Chapter12. Triangles
Chapters from 12 to 15 are all about geometry, which is an important component in the mathematical part of GMAT. In this chapter, we are going to learn one very basic but important figure – triangle.
Definition1. Polygons (Convex)
A polygon is a closed plane figure formed by 3 or more segments. Each segment is called a side of the polygon. Each side intersects exactly two other sides at their endpoints, which are called vertices.
E.g. Figure 12.1 shows a polygon, in which A, B, C, D, E, and F are vertices. Segments AB, BC, CD, DE, EF, and FA are the sides of the polygon.
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If we extend any side of a polygon and all the other sides of the polygon lie on one side of the extended line, then this polygon is called a convex polygon. In GMAT, we only discuss convex polygon. Thus, the term “polygon” actually means convex polygon in GMAT.
E.g. In the figures below, Figure 12.1 is a convex polygon whereas Figure 12.2 is not, simply because when we extent one side, BC, sides such as KJ are above the extended line while sides such as DE are below the extended line.
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The perimeter of a polygon is the sum of the lengths of all its sides.
Definition2. Triangles

Triangles are polygons with only three sides.
Theorem1. The sum of the three interior angles of a triangle is
[image: image3.wmf]180

o

.
E.g. As shown in Figure 12.3, according to theorem1, the sum of three interior angles = 
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Figure 12.3
Definition3. Exterior Angle
If you extend one side of a triangle, you create what is called an exterior angle. In Figure 12.4, angle y is an exterior angle.
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Figure 12.4

Theorem2. An exterior angle is equal to the sum of those other two interior angles. (Those angles — the interior angles other than the adjacent one — are called the remote interior angles.) In Figure, 12.4, 
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EQ1. What is the sum of the angles s, t, u in Figure 12.5?
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Figure 12.5
Answer: We begin to solve the question via STRATEGY3. After paying attention to the purpose, the sum of 3 exterior angles, we immediately think of theorem2. Therefore:
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Then, this reminds us of theorem1, hence:
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Theorem3. Triangle Inequality Theorem
The length of one side of a triangle is greater than the positive difference between the other two side lengths and less than the sum, as illustrated in Figure 12.6.
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Figure 12.6
In the figure, we have: 
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Theorem4. Side-Angle Relationships
The longer one side of a triangle is, the bigger the angle opposite to it is, vice versa.
We illustrate the theorem with Figure 12.7 to express it via the mathematical language.
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Figure 12.7
In this figure, 
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Definition4. Base, Height (Altitude), Median & Angle Bisector
Any side of a triangle can be called a base. The height (altitude) then is defined as the perpendicular distance between the base and the opposite vertex.
As shown in Figure 12.8, we take side AC as the base, and thus the length of the segment BD, 
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A median is the segment whose endpoints are the vertex opposite to the base and the midpoint of the base. As illustrated in Figure 12.9, BD = CD, thus D is the midpoint of the base BC. Hence, segment AD is the median.
An angle bisector is the segment that bisects an angle in the triangle.
As shown in Figure 12.9, 
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Figure 12.8                            Figure12.9
Theorem5. The Area of a Triangle

If the base of a triangle is b and the height is h, then the area of a triangle = 
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E.g. In Figure 12.8, the area of the triangle ABC, denoted as
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Knowledge on some special triangles is required by GMAT.

Definition5. Isosceles Triangle
Isosceles Triangle is a triangle with two equal sides. The equal sides of an isosceles triangle are called the legs. (Short hatch marks are often used to indicate equal sides.)
[image: image24.emf]
Figure 12.10
E.g. The triangle TSU in Figure 12.10 is an isosceles triangle since TS = TU. Sides TS and TU are called the legs.
Theorem6. Two sides of a triangle are the same length 
[image: image25.wmf]Û

the angles opposite them are equal.
As illustrated in Figure 12.9, 
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The equal angles of an isosceles triangle are called the base angles. The other angle is called the vertex angle.
E.g. The base angles in Figure 12.10 are both equal to 70 degrees. Thus, the vertex angle T is equal to 180 – 70 -70 = 40 degrees.

Theorem7. In an isosceles triangle, if the base is the side opposite to the vertex angle, the height, the angle bisector of the vertex angle, and the median are the same segment.
In other words, in Figure 12.11, triangle ABC is an isosceles triangle. AB = AC.
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Figure 12.11
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EQ2. In Figure 12.11, 
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Answer: Let us use STRATEGY3. When we try to link the purpose, angle B, with the known, 
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, we can think of theorem7:
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Of course, if we think of a different theorem, we can still solve the problem.

If we think of theorem6 - 
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As AB = AC, thus AD is the angle bisector. Hence, 
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This example also reveals one important trait about our STRATEGY3. In this strategy, we never tell you which specific theorem (definition and so on) you should think of. We leave the flexibility to you – thinking of different theorems may lead to different ways to solve the problem. 
Definition6. Equilateral Triangles
Equilateral triangle is a triangle with three equal sides. 
Remember that equilateral triangle is a special isosceles triangle. Thus, all the theorems we learnt above on isosceles triangles can be applied to equilateral triangles.

Furthermore,

Theorem8. In an equilateral triangle, each interior angle is equal to
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Definition7. Right Triangle
Right triangle is a triangle with a right angle (that is, a 90° angle).

