.e. - {2}, indicates that we are not including a =2
in the range of a.
e So, we have found our answer.
« However, if the question were to find the range of (a - 2)? (10 - 2a) (7 + a)® < 0 then we can

include all the points where the value of the expressionis 0.

o So,|the range will be = as [-7, 5].

o Here close bracket “[ “near to -7 and 5 indicate that we are considering -7and 5 in our
range.

» However, open bracket “(indicates that we are not considering it -7 and 5.

Now, let us quickly jot down all the learnings from questions 3 and 4.
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Key Takeaways

1. We first learnt that it is very important that polynomial inequality is given as (x = a) (x £ b) (x £ ¢)...
>=<0.
a. And, if not, then we try to convert the given inequality into the above form.
2. We also learnt that positive terms do not affect the range of inequality.
a. So, we can discard the positive terms from the original inequality.
b. However, make sure that you give proper attention to the constraint and the sign of the

inequality given in the question.

With this learning, let us move forward.

e-GMAT example with explanation

-1
@ Find the range of values of a such thati_l_ 1 <0

£2 Solution:

Now, we have to find the range of values of x for which the division of x - 1 by x + 1 is less than 0.
But, do we know how to find the range of division of two expressions?
* No, right.
+ So, should we cross-multiply (x + 1) with 0?
o The cross multiplication with x + 1 will simplify the inequality and we getx - 1 <0,
right???
= No, itis not correct.
o Per our conceptual understanding, when we multiply by a positive number then the
sign of the inequality does not change.
» However, if we multiply by a negative number then the sign of the inequality
changes.
» So, do we know that x + 1 is certainly positive?
* No, right?
* Xxcanbe-100r-100or 100.
« So, we cannot cross multiply by (x + 1).
» Now, what should we do??
o Well, we can multiply both the sides of the inequality by (x + 1),

since (x + 1)? is always positive.

Page 10


https://e-gmat.com/free-trial-registration/?utm_source=gc&utm_medium=article_pdf&utm_campaign=article&utm_content=and_or_article
https://e-gmat.com/free-trial-registration/?utm_source=gc&utm_medium=article_pdf&utm_campaign=article&utm_content=and_or_article
https://e-gmat.com/free-trial-registration/?utm_source=gc&utm_medium=article&utm_campaign=registration&utm_content=free_trial_page&utm_term=dist_article_2

= Multiplying will give us the inequality as:

(X+1)2X(X—1)
Xx+1

<Ox(x+1)2or(x+1)(x-1)<0.

* Now, we know how to solve (x + 1)(x - 1) < 0.
o So, by using the number system method, we can find the sign of (x + 1) (x - 1) in

different regions as shown.

(x+1)(x-1)<0

o| Hence, the range of x is (-1, 1).

So, let us write down our learnings from this question.

[GYAELCEWENS

+ Inthis question, we learnt that we cannot cross multiply by an expression until we are
certain that it is always positive.
+ However, we can multiply by the square or even power of the expression as it is always

positive.

So, now we have come to the end of this article.

Let us once summarize all our learnings from this article.
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Key Takeaways from the article

+ We first learnt how to draw the number line representing signs for a linear expression like x - 4
and x - 8.
+ Then we learnt how to represent signs on the number line for quadratic and polynomial
equations.
* We also learnt that if the inequality is of the form (x + a) (x £ b) (x £ ¢)... >=<0:
o Then, while drawing the number line, the sign in right most region is always positive.
o And it changes alternately in consecutive regions.
* We also learnt that while solving a polynomial inequality, we can discard the term that is always
positive.
+ We also saw an example to understand that we can only cross multiply by terms that are
always positive.
o If the term/expression is not always positive then we cannot cross multiply.

o However, we may cross-multiply by its square or even powers

Now, keeping all these learnings in mind, solve the practice questions.

Their link is given in the first comment of this article.

F' N

Want to read more articles like this?

Now, if you liked this article, then | am sure that you want to read some more articles like this.

To read all our article go here: Must Read Articles and Practice Questions to score Q51

You will also get a lot of practice questions to learn from.

Happy learning.
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