If one angle measures 90°, it follows that the other two angles are acute (between 0 and 90°, exclusive) and add up to 90°. In a right triangle, the 90° angle is always the biggest angle, and so the side opposite the 90° will always be the longest side. The longest side is called the hypotenuse. The other two sides, the sides that are perpendicular, are called the legs.
E.g. In Figure 12.12, 
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Figure 12.12

Theorem9. Pythagorean Theorem
If a triangle is a right triangle, then the sum of the squares of the legs is equal to the square of the hypotenuse. Algebraically speaking, if the lengths of the legs are a and b and the length of the hypotenuse is c, then 
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In addition, if, in a triangle, the sum of the squares of two sides is equal to the square of the third one, then this triangle is a right triangle.
E.g. In Figure 12.12, 
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E.g. If the lengths of the sides of a triangle are respectively 3, 4, and 5, is this triangle a right triangle? Yes, because 
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EQ3. The lengths of two sides of a right triangle are 5 and 4. What is the length of the third side?
Answer: When we see the word “right triangle”, we immediately think of Pythagorean Theorem. Nevertheless, there are two possibilities here:
If the hypotenuse is 5, then suppose that the length of the third side is x:
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If the hypotenuse is not 5 (as the hypotenuse is the longest side, thus it cannot be equal to 3), then
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There are two special right triangles that are required by GMAT. Later on, in the next Chapter, after we introduce Trigonometric Functions, we will come back to them again.
1. Isosceles Right Triangles (45-45-90 Triangles)
We can easily prove that the three interior angles in an isosceles right triangle are 45, 45, and 90 degrees. This is also why these triangles are also called 45-45-90 triangles.
In addition, it has a very important property:
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E.g. In Figure 12.13, as the two legs of the right triangle are both 5. Thus, this is an isosceles triangle whose hypotenuse = 
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Figure 12.13

2. 30-60-90 Triangles

These are right triangles whose interior angles are respectively 30, 60, and 90 degrees.

These triangles also have an important property about the lengths of sides:
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In other words, in Figure 12.14, 
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Thus, 
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Figure 12.14

E.g. In Figure 12.14, b = 9. The length of the short leg a = 
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EQ4. As shown in Figure 12.15, there is an equilateral triangle ABC. The length of each side is a. What is the area of the triangle?
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Figure 12.15

Answer: We start with STRATEGY3. The purpose, the area of the triangle, helps us to think of the only theorem we learnt about the area of a triangle – theorem5.
Thus, to get the area, we need to know the base and the height of the triangle, as 
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If we take BC as the base, thus as it is an equilateral triangle, we know that b = BC = a. Thus, our new purpose is the height. Let us draw it out – draw line AD intersects BC at D such that 
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. Then AD is the height. (Tip: Drawing the lines needed to use a theorem is also a kind of translation.)
Now, we use STRATEGY3 again on our new purpose, AD. When we link the purpose with the known, 
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Therefore, 
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Hence, 
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Note: Please memorize the conclusion of this example question, which may facilitate the calculations needed for future questions.
EQ5. In Figure 12.16, 
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What is the length of the segment CE?


[image: image67]
Figure 12.16
Answer: We begin our problem solving with STRATEGY3. The purpose is the length of the segment CE. As shown in the figure, as triangle CFE is a right triangle, we can immediately think of a theorem we learnt – Pythagorean Theorem:
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Hence, once we know CF and EF, we can solve the problem. Thus, these become our new purposes. We use STRATEGY3 again by linking them with our known:
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We find out the relationship between EF and CE. Thus, if we can also find out the functional relationship between DF and CE (or we can find out DF directly), we can also solve the problem by solving an equation.

Thus, we focus on our left purpose – CF. After linking it with the known, we see that 


[image: image70.wmf]10

10

CFDFCD

CFDF

+==

Þ=-


Therefore, our “new new” purpose becomes DF. We link it again with what we know:
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Now, we solve the problem:
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To summarize, in this question, the only thing we keep doing in our head is to use STRATEGY3 by linking the known with the purpose or thinking of a related theorem. Then, we change the purpose and repeat this process – exactly the same as what we wrote before:
STRATEGY 3 – PAY ATTENTION TO THE PURPOSE. 
Pay attention to the purpose. Try to link the known with the purpose or try to think of a theorem (definition, property...) we learnt. We may need to change the purpose and repeat using this strategy.

*Definition8. Congruent Triangles
(*Congruent triangles and related theorems are not explicitly required by GMAT. Nonetheless, even some real GMAT questions nowadays need to use the knowledge to be solved, or at least they can be much easier to be solved with the help of the knowledge.)
If two triangles can coincide with each other completely, then the two triangles are called congruent triangles. 
Triangle ABC is congruent with triangle DEF is often denoted as 
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Thus, as two congruent triangles can coincide with each other, their corresponding side, interior angle, height, median, angle bisector and so on are identical. Their perimeters and areas are also identical.
Then how to judge whether two triangles are congruent or not?
We have the following theorems showing that two triangles are congruent:


[image: image74]
Figure 12.17

Theorem10. Theorems for Congruence
1. SAS (Side-Angle-Side): Two triangles are congruent if a pair of corresponding sides and the included angle are equal.
In other words, in Figure 12.17, 
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2. ASA (Angle-Side-Angle): Two triangles are congruent if a pair of corresponding angles and the included side are equal.
In other words, in Figure 12.17, 
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3. AAS (Angle-Angle-Side):Two triangles are congruent if a pair of corresponding angles and a not-included side are equal
In other words, in Figure 12.17, 
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4. SSS (Side-Side-Side): Two triangles are congruent if their corresponding sides are all equal.
In other words, in Figure 12.17, 
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5. HL (Hypotenuse-Leg): If the hypotenuse and the leg of one right triangle are equal to the corresponding hypotenuse and leg of the second right triangle, the two triangles are congruent.
In other words, in Figure 12.18, 
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[image: image80]
Figure 12.18
Note: For example questions related to congruence of triangles, please refer to the example questions in the next chapter.
